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Abstract 

 

Computational techniques are becoming increasingly valuable in solving and explaining 
some of the biomedical problems aiding in diagnosis, monitoring and treatment. In this 
thesis, the usefulness of such modelling techniques to study the airflow through the upper 
generations of the lower airways in human beings has been highlighted. Unlike the 1-D 
models for studying blood flows that are common, 1D model of lower airways has 
remained largely unexplored. The complexity arises from the generation of valid models of 
lower airways to implementing such models for studying the airflow during various 
respiratory states. In this study, one-dimensional models of the airways, beginning from 
Trachea, using the geometric data published by Weibel and Horsfield have been used. The 
airflow waveform used in this study assumes a realistic pressure waveform corresponding 
to a peak flow rate of 1.3 l/s and is applied at the inlet of the Trachea. The former model 
assumes that each parent airway bifurcates into two daughter airways whereas the later 
model highlights the unsymmetric branching. Locally Conservative Galerkin (LCG) 
method has been used to solve the set of 1-D equations of the viscous flow. This method 
has been demonstrated to be effective in solving 1D network models of blood flow 
[Mynard ] due to its ability to incorporate vessel branching. Some simple problems were 
used to highlight the ability of the method to handle discontinuities and their influence on 
the flow. The Weibel models are then implemented to study the airflow through the upper 
generations of lower airways and the changes to the pressure and velocity due to the 
branching at each generation are then studied. Some model studies are then presented to 
study the obstruction identification in the lower airways when some vessels are partially or 
completely blocked to represent the obstructive diseases occurring in lower airways.   
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CHAPTER 1 

INTRODUCTION 

 

1.1 MOTIVATION 

The human respiratory system is one among the most intricate arts of nature. Like all the 

fields of sciences trying to understand the need based design of nature, a mathematician 

tries to understand the functional responses of the lungs to the various stimuli.  

 

With the availability of high computing power, it has become possible to computationally 

model and study the airway geometry. The CFD simulations are widely used for predicting 

the gas transport, particle deposition and dosimetry of the human lung. Earlier simulations 

models were regular, dichotomous branching (Synder et al., 1981; Zhao and Lieber, 1994; 

Calay et al., 2002; Lee and Lee, 2002; Liu et al., 2003; Kleinstreuer and Zhang, 2003; 

Nowak et al., 2003; Shi et al., 2004; Zhang and Kleinstreuer, 2004). Recently, 

computational techniques are widely used to extract realistic 3D models of the lungs from 

the CT scan slices (Nowak et al. (2003) and Cebral and Summer (2004). But such models 

are limited because of the limitations on the resolution of the CT scans. Schmidt et al 

(2004) gave a digital reference model of the lungs. Calay has studied various respiratory 

flow patterns in realistic airway geometries. Liu et al. (2003) studied the 3D inspiratory flow 

in a 3D Weibel model. Some researchers have studied the particle deposition in the airways 

(Kleinstreuer and Zhang; 2003, van Ertbruggen et al. ;2005, Longest and Vinchurkar 

(2007b), Longest et al. (2006)). The Weibel model has been widely used despite it lacks 

information on the branching curvature and surface irregularities which are present in the 

airways. Cebral and Summer (2004) studied the airflow patterns in the central tracheal and 

bronchial airways down to 4 generations by using a virtual bronchoscopy reconstruction 

method. Longest and Vinchurkar (2007b) have studied the effects of upstream transition to 

turbulence on the flow field and particle deposition in the generations G3-G5 of the 
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respiratory tract. Kitaoka et al., 1999; Tawhai et al., 2000 and 2004; Spencer et al., 2001; 

Tgavalekos et al., 2003 ; Sera et al., 2003 ; Schmidt et al., 2004, have presented more 

realistic models using mathematical algorithms and new imaging techniques. Calay has used 

a 17 generation model to study the airflow.  

 

1.2 ANATOMY OF THE LUNGS 

In human beings, the lungs are present in pairs and are located in the pleural cavities of the 

thorax on either side of the heart. Typical adult human lungs are about 25 to 30 cm long 

and are approximately cone shaped. The lungs are protected by a protective membrane 

called pulmonary pleura and are separated from the parietal pleura covering the chest wall 

by the pleural fluid. Both the lungs are separated by the mediastinum, which contains the 

heart, trachea, oesophagus and blood vessels. The lungs normally have clear anatomical 

divisions known as lobes (Ewart, 1889). The right lung is divided into three lobes viz., 

superior, middle and inferior lobes, by the oblique and horizontal fissures. While the left 

lung, which is slightly smaller, is divided into two lobes viz., superior and inferior lobes, by 

the oblique fissure. Figure 1.1 shows the location of the human lungs and its anatomical 

structure. 

 

The  trachea or  the wind pipe  leads  the  inhaled air  from  the  larynx,  into  the 

conducting airways of the lungs which begin with the bifurcating bronchi. The first 

generation (or primary) of the bronchus leads  the  air  into  each  of  the  lungs  where  

they  subdivide  into  secondary  bronchi.  The  second generation  (or  secondary) 

bronchus  leads  into each of  the  lobes within which  they  subdivide  into tertiary 

bronchus. These tertiary bronchi serve into each of the pyramid-shaped bronchopulmonary 

segments (Kramer, 1932) which are separated from one another by connective tissue septa. 

Each of these  segment  is  served  by  its  own  artery  and  vein  are  clinically  important  

because  pulmonary disease  is often  confined  to one or  a  few  segments  and  these  can 

be  surgically  removed without affecting  the  function  of  the  other  segments. Within 

these segments, the tertiary bronchi further subdivide in several generations of numerous 

smaller bronchioles. Weibel (1963) has observed 23 generations of conducting airways 

ranging from the trachea until the terminal bronchioles in normal human respiratory 

system. Figure 1.2 shows the Weibel observation of the airway branching.  
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Figure 1.1 – A typical lung structure and its position in the respiratory system and structure of an alveolar sac 

(Source: Wikimedia) 

 

These  conducting  airways  lead  into  the  respiratory  zone  of  the  lungs  comprising  of  

respiratory bronchioles,  alveolar  ducts  and  alveoli.  The thin-walled sacs called alveoli are 

the respiratory surfaces of the lung. The alveolar ducts lead into a terminal bunch or into 

the alveolar sacs formed by a cluster of alveoli. It has been estimated that there are 

approximately 500 million alveolar sacs present in a human lung achieving an enormous 

surface area for gas exchange area of 50-100 square meters. Figure 1.4 shows a typical 

alveolar sac surrounded by the blood capillaries.   
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Figure 1.2 – Weibel’s model of branching airways  

 

1.3 PHYSIOLOGY OF THE LUNGS 

The lungs are the major organs of the respiratory system and their main metabolic function 

is to facilitate the gas exchange between the lung and the atmosphere. The pulmonary 

ventilation in the lungs is the mechanical process by which the atmospheric air flows into 

and out of the lungs, which is achieved by the volumetric changes in the thoracic cavity. 

This volume change induces a negative alveolar pressure driving the air in during 

inhalation, and a positive alveolar pressure driving the air out during exhalation. The rate of 

ventilation is controlled by the autonomic nervous system from parts of the brain stem, the 

medulla oblongata and the pons. This comprises of two stages inspiration and expiration. 

Figure 1.3 shows a typical respiratory waveform with a peak flow rate of 1.4 l/s measured 

in Trachea.  
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1.3.1 MECHANISM OF VENTILATION 

1.3.1.1 Inhalation 

Under normal conditions, it is initiated by the contraction of the diaphragm and the 

contraction of the external intercostal muscles, elevating the ribs. The former allows the 

lung to expand downwards and the latter allows it to expand outwards. This causes a 

negative (suction) pressure difference of about 4mm Hg with respect to the atmospheric 

pressure (i.e. ppul <patm) to arise causing the air to flow in. The inspired air is filtered, 

warmed and humidified as it passes through the upper and lower conducting airways.   

 

Normal resting respirations are 10 to 18 breaths per minute, with a time period of 2 

seconds. During vigorous inhalation (at rates exceeding 35 breaths per minute), or in 

approaching respiratory failure, accessory muscles of respiration are recruited for support. 

These consist of sternocleidomastoid, platysma, and the scalene muscles of the neck. 

During forced inhalation, as when taking a deep breath, the external intercostal muscles 

and accessory muscles aid in further expanding the thoracic cavity. 

 

1.3.1.2 Exhalation 

Exhalation is generally a passive process achieved by the relaxation of the inspiratory 

muscles and the elastic recoil of the lungs. This decrease in the volume causes ppul >patm by 

about 1mm Hg and the gases are forced out of the lungs until the pressures equilibrate. 

However, active or forced exhalation is achieved by the contraction of the abdominal and 

the internal intercostal muscles. 
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Figure 1.3 – Typical respiratory cycle with a peak inlet flow rate of 1.4 l/s 

 

1.3.1.3 Gas exchange 

Fick’s law states that the rate of diffusion across a fluid membrane is directly proportional 

to the difference in the partial pressure of gases separated by the membrane, surface area of 

the membrane and inversely proportional to the wall thickness. As the air enters the 

respiratory zone, it fills up the alveolar sacs. The surfactant in the alveolar sac helps the 

tissues to reduce the surface tension and stretch further to achieve a significant increase in 

surface area (approximately 100 m2). The extremely thin (approx. 0.2 micrometres) alveolar 

walls are composed of a single layer of epithelial cells (type I and type II epithelial cells) in 

close proximity to the pulmonary capillaries which are composed of a single layer of 

endothelial cells. The velocity of the air entering the terminal bronchioles drop completely 

as it enters the alveoli and the gas exchange occurs due to passive diffusion. Thus, at 

normal resting conditions, the exchange of gases takes place by diffusion driven by the 

difference in the partial pressure of the gases. Thus, the CO2 with a high partial pressure 

(PCO2 = 45 mm Hg) in the venous blood diffuses through the alveolar walls into the 

inspired air (PCO2 = 40 mm Hg) and the lower partial pressure of O2 in the blood (PO2 = 40 

mm Hg) drives the O2 in air (PO2 = 100 mm Hg) to dissolve into the blood. Similar 

diffusion of other metabolic wastes in the blood takes place. This gas exchange also serves 

to maintain the acid-base balance of the body.  



7 

 

 

Figure 1.4 – Schematic diagram showing the flow of O2 and CO2 between the body tissues  

and the atmosphere 

 

1.3.1.4 Blood circulation 

Pulmonary  circulation  dictates  the  blood  flow  between  the  heart  and  the  lungs.  The 

pulmonary artery serves the deoxygenated blood pumped from the heart to the lungs. The 

pulmonary artery divides in stages to first form the right and left pulmonary arteries and 

then into the lobar arteries and finally into the finer pulmonary capillaries which surround 

the alveolar surface. The oxygenated blood is then collected by the four pulmonary vein, 

which then serve the heart completing the circuit of pulmonary circulation. The numerous 

fine blood capillaries that are part of the pulmonary circulatory system absorb oxygen and 

eliminate CO2 depending on the metabolic demands of the cells in the body.  

 

Figure 1.5 – Pulmonary circulation at Alveolar level (Source: Wikimedia) 
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1.3.2 ROLE OF THE AIRWAYS 

1.3.2.1 Upper respiratory tract 

In human beings, the air is inhaled through the nasal cavity and passes through the upper 

respiratory tract. The nasal cavity is equipped for warming, moistening and filtering the air 

before entering the lower airways. The walls of the cavity are lined by thin walled blood 

vessels for warming the air. The presence of fine hairs and lined with cells that secrete 

mucus and enzymatic serum each day serves the purpose of moistening the air as well as 

trapping any suspended particles. The gentle movement of the hair lining the vessels help 

to bring the suspended particles in the mucus to the throat which is removed by coughing 

out or swallowed to be removed through the digestive system.  

 

The air then enters the Pharynx where any inhaled pathogens are destroyed by the 

lymphatic tissue. It then passes through to the laryngopharynx and larynx, which is 

responsible for controlling the airflow into the trachea and preventing food from entering      

it while swallowing. This is followed by the trachea which is also coated with cilia.  

 

1.3.2.2 Bronchial tree 

The branching of the airways from the primary bronchi greatly influence further airflow. 

The successive branching of the airways result in the continuous increase in the total cross 

sectional area and the total conducing volume at each generation resulting in the mean 

velocity in Trachea which is about 100 cm/s drops down to 1 cm/s when it reaches the 

first order of terminal bronchioles [Weibel, 1994, Pedley 1970]. The resistance of the 

airflow depends on the diameter, location and the condition of the airways. In patients with 

respiratory disorders, the changes in the airway properties such as airway constriction, 

dilation or vessel softening or hardening will have an effect on the airflow through that 

broncho-pulmonary segment. In addition, the material properties of the airways vary 

depending on their generation, thus, the smaller airways tend to offer lower resistance 

compared to the ones higher up.  
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Moreover, the air occupied in the conducting airways (about 150 ml) do not take part in gas 

exchange and act like a reservoir. These parts of the respiratory tract starting from nose 

down to terminal bronchioles lacking respiratory acinus are called as anatomical deadspace. 

 

1.3.2.1 Pulmonary acinus 

As discussed earlier, alveoli form the respiratory acinus and this is where the gas exchange 

takes place. The thin alveolar walls and the extremely large surface area allow high rates of 

gas transfer to take place. At rest, a healthy human lung can give a total alveolar ventilation 

of about 8 litres of air per minute at the rate of 12 and 15 breaths per minute.  

A healthy lung can conduct adequate gas transfer to maintain a cardiac output of over 20 

litres per minute during exercise (Guyton, 1973) where as a diseased lung might conduct 

barely enough oxygenation at rest to support a cardiac output of only 5 litres per minute 

(Weitzenblum, 2002). 

 

1.3.2 LUNG VOLUMES 

Before discussing the mechanism of breathing, it is important to introduce the various 

capacities or volume measurements at various breathing states. These capacities can be 

measured by some of the known techniques such as Spirometry, Nitrogen washout, 

Helium dilution, Plethysmography, etc. Understanding of these capacities will assist in 

evaluating the health of the lung. As an effect of the lung diseases, some of these capacities 

will be reduced as a result.  

Figure 1.6 – Typical spirometer trace showing the measurement of lung volumes (Source: Wikipedia) 
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Tidal volume (TV) - It is the volume of air an individual breathes in or out during normal 

respiration. It is about 0.5 L in male and 0.39 L in female respectively. It can be measured 

using spirometry.  

 

Inspiratory reserve volume (IRV) - It is the volume of air that can be breathed in during 

maximum inspiration in excess of the tidal volume. It is about 3 L in male and 2.3 L in 

female respectively. It can be measured using spirometry.  

   

Expiratory reserve volume (ERV) - It is the volume of air that can be breathed out 

during maximum expiration in excess of the normal expiration limit. It is about 1.2 L in 

male and 0.93 L in female respectively. It can be measured using spirometry.  

 

Residual volume (RV) - It is the volume of air left in the lungs after maximum expiration. 

It is about 1.2 L in male and 0.93 L in female respectively. It cannot be measured using 

spirometry.  

 

Inspiratory capacity (IC) - The maximal volume of air that can be inspired following a 

normal expiration. IC= TV + IRV 

 

Functional residual capacity (FRC) - The volume of air that stays in the lungs during 

normal breathing. FRC= ERV + RV.  

Vital capacity (VC) - The maximum volume of air that can be voluntarily moved in and 

out of the respiratory system. VC = IRV + TV + ERV   

 

Total lung capacity (TLC) - This is the total volume of the lung or the volume of air 

contained in the lung at the end of maximal inspiration. TLC = IRV + TV + ERV + RV 

 . 
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1.4 RESPIRATORY DISEASES  

The respiratory system is exposed to the changes in the atmospheric air and also the 

various pollutants, harmful gases, suspended particles and various pathogens present in it. 

The respiratory diseases is a term denoting the diseases affecting the normal respiratory 

functions causing temporary or permanent impairment of the lung function. These diseases 

can affect whole or part of the lung that includes the upper respiratory tract, trachea, 

bronchi, pleural cavity, the control nerves and the muscles of breathing viz., diaphragm, 

intercostal muscles.  These diseases range from mild and self-limiting such as the common 

cold to life-threatening such as bacterial pneumonia or pulmonary embolism. Some of the 

respiratory diseases are briefly discussed here [W1]. 

 

The respiratory diseases are broadly classified as obstructive diseases, restrictive diseases, 

respiratory tract infections, respiratory tumours, pleural cavity diseases, pulmonary vascular 

diseases, disorders of breathing mechanics. 

 

1.4.1 Obstructive lung diseases 

They are characterized by the obstruction of the airways. Some examples are Asthma, 

bronchitis, COPD, Cystic fibrosis, etc. 

 

1.4.1.1 Chronic obstructive pulmonary disease (COPD) 

Chronic obstructive pulmonary disease (COPD), also known as chronic obstructive airways 

disease (COAD) or chronic airflow limitation (CAL) is a group of illnesses that includes 

chronic bronchitis and emphysema characterised by narrowing of airways limiting the 

airflow. It is caused by inhalation of toxic gases most commonly smoking. This causes 

inflammatory response in the airways known as chronic bronchitis or destruction of tissues 

leading to emphysema. It is one of the leading causes of death. The diagnosis can be done 

through lung performance test such as a peak flow meter or by spirometry.  

 

1.4.1.2 Asthma 
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Asthma is an obstructive lung disease that has affected over 300 million people around the 

world. It is characterized by inflammation of airway leading to airway obstruction or extra 

sensitive (hyperresponsive) causing bronchospasm or wheezing. Asthma is usually triggered 

by certain allergens such as dust or pollen, upper respiratory tract infection, cold air, 

exercise or smoke leading to the inflammation and production of excess mucus and 

reducing the compliance of the airway. Asthma is a common condition and affects over  1 

in 4 urban children [W1]. Asthmatics are known to experience wheezing, breathlessness, 

chest tightness, and coughing, particularly at night or in the early morning. 

 

1.4.1.3 Bronchititis 

Bronchitis is characterized by the inflammation of the major air passages within the lungs 

such as trachea and the large and small bronchi (airways) within the lungs become inflamed 

because of infection or other causes.  

 

1.4.1.4 Cystic fibrosis 

Cystic fibrosis is a genetic disorder of the cystic fibrosis transmembrane conductance 

regulator (CFTR) gene. This mutation of this gene causes reduced water content of 

secretions such as sweat mucus, etc. The thick viscous mucus secretion becomes hard to 

remove and makes the lungs more susceptible to infection, inflammation and mucous 

plugging. 

 

1.4.2 Restrictive lung diseases 

Restrictive lung diseases (also known as interstitial lung diseases) are characterized by a loss 

of lung compliance causing incomplete lung expansion and increased lung stiffness. E.g., 

infant respiratory distress syndrome (IRDS), Acute respiratory distress syndrome (ARDS), 

etc.. 

 

1.4.3 Respiratory tract infections 

The respiratory tract infection are most commonly observed lung disease The most 

common upper respiratory tract infection is the common cold however infections of 

specific organs of the upper respiratory tract such as sinusitis, tonsillitis, otitis media, 
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pharyngitis and laryngitis are also considered upper respiratory tract infections. The most 

common lower respiratory tract infection in is pneumonia, SARS, etc.  

 

1.4.6 Respiratory tumours 

Tumours [W1] of the respiratory system are either malignant or benign. Malignant tumors, 

or cancers of the respiratory system, are a major health problem responsible for 15% of all 

cancer diagnoses and 29% of all cancer deaths. The majority of respiratory system cancers 

are attributable to smoking tobacco. Benign tumors are relatively rare causes of respiratory 

disease. Examples of benign tumors are Pulmonary hamartoma, Congenital malformations 

such as pulmonary sequestration and congenital cystic adenomatoid malformation 

(CCAM). 

 

1.4.9 Pleural cavity diseases 

Pleural cavity diseases include empyema and mesothelioma. A collection of fluid in the 

pleural cavity is known as a pleural effusion. This may be due to fluid shifting from the 

bloodstream into the pleural cavity due to conditions such as congestive heart failure and 

cirrhosis or due to inflammation of the pleura itself as can occur with infection, pulmonary 

embolus, tuberculosis, mesothelioma and other conditions. A pneumothorax is a hole in 

the pleura covering the lung allowing air in the lung to escape into the pleural cavity 

causing the lung to deflate. When this air gets trapped, a tension pneumothorax develops 

causing pneumothorax to get bigger until it compresses the heart and blood vessels, leading 

to a life threatening situation. 

 

1.4.10 Pulmonary vascular diseases 

Pulmonary vascular diseases are conditions that affect the pulmonary circulation such as 

pulmonary embolism (when a blood clot embolizes in the pulmonary artery),       

pulmonary arterial hypertension (elevated pressure in the pulmonary arteries),         

pulmonary edema (leakage of fluid from capillaries of the lung into the alveoli) and 

pulmonary hemorrhage (inflammation and damage to capillaries in the lung resulting in 

blood leaking into the alveoli).  

 



14 

 

1.4.11 Disorders of breathing mechanics 

Disorders of the brain’s control of breathing, the nerves or the muscles of respiration can 

affect the respiratory system. Common disorders of breathing mechanics are obstructive 

sleep apnea, central sleep apnea, Amyotrophic lateral sclerosis, Guillan-Barre syndrome, 

and Myasthenia gravis. 

Obesity is often associated with sleep apnea and can cause either an obstructive or a 

restrictive pattern on spirometry. Obesity reduces the movement of the chest wall which 

can, in extreme cases, result in the obesity-hypoventilation syndrome, a cause of respiratory 

failure. 
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CHAPTER 2 

NETWORK MODEL 

 

2.1 GOVERNING 1D EQUATIONS 

In this model, the lower airways are idealised as one-dimensional tubular pathways with 

uniform initial cross sectional area and material characteristics at each of the segments. The 

flow through the airways is assumed laminar in this study, as discussed earlier [in chapter 

1], which stands true for the flow past sixth generation as the Re<<2000 [Ma 2006] and the 

turbulence effects in the fluid are observable in the earlier generations [ref]. In addition, the 

major interest of this study lies on the effect of the flow distribution due to the influence of 

branching networks and obstruction identification. 

 

This idealisation of the airways, beginning from trachea, in 1D has been done ignoring the 

effects of the curvature of the vessels and assuming the fluid to be incompressible and 

Newtonian. The governing one-dimensional equations can be derived from the general 

mass and momentum conservation equations as shown below [Ref: Sherwin 2003, Mynard 

2008]  

( )
0=

∂
∂

+
∂
∂

x

Au

t

A

                                               
 ... (Eq. 2.1) 

0
11

=
∂
∂

−
∂
∂

+
∂
∂

+
∂
∂

xx

p

x

u
u

t

u τ
ρρ

    … (Eq. 2.2) 

where A is the cross-sectional area (cm2), u is the mean velocity over a cross section 

(cm/s), p is the pressure (dyne/cm2), ρ is the density of the fluid (g/cm3)(approximately 

0.0012 g/cm3 for air) , and τ is the shear stress component (dyne/cm2) which can be 

expressed as, ( )
R

ru ∂∂= µτ , where µ is the dynamic viscosity of the fluid (P or 

poise)(approximately 1.824 x 10-4 P for air at 20°C), r is the radial direction in three 

dimensional cylindrical coordinates, and R is the vessel radius. 
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Estimation of shear stress τ also involves computing both its viscous and inertial 

components. The inertial components have been ignored in this study due to low 

Womersley parameter [J. R. Womersley. An elastic tube theory of pulse transmission and 

oscillatory flow in mammalian arteries. Technical Report TR 56-614, WADC Technical 

Report, 1957.] µωρR=α , where ω is the angular frequency of a given harmonic. For 

example, at Trachea with a diameter of 1.8 cm and assuming ω = 5 would result in α = 5 

<10. And this value further goes down as the airway narrows. Hence, there is a possibility 

of the flow to fully develop with a parabolic wave front and the flow would be close to 

Poiseuille flow.  Hence it is assumed that the flow will be fully-developed (i.e. 0=∂∂ xu ) 

and steady (i.e. 0=∂∂ tu ) flow which results in Poiseuille flow. The airflow through the 

airways depends on the driving pressure and the airway resistance,  

R

pp

R

p
Q aatm −

=
∆

=     … (Eq. 2.3) 

where Q = Au is the rate of flow (cm3/s), patm is the atmospheric air pressure, pa is the 

alveolar air pressure, airway resistance for circular tubes from Pouiseuille’s law will be,

4

8

R

L
R

π
µ

= where, µ = 1.827 x 10-4 P is the dynamic viscosity of air at 20°C. Hence rewriting,

 

A

u

R

Q

dx

dp

L

p πµ
π
µ 88

4
===

∆

    
… (Eq. 2.4) 

Ignoring the inertial components of this flow, the frictional resistance is given by 

A

u

x
f

πµτ 8
=

∂
∂

=
     

… (Eq. 2.5) 

The above expressions will not be valid when the flow is non-Newtonian and becomes 

turbulent. In airways, though the turbulences do occur at larger airways it has been ignored 

in this study. The effect of turbulence shall be dealt in future work. In addition, the flow in 

the airways tends to become laminar at smaller airways. 

Using Eq. 2.5 the momentum equation thus becomes as 

0
81

=−
∂
∂

+
∂
∂

+
∂
∂

A

u

x

p

x

u
u

t

u

ρ
πµ

ρ
     … (Eq. 2.3) 

To express this in terms of Q = Au, multiply both sides by A 
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0
2

=−
∂
∂

+








∂
∂

+
∂
∂

A

Q
K

x

pA

A

Q

xt

Q
Rρ

α    … (Eq. 2.4) 

where, 
ρ
πµ8

=RK   

Here α is the Coriolis coefficient [(Canic and Kim 2003)].  Replacing Q = Au 

( ) ( ) 02 =+
∂
∂

ρ
+α

∂
∂

+
∂

∂
uK

x

pA
Au

xt

Au
R     … (Eq. 2.5) 

expanding with the product rule and factorizing 

( ) 0R

A u u A p
u Au A Au K u

t x t x x

∂ ∂ ∂ ∂ ∂ + α + + α + + = ∂ ∂ ∂ ∂ ρ ∂   … (Eq. 2.6) 

when α = 1, using Eq. 2.1, the above equation reduces to, 

0R

u u A p
A Au K u

t x x

∂ ∂ ∂
+ + + =

∂ ∂ ρ ∂    … (Eq. 2.7) 

divide by A gives 

1
0R

u u p u
u K

t x x A

∂ ∂ ∂
+ + + =

∂ ∂ ρ ∂     … (Eq. 2.8) 

or equivalently 

21 1
0

2 R

u u p u
K

t x x A

∂ ∂ ∂
+ + + =

∂ ∂ ρ ∂    … (Eq. 2.9) 

The pressure term can be expressed in terms of area A(x), wall properties β(x) and 

equilibrium area A0(x) using 

0

0

Ap p A p p

x A x x A x

∂∂ ∂ ∂ ∂ ∂β ∂
= + +

∂ ∂ ∂ ∂β ∂ ∂ ∂    … (Eq. 2.11) 

Where the wall property β given by [Formaggia] has been used  

0
2

0(1 )

h E

A

π
β =

−ν       … (Eq. 2.12) 

where  h0 is the wall thickness in cm, E is the Elastic modulus, ν is the poisson’s ratio, A0 is 

the intial cross sectional area in cm2.  
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The constitutive equation defining the relation between pressure and area given by 

[Sherwin] has been used in this study  

( )0extp p A A= +β −
    … (Eq. 2.13) 

From the above equation, it can be derived that, 

 
AA

p

2

β
=

∂
∂

      … (Eq. 2.14) 

Eq. 2.13 can also be rewritten to express Area in terms of pressure, 

2

0
extp p

A A
 −

= + β      … (Eq. 2.15) 

Substituting Eq. 2.11 into Eq. 2.2 and also using Eq. 2.14 gives 

2
0

0

1 1
0

2 2

Au u A p p

t x x x A xA

 ∂∂ ∂ β ∂ ∂ ∂β ∂
+ + + + = 

∂ ∂ ρ ∂ ∂β ∂ ∂ ∂      … (Eq. 2.16) 

If β and A0 are constant along the vessel, and given that  

  
A

pA
c

∂
∂

ρ
=2 ,  

2ρ

Aβ
c =                   … (Eq. 2.17)   

where c is the intrinsic wave speed. It should be noted that [Mynard ] the finite amplitude 

pulses travel at a speed of |u+c| rather than c. Since the airways comprise of shorter vessels 

and the frequency of breathing is sufficiently large such that the possibility of shock 

formation is very little. 

 

We can then reduce Eq. 2.16 using Eq. 2.17 into, 

2 21
0

2
u u c A

t x A x

∂ ∂ ∂
+ + =

∂ ∂ ∂     … (Eq. 2.18) 
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The above Eq. 2.18 combined with continuity equation (Eq. 2.1), the system of nonlinear 

equations can be written in quasi-linear form, 

t x

∂ ∂
+ =

∂ ∂
U U

H f
     … (Eq. 2.19) 

where 

A

u

 
=  

 
U

 and 
2c

A

u A

u

 
=  

 
H

 

If we assume β and A0 are constant and KR = 0, f = 0, otherwise 

0

0

0

R

Au p p
K

A x A x

 
 = ∂∂ ∂β ∂ − +

∂β ∂ ∂ ∂  

f

 

In conservation form, this is 

   t x

∂ ∂
+ =

∂ ∂
U F

S
                             … (Eq. 2.20) 

where  

A

u

 
=  

 
U

 and 
2

2
pu

uA

ρ

 
=  + 

F
 and 

0
u

R AK

 
=  − 

S
      

 

2.2 THE CHARACTERISTIC SYSTEM 

Formaggia et al.[], Sherwin et al.[], Mynard et al.[] have analysed the characteristics of the 

flow governed by the set of nonlinear equations given in Eq. 2.20. It can be shown from 

the quasi linear form of the system of equations given in Eq. 2.19 that the characteristic 

system can be derived as, 

0=
∂
∂

+
∂

∂
x

w

t

w i
i

i λ      ... (Eq. 2.21) 

and the characteristic variables can be shown as  










−

+
=









cu

cu

w

w

4

4

2

1      ... (Eq. 2.22) 

where w1 and w2 represent the forward and backward travelling wave fronts respectively. 

Also, the eigenvalues of the Eq. 2.19 can be shown as, 
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22

1
Λ    …(Eq. 2.23)  

Thus, the primitive variables can be calculated from the characteristic equations as, 

( ) 24
21

1024 








β
ρ−

=
ww

A       ... (Eq. 2.23) 

( ) 221 wwu +=      ... (Eq. 2.24) 

The characteristic system gives the forward and backward component of the propagation 

speed of the wave fronts [Mynard]. It should be noted that the wave fronts refers to the 

infinitesimal change in the characterisctic variables w1 or w2. In the network model, 

whenever there is a change in the vessel properties or branching it will affect the 

characteristic impedance and cause the wavefronts to reflect.  

 

2.3 BOUNDARY CONDITIONS 

The flow through the respiratory system is subsonic (u<c, ), therefore, one boundary 

condition needs to be specified at both the inlet and the outlet. It is possible to prescribe 

both reflecting and non-reflecting boundary conditions. In this study, non reflecting 

boundary conditions [Mynard 2008] which can be easily computed using the characteristic 

system has been used and shall be discussed in this section. This involves calculating the 

forward (w1) and backward travelling wavefronts (w2). For the time step ‘n+1’, the outgoing 

characteristic at the inlet and exit may be calculated via linear extrapolation in the x-t plane,  

txww n
xx

n
xx

n ∆−== ==
+

202
1

2 00
λ     ... (Eq. 2.25) 

   txww n
Lxx

n
xx

n

LL
∆−== ==

+
11

1
1 λ       ... (Eq. 2.26) 

at the inlet and outlet respectively, where x0 and xL are the coordinates of the inlet and 

outlet. 

 

As said earlier, the non reflecting boundary conditions involve prescribing at the inlet the 

forward component of the pressure, area or velocity. This is achieved by prescribing the 

incoming characteristic (w1) [Formaggia et al.]. Thus to prescribe forward component of 

area at (n+1)th time step, rearranging Eq. 2.23 yields, 
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( )
ρ
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2

8
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2
1

,1

++ +=
nn

in Aww     ... (Eq. 2.27) 

To prescribe forward component of pressure at (n+1)th time step, substituting the P-A 

relationship (Eq. 2.15) into (Eq. 2.24) 

0

10
2

1
,1 )(

2
4 Appww ext

nn
in β+−

ρ
+=

++   ... (Eq. 2.28) 

Finally, forward component of velocity at (n+1)th time step may be prescribed by 

rearranging (Eq. 2.24) 

0
2

11
,1 2 wuw

nn
in −=

++      ... (Eq. 2.29) 

It should be noted that w2
0 is the initial value of w2 and will be equal to w2 until a backward 

running wave reach inlet. The backward running component of the variables can be 

prescribed in a similar fashion.  

 

2.4 DISCONTINUITIES 

The term discontinuity refers to the sudden changes in the cross-sectional properties such 

as area (A0), material parameters (β) which depend on the wall thickness, Elastic modulus 

of the vessel segment and Poisson´s ratio or branching of vessels. Section 2.6 deals with 

the influence of material and geometric discontinuities on the characteristic impedance of 

the system, which will cause formation of partial or full reflection of the transmitted wave. 

In section 2.5, discontinuities arising out of branching of airway segments is  discussed.     

 

2.5 AIRWAY BRANCHING  

Beginning from Trachea, the airways start to branch out into two or several daughter 

branches. There is no particular order to this branching if the branches beyond the first few 

generations are considered [Horsfield]. In this study, mainly a maximum three daughter 

airways are considered to branch for a parent airway. As discussed in the previous section, 

these branching points can cause geometric or material discontinuity. However, this is not 

difficult to address in LCG method, which permits several nodes of the daughter segments 

to share the same location, which is especially useful at the branching locations. Figure 2.1 
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illustrates some of the possible 1D airway branching addressed in this code. However, it 

should be noted that the effects of branching angles has been reserved for future studies.  

At these branching locations, it is worthwhile to mention that it is possible to have any 

number of branching segments complying with the mass and momentum continuity 

conditions. Thus, a system of nonlinear equations [Mynard, 2008] can be written based on 

the outgoing characteristics, conservation of mass and momentum equations as below, 

which are solved using Newton-Raphson method. 

The characteristic for the nodes in the parent airway can be written as , 

ρ

β

2
4 41

1
p

ppp Auw +=      ... (Eq. 2.30) 

and for the nodes in the dth daughter vessel can be written as, 

ρ
β
2

4 41
2

d
ddd Auw +=     ... (Eq. 2.31) 

Mass conservation and pressure continuity equations can then be written as, 

∑
=

==
N

d
ddpp uAuAQ
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     ... (Eq. 2.32) 

( ) ( )0,

2

0,

2

22 dddext
d

pppext
p AAp

u
AAp

u
−++=−++ β

ρ
β

ρ
                    ... (Eq. 2.34)           

 

Figure 2.1 – Nodal connection types of branching vessel segments 

 

2.6 REFLECTION 

Whenever there is a change in the characteristic impedance due to the changes in cross-

sectional area, vessel properties or vessel branching, there is bound to be a reflection of the 
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transmitted wave at these locations. In this code [Mynard], it is addressed with the help of 

the well-known linear transmission theory. 

The characteristic impedance relates the wave velocity with the applied pressure and can be 

written as, 

4/3
00

0

0
0

2

1

AA

c

Y
Z

ρβρ
===     ... (Eq. 2.35) 

where Z0  is the characteristic impedance, Y0 is the characteristic admittance, c0  is the wave 

speed. 

The ratio of the amplitudes of the transmitted and the reflected wave is commonly referred 

to as the reflection coefficient (Rt) [Mynard]. It can be expressed in terms of characteristic 

admittance in linear form [Mynard] as, 

∑
∑

+

−
=

0dop

0dop
t YY

YY
R , 0 < R < 1 for any Y0p > 0   ... (Eq. 2.36) 

where the Y0p and Y0d  are the characteristic admittance of the parent and daughter vessels 

respectively. It is interesting to note that this can also be used to define the boundary 

conditions of the terminal vessels. 

 

2.7 FINITE ELEMENT FORMULATION 

The finite element formulation of the problem has been shown in involves the spatial and 

temporal discretisation of the partial differential equations over the domain under 

consideration. It has been shown in several instances including the network model of blood 

flow [Mynard 2008] that the standard Galerkin method cannot be used due to the 

convective term, which will cause spatial instability. A suitable alternative would be the 

Taylor Galerkin method that gives a better spatial stability. In this study, specifically, the 

choice of locally conservative Taylor Galerkin method is quite apparent to avoid the 

computation involving inversion of large matrices that would otherwise be needed. Also, 

the method has been shown to be stable and robust in solving the Blood flow problem by 

Mynard [2008]. Following the work of Mynard et al. the formulation of Locally 

conservative Taylor Galerkin method is shown here. 
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2.7.1 TEMPORAL DISCRETISATION BY TAYLOR GALERKIN 

SCHEME   

The Taylor Galerkin temporal discretization of the U-A system have already been derived 

by Formaggia et al. and Sherwin et al. The U-A system in conservation form from 

Equation 2.20 is  

S
FU

=
∂
∂

+
∂
∂

xt       … (Eq. 2.37)
 

where U, F and S are the vectors of primitive variables, conservative variables and the 

source term respectively. 

Rearranging gives,  
xt ∂

∂
−=

∂
∂ F

S
U

     … (Eq. 2.38)
 

Differentiating with respect to time, t  and applying the chain rule yields the following 

equation, 
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    … (Eq. 2.39) 
 

where 
U
F

FU ∂
∂

=   and  
U
S

SU ∂
∂

=  . Substituting Eq. 2.38 in Eq. 2.39 will help to eliminate 

the time derivatives and gives, 
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For time discretisation, consider the Taylor series expansion 
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where ∆t  is the time step and n refers to the current time step. By substituting the time 

derivatives obtained earlier in Eqs. 2.39 &  2.40 and ignoring higher order terms gives
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The second bracketed term is the Taylor- Galerkin stabilization term. 
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2.7.2 SPATIAL DISCRETISATION 

The Locally conservative galerkin method or LCG introduced by Nithiarasu [N1] and 

Thomas[T1, T2, T3] and is preferred for the spatial discretization of the domain Ω with 

boundaries Г. This method is much preferred for network models [Mynard] as it eliminates 

large matrix operations which is inevitable in global Galerkin method. Apart from that, it 

can handle discontinuities very well as in this method each element is treated as a sub-

domain within its boundaries. The LCG discretisation for a inviscid case shown by Mynard 

et al. is shown here for completeness.  

 

Using the standard finite element formulation for linear spatial discretisation, the weak 

form of Eq. 2.31 using a linear approximation function jjii

~~
ˆ φ+φ= ΝΝφ  , where Ni=(xj-

x)/(xj-xi) and Nj=(x-xi)/(xj-xi) and a Galerkin weighting NT gives, 

0Ωˆ
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N     ... (Eq. 2.43) 

where Rh denote the right hand terms. 

Eq. 2.31 can be written in a compact form as 

[Me]{∆U}=∆t([Ke]{F}n+[Le]{S}n+{fГe}
n)     ... (Eq. 2.44) 

where [M] is the mass matrix and [K] and [L] are the coefficient matrices for convection, 

Taylor-Galerkin and source terms. They are Nnodes x Nnodes matrices, where Nnodes is the 

number of nodes in the domain Ω. Also, ∆U = Un+1 - Un and f contains the boundary 

fluxes. 

 

The reduced form of Eq. 2.43 after removing the viscous terms involving S and SU gives, 

∫∫∫ =










∂
∂

∂
∂

+
∂

∂
−=

eee

e

n
T

e

n
T

n
T d

xx

t
d

xt ΩΩΩ

∆
∆

∆
0Ω

ˆ
ˆ

2
Ω

ˆˆ F
FN

F
N

U
N U

n      ... (Eq. 2.45) 

Integrating the terms, results in the following elemental matrices. The consistent element 

mass matrix will be, 

[ ] 







=

21

12

6
e

e

l
M      ... (Eq. 2.46) 
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where, le is the element length. The coefficient matrix [Ke] is found to be 

[ ] 
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  ... (Eq. 2.47) 

Where, UF
(

and US
(

are average values over the elemental sub-domain.  

The coefficient matrix [Le] is found to be 
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  ... (Eq. 2.48) 

Finally, writing the flux term without including the contributions of the TG terms since 

they arise from the numerical technique and will be zero on the boundaries,  
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e
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      ... (Eq. 2.49) 

The values from Eqs. 2.46 – 2.49 can be substituted in Eq. 2.44 to complete the 

formulation. Figure 2.2 shows a typical 1D mesh generated for a three generation network 

model. It can be seen that multiple nodes can be placed at the same branching points. 

 

Figure 2.2 – Mesh generation for the airway network model 

 

2.7.3 STABILITY AND CONVERGENCE  

It has been shown that [Thomas, Mynard] that by assuming u<<c, the stability condition 

for the characteristic system is  

max

min
max

∆
∆

c
x

t ≈      … (Eq. 2.50) 
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Figure 2.3 shows the spatial convergence of the method as the element sizes are reduced 

from L/6 to L/100 where L is the domain length. The error is computed with respect to 

the amplitude of the peak pressure measured for the smallest element size of L/100 and 

smallest time step of 1µs. It may be noted that the error is negligibly small below a mesh 

size of L/20.  

 

Figure 2.3 – Convergence of LCG method with increased spatial resolution.  
[Note: Error is calculated based on the peak pressure value for the smallest mesh size with the smallest time 

step of 1µs] 

 

2.8 PROGRAMMING 

The code developed for the 1D network model of blood flow [Mynard 2008] was modified 

to study the respiratory flow through the 1D network model of the human lower airways. 

The code is based on the Locally conservative Taylor Galerkin method [Mynard, 

Thomas]which has been discussed in section 2.7. The basic framework of the pre-

processor, solver and a postprocessor is discussed in this section.  

 

2.8.1 PRE-PROCESSING STAGE 

1. Creation of the input files.  

a. Creation of the input files i. for the definition of the geometric and material 

properties of the numerous branching segments and definition of their 

daughter segments,  ii. for the definition of the input respiratory waveform 
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based on the values of pressure at various instance of the respiratory phase 

measured at the inlet of the trachea. 

2. Mesh generation. 

a. 1D mesh is then generated based on the geometric, material and 

connectivity details in the input files and is written in a separate file to be 

used by the main program. 

3. Computation 

a. Based on the 1D mesh generated, the elemental mass matrices and their 

inverses are computed 

b. Based on the input waveform, the initial incoming characteristics at the inlet 

for each time step is calculated 

  

2.8.2 MAIN PROCESSING STAGE 

At every time step, the following computations are performed 

1. The outgoing characteristics at the inlet are calculated 

2. The boundary conditions are assigned based on the incoming and outgoing 

characteristics 

3. The boundary conditions for all the co-located nodes at each of the discontinuity  

or branching point are calculated 

4. The governing equations are solved using the LCG method 

 

2.8.3 POST-PROCESSING 

1. At the assigned monitoring points, the values of the pressure, velocity, area and 

flow rate that are stored in an output file for post-processing. 

2. These data from the output file are then read to generate the computed waveforms 

at the monitored points for further observation or studies. 

3. This output data is be used to create 3D representation of the computed variables. 
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CHAPTER 3  

MODEL PROBLEMS 

 

3.1 INTRODUCTION 

In this chapter, some model problems are shown to demonstrate the capability of the 1D 

LCG code for the network model. The models are chosen from the 1D test models used 

by [Mynard 2008, Sherwin 2003, Formaggia 2002 ]. In section 3.2, the propagation of a 

pressure wave in an isolated Gaussian pulse form and an inspiratory wave form are shown. 

A 3D representation of the result is also shown to complement the plots for better 

understanding. In section 3.3, the model problems are chosen to demonstrate the reflecting 

waves due to discontinuities in the model. In section 3.4, a simple branching model is used 

to explain the possible outcomes of a fluid flow through a branching model.  

 

3.2 PULSE PROPAGATION 

In this section, the propagation of a pressure pulse through a vessel segment of length, l = 

12 cm and initial cross-sectional area, A0=1.0 cm2  and β = 226974 dyne/cm2 is 

demonstrated. Figure 3.1 shows the propagation of a pressure pulse with Gaussian 

distribution across a frequency of 0.03 s and a peak value of 1000 dyne/cm2. The cases 

studied areÑ i. No viscosity (inviscid), ii. Viscous flow with a viscosity of 0.035 P and 

density 1.06 g/cm3, and iii. Viscous flow with a viscosity of 1.84 x 10-4 P and density 0.0012 

g/cm3.  

 

The following observations can be made from the Figure 3.1a which shows the pressure 

measured at the inlet, midpoint and at exit during the three cases mentioned above. For the 

inviscid flow of the Fluid-1 which are shown by dotted blue lines, the pulse propagates 

without any loss in amplitude in the absence of any damping effects viz., viscous force, 

reflections. During the first case of viscous flow (case ii) which are shown by solid green 
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lines, the propagating pulse gets progressively attenuated due to the viscous effects and 

there is a drop of 3.5% in amplitude along the domain length. During the second case of 

viscous flow (case iii) which are shown by dashed red lines, the pulse propagates at a faster 

speed as expected due to smaller viscous effect, there is a negligible change in the 

amplitude of the pressure wave along the length, which is approximately 0.06%.   

 

Figure 3.1 (a) – Pulse propagation through a single vessel (dotted line, solid line and dashed line represent 
inviscid flow, first viscous flow case and second viscous flow case respectively) 

 

Figure 3.1 (b) shows the deformation plot of the vessel for the first viscous flow case (case 

ii) and the contours indicate the change in the pressure. The yaxis represent the length of 

the segment.  

    

Time = 0.02 sec Time = 0.04 sec Time = 0.05 sec 

Figure  3.1 (b) - Deformation (magnified 100 times) of the vessel with pressure intensities  

at time 0.02s, 0.04s, 0.05s during the first viscous flow case (case ii) 
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3.2 DISCONTINUITIES 

In this section, the effect of discontinuities in the network model that arise due to the 

changes in the cross sectional area, A0 and material parameter, β on the passing pressure 

wave is demonstrated. The details of the model used is shown in figure 3.2. These 

discontinuities as discussed earlier will give rise to reflections in the flow. Figure 3.3 (a) & 

(b) show the effect of sudden changes in the cross sectional area in a vessel segment and 

Figure 3.4 (a) & (b) show the effect of sudden changes in the material parameter, β.  For all 

these cases, the flow is assumed to have a dynamic viscosity of 0.035 P and density 1.06 

g/cm3.  

  

Case 1a – Step decrease in A0 Case 1b - Step increase in A0 

  

Case 2a – Step decrease in β Case 2b - Step increase in β 

Figure 3.2 – Models used to study the discontinuities arising due to A0 and β  

 

It can be seen from Figure 3.3 (a) that a sudden constriction in the vessel, represented by a 

step decrease in the cross-sectional area, A0 value from 1.0 cm2 to 0.5 cm2, results in an 

increase in the characteristic impedance causing a positive reflection of a portion of the 

transmitted wave. It can be computed from Eq. 2.5 that the linear reflection coefficient for 

this case is Rt = 0.254. Conversely, Figure 3.3 (b) shows  that a sudden dilation of the 

vessel, represented by a step increase in the cross-sectional area, A0 value from 1.0 cm2 to 

2.0 cm2, results in a decrease in the characteristic impedance and hence the negative Rt = -

0.254 causes a negative reflection of a portion of the transmitted wave. Also, in the lower 

airways, the vessel segments progressively become narrower and shorter down from the 

Trachea with only a few exceptions until it reaches the respiratory airways and hence there 

are more likely to be partial positive reflections.   

A0 = 1.0   A0 = 0.5  A0 = 1.0  
A0 = 2  

β = 226974  β = 453948  β = 226974  β = 113487  

10 cm   10 cm   10 cm   10 cm   

10 cm   10 cm   10 cm   10 cm   
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(a) step  increase in A0 (b) step  decrease in A0 

Figure 3.3 – Effect of sudden change in cross-sectional area in a single vessel  

[Note:  Numbers next to the plot series indicate the monitoring positions,                                                                
1-inlet, 2- start of discontinuity, 3-exit] 

 

It can be seen from Figure 3.4 (a) that a increase in the stiffness of the vessel, represented 

by a step increase in the material parameter, β value from 226974 dyne/cm3 to 453948 

dyne/cm3, results in an increase in the characteristic impedance causing a positive reflection 

of a portion of the transmitted wave. The linear reflection coefficient for this case was 

found to be Rt = 0.171. On the other hand, Figure 3.4 (b) shows  that a sudden softening 

of the vessel, represented by a step decrease in the β value from 226974 dyne/cm3 to 

113487 dyne/cm3, results in a negative reflection coefficient, Rt = -0.171 causing a negative 

reflection of a portion of the transmitted wave. It should also be noted from Eq. 2.16a that 

increase in β will also increase the wave speed, c (as c α β1/2). Interestingly, the latter case is 

identical to what happens in the respiratory zone of the airways where the tissues become 

softer to achieve the enormous change in volume in the alveoli where the velocity of flow 

drops down entirely.  
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(a) step  increase in β (b) step  decrease in β 

Figure 3.4 – Effect of sudden change in material properties (β value) in a single vessel 

[Note: Numbers next to the plot series indicate the monitoring positions,                                                       
1-inlet, 2- start of discontinuity, 3-exit]                 

 

3.3 BRANCHING VESSELS 

In airways, whenever the parent airways branch into the daughter airways it gives rise to 

reflection and re-reflection of the transmitted wave. In this section, the effects of branching 

on the flow are discussed by means of a model problem. The model used for the study is 

shown in Figure 3.5. The properties of the vessel are: for vessel A, A0 =4 cm2 , l= 10 cm, β 

= 113487 dyne/cm3, for vessel B, A0 =0.5 cm2 , l = 5 cm, β = 453948 dyne/cm3, for vessel C, A0 

=0.35 cm2 , l= 10 cm, β = 226974 dyne/cm3.  

 

Figure 3.5 – Model of branching airways 

It can be seen from Figure 3.6 the occurrence of reflections of the transmitted wave in the 

airway branches. The top, middle and bottom plots show the pressure monitored in the 

midpoint of the vessel A, B and C respectively. As the wave traverses through A and 
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reaches the branching point, the first backward wave into A occurs. The increase in 

pressure is observed in the other two vessels due to the sudden decrease in cross sectional 

area and due to mass conservation. The next reflection occurs at the end of the vessel C 

due to a imposed reflection coefficient, Rt =1 which results in the positive reflection of the 

wave. When this wave reaches the branching point, a negative backward wave originates 

back into C and rest of it is transmitted into A and B depending on their reflection 

coefficients and observing the continuity criteria. This reflection of waves continues until 

either they exit the model or damped out by the viscous terms. 

 

Figure 3.6 – Propagation of pulse thorugh model 1 showing the occurrence of reflections and re-reflections 
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3.4 Formaggia model 

This is a simple model of a single vessel used by Formaggia [2001]with the properties l = 6 

cm, A0 = 0.7854 cm2 and     β = 186000 dyne/cm3. The fluid has a density,  ρ = 1 g/cm3 

and viscosity,  µ = 0.0350 P. The input pressure wave has a peak amplitude of 20000 

dyne/cm2 with a wave speed of approximately 290 cm/s and a frequency of 0.04 s. Figure 

3.6 shows the 3D representation of the deformation of the vessel at various time instances 

of 0.02 s, 0.03 s and 0.04 s magnified by a scaling factor of 5 and the contours indicate the 

mean pressure values measured along the segment. 

 

   

Time = 0.02 sec Time = 0.03 sec Time = 0.04 sec 

 

Figure 3.6 - Deformation (magnified 5 times) of the vessel with pressure intensities  

at time 0.02 s, 0.03 s, 0.04 s 
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CHAPTER 4 

RESULTS AND DISCUSSIONS 
 

4.1 INTRODUCTION 

In this chapter, the results obtained from studying the fluid (air) flow through the human 

lower airways are presented. For this purpose, the geometric data provided by Weibel et al. 

and Horsfield et al. have been used. Firstly, section 4.2 demonstrates the flow of a wave 

representing the inspiration phase through various generation models. This will 

demonstrate the influence of reflecting waves due to discontinuities on the transmitted 

wave as the model is evolved from a simple first generation model to a 10th generation 

model with 2047 segments based on Weibel model. In section 4.3, a 10th generation 

Horsfield model is demonstrated to highlight the influence of unsymmetric branching 

order on the fluid flow. In section 4.4, single path models are demonstrated and their 

drawbacks are highlighted. In section 4.5, the effect of volume changes on the flow velocity 

is shown. Finally, in section 4.6, some sample cases of obstructed airways are demonstrated 

to show its influence on airflow distribution through the pathways. 

 

4.2 WEIBEL MODEL 

In this section, the lung models are constructed based on the geometric details published 

by Weibel [Weibel 1963]. Table 1 gives the geometric details of the Weibel model used in 

the test cases done in this section. It should be noted from the Figure 4.1 that the greatest 

increase in branching occurs beyond the 16th generation. Figure 4.2 shows the pressure 

wave form applied at the inlet of the Trachea producing a peak flow rate of 0.6 l/s with a 

time period of 1.6s representing the inhalation phase of the respiratory cycle. The fluid 

parameters unless specified otherwise are assumed to be density, ρ =0.0012 g/cm3 and the 

dynamic viscosity of the fluid, µ = 1.824 x 10-4 P. These represent the properties of air at 

20°C. Here, generation represent each stages of airway bifurcation. The material 

characteristics of the airways vary considerably with each generations as discussed earlier. 
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Since the upper airways are made of cartilages and are stiffer, these segments are modelled 

with a sufficiently large β value. In addition, adoption the stiffer segments helps us to 

identify the changes in the flow properties due to the changes in the geometric properties 

of the vessels only (eg., vessel constriction, vessel obstruction, etc.). 

 

Table 4.1 – Geometric details of the Weibel model 

Generation 
No. per 

generation 

Diameter 

(in cm) 

Length 

(in cm) 

Total volume 

(in cm3) 

Total cross-sectional  

area (in cm2) 

0 1 1.8 12 30.52 2.54 

1 2 1.22 4.76 11.12 2.34 

2 4 0.83 1.9 4.11 2.16 

3 8 0.56 0.76 1.50 1.97 

4 16 0.45 1.27 3.23 2.54 

5 32 0.35 1.07 3.29 3.08 

6 64 0.28 0.9 3.54 3.94 

7 128 0.23 0.76 4.04 5.32 

8 256 0.186 0.64 4.45 6.95 

9 512 0.154 0.54 5.15 9.53 

10 1024 0.13 0.46 6.25 13.58 

11 2048 0.109 0.39 7.45 19.10 

12 4096 0.095 0.33 9.58 29.02 

13 8192 0.082 0.27 11.67 43.24 

14 16384 0.074 0.23 16.20 70.43 

15 32768 0.066 0.2 22.41 112.05 

16 65536 0.06 0.165 30.56 185.20 

17 131072 0.054 0.141 42.30 300.03 

18 262144 0.05 0.117 60.19 514.46 

19 524288 0.047 0.099 90.01 909.15 

20 1048576 0.045 0.083 138.35 1666.84 

21 2097152 0.043 0.07 213.08 3043.94 

22 4194304 - - - - 

23 8388608 - - - - 
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Figure 4.1 – Number of branching at each generation 

 

Figure 4.2 – Input pressure waveform 
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4.2.1 ONE GENERATION WEIBEL MODEL 

In this case, a single vessel segment with a length of 12 cm, A0 = 2.545 cm2 and β 
= 1000000 dyne/cm3 is considered. The geometric properties represent that of the Trachea 
and high β value was assumed to represent a stiffer vessel as the Trachea is lined with C-
shaped cartilages.   

 

Figure 4.3 (a) and 4.3 (b) shows the velocity and pressure measurements monitored at the 
mid-length of the vessel segment. It can be noted that the intrinsic wave speed calculated 
for this section was c0= 2578 cm/s. The time step size adopted was dt = 4 x 10-4s and a 
uniform mesh size of 1.2 cm. In the absence of any discontinuity and the only damping is 
offered by the viscosity. 

 

Figure 4.3 (a) – Velocity measurement in the Generation-1 model plotted against time 

 

Figure 4.3 (b) – Pressure measurement in the Generation-1 model plotted against time 
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4.2.2 TWO GENERATION WEIBEL MODEL 

In this case, a two generation model with three airway segments comprising of a parent 
vessel and two daughter vessels. The parent vessel is with a length of 12 cm, A0 = 2.545 
cm2 and β = 1000000 dyne/cm3 and both the daughters have a length of 4.76 cm, A0 = 
1.169 cm2 and β = 1000000 dyne/cm3is considered. The geometric properties represent 
that of the Trachea and primary bronchi.  

 

Figure 4.4 (a) shows the nodal arrangement for this model. Figure 4.4 (b) and 4.4 (c) shows 
the velocity and pressure measurements monitored at the mid-length of the vessel 
segments. It can be noted that the intrinsic wave speed at inlet calculated for this section 
was c0= 2578 cm/s. The time step size adopted was dt = 1 x 10-5s and a uniform mesh size 
of L/10. Due to the presence of branching, a drop in the pressure value can be observed 
due to a negative reflection arising due to vessel branching and section narrowing as 
discussed in Chapter 3. The velocity computed in the daughter segment has increased due 
to the decrease in cross-sectional area as expected. It shall be seen that velocity will keep 
increasing until the flow crosses 5th to 6th generation beyond which it will start to drop due 
to increase in the total cross sectional area at that generation. 

 

Figure 4.4 (a) – Nodal positions for the Generation-2 model 

 

Figure 4.4 (b) – Velocity measurement in the Generation-2 model plotted against time 
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Figure 4.4 (c) – Pressure measurement in the Generation-2 model plotted against time 

 

4.2.3 THREE GENERATION WEIBEL MODEL 

In this case, a three generation model with seven airway segments is considered. The vessel 
in the first generation has a length of 12 cm, A0 = 2.545 cm2 and β = 1000000 dyne/cm3, 
segments in the second generation have a length of 4.76 cm, A0 = 1.169 cm2 and β 
= 1000000 dyne/cm3 and the segments in the third generation have a length of 1.9 cm, A0 
= 0.541 cm2 and β = 1000000 dyne/cm3. The geometric properties represent that of the 
Trachea, primary bronchi and secondary bronchi.  

 

Figure 4.5 (a) shows the nodal arrangement for this model. Figure 4.5 (b) and 4.5 (c) shows 
the velocity and pressure measurements monitored at the mid-length of the vessel 
segments. It can be noted that the intrinsic wave speed at inlet calculated for this section 
was c0= 2578 cm/s. The time step size adopted was dt = 5 x 10-6s and a uniform mesh size 
of L/10. Due to the presence of branching, drop in the pressure value can be observed due 
to a negative reflection arising due to vessel branching and section narrowing as discussed 
earlier. The velocity computed increases as the flow passes down the airways due to the 
decrease in cross-sectional area.  
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Figure 4.5 (a) – Nodal positions for the Generation-3 model 

 

Figure 4.5 (b) – Velocity measurement in the Generation-3 model plotted against time 

 

Figure 4.5 (c) – Pressure measurement in the Generation-3 model plotted against time 
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4.2.4 FOUR GENERATION WEIBEL MODEL 

In this case, a four generation model with 15 airway segments is considered. The vessel 
properties are given in Table 4.2.  

Table 4.2 – Properties of the vessel segment  

Generation 
No. per 

generation 

Diameter 

(in cm) 

Area 

(in cm2) 

Length 

(in cm) 

β 

(dynes/cm3) 

1 1 1.8 2.54 12 1000000 

2 2 1.22 1.17 4.76 1000000 

3 4 0.83 0.54 1.9 1000000 

4 8 0.56 0.76 0.76 1000000 

 

Figure 4.6 (a) shows the nodal arrangement for this model. Figure 4.5 (b) and 4.5 (c) shows 
the velocity and pressure measurements monitored at the mid-length of the vessel 
segments. It can be noted that the intrinsic wave speed at inlet calculated for this section 
was c0= 2577 cm/s. The time step size adopted was dt = 5 x 10-6s and a uniform mesh size 
of L/10. The variation in pressure and velocity follows the same trend as earlier.  

 

Figure 4.6 (a) – Nodal positions for the Generation-4 model 
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Figure 4.6 (b) – Pressure measurement in the Generation-4 model plotted against time 

 

Figure 4.6 (c) – Velocity measurement in the Generation-4 model plotted against time 
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4.2.5 FIVE GENERATION WEIBEL MODEL 

In this case, a five generation model with 31 airway segments is considered. The vessel 
properties are given in Table 4.3.  

Table 4.3 – Properties of the vessel segment 

Generation 
No. per 

generation 

Diameter 

(in cm) 

Area 

(in cm2) 

Length 

(in cm) 

β 

(dynes/cm3) 

1 1 1.8 2.54 12 1000000 

2 2 1.22 1.17 4.76 1000000 

3 4 0.83 0.54 1.9 1000000 

4 8 0.56 0.25 0.76 1000000 

5 16 0.45 0.16 1.27 1000000 

 

Figure 4.7 (a) shows the nodal arrangement for this model. Figure 4.7 (b) and 4.7 (c) shows 
the velocity and pressure measurements monitored at the mid-length of the vessel 
segments. It can be noted that the intrinsic wave speed at inlet calculated for this section 
was c0= 2577 cm/s. The time step size adopted was dt = 5 x 10-6s and a uniform mesh size 
of L/10. Due to the presence of branching, drop in the pressure value can be observed due 
to a negative reflection arising due to vessel branching and section narrowing as discussed 
earlier. The velocity computed increases as the flow passes down the airways due to the 
decrease in cross-sectional area.  

 

Figure 4.7 (a) – Nodal positions for the Generation-5 model 

0 5 10 15 20 25
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Figure 4.7 (b) – Pressure measurement in the Generation-5 model plotted against time 

 

Figure 4.7 (c) – Velocity measurement in the Generation-5 model plotted against time 
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4.2.6 SIX GENERATION WEIBEL MODEL 

In this case, a six generation model with 63 airway segments is considered. The vessel 
properties are given in Table 4.4. Figure 4.8 (a) shows the nodal points of this model. 
Figure 4.8 (b) and 4.8 (c) shows the velocity and pressure measurements monitored at the 
mid-length of the vessel segments. It can be noted that the intrinsic wave speed at inlet 
calculated for this section was c0= 2577 cm/s. The time step size adopted was dt = 5 x 10-

6s and a uniform mesh size of L/10. 

Table 4.4 – Properties of the vessel segment 

Generation 
No. per 

generation 

Diameter 

(in cm) 

Area 

(in cm2) 

Length 

(in cm) 

β 

(dynes/cm3) 

1 1 1.8 2.54 12 1000000 

2 2 1.22 1.17 4.76 1000000 

3 4 0.83 0.54 1.9 1000000 

4 8 0.56 0.25 0.76 1000000 

5 16 0.45 0.16 1.27 1000000 

6 32 0.35 0.10 1.07 1000000 

 

 

Figure 4.8 (a) – Nodal positions for the Generation-6 model 
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Figure 4.8 (b) – Pressure measurement in the Generation-6 model plotted against time 

 

Figure 4.8 (c) – Velocity measurement in the Generation-6 model plotted against time 
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4.2.7 SEVEN GENERATION WEIBEL MODEL 

In this case, a seven generation model with 127 airway segments is considered. The vessel 
properties are given in Table 4.5. Figure 4.9 (a) shows the nodal points of this model. 
Figure 4.9 (b) and 4.9 (c) shows the velocity and pressure measurements monitored at the 
mid-length of the vessel segments. It can be noted that the intrinsic wave speed at inlet 
calculated for this section was c0= 2577 cm/s. The time step size adopted was dt = 5 x 10-

6s and a uniform mesh size of L/10. 

Table 4.5 – Properties of the vessel segment 

Generation 
No. per 

generation 

Diameter 

(in cm) 

Area 

(in cm2) 

Length 

(in cm) 

β 

(dynes/cm3) 

1 1 1.8 2.54 12 1000000 

2 2 1.22 1.17 4.76 1000000 

3 4 0.83 0.54 1.9 1000000 

4 8 0.56 0.25 0.76 1000000 

5 16 0.45 0.16 1.27 1000000 

6 32 0.35 0.10 1.07 1000000 

7 64 0.28 0.06 0.9 1000000 

 

 

Figure 4.9 (a) – Nodal positions for the Generation-7 model 
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Figure 4.9 (b) – Pressure measurement in the Generation-7 model plotted against time  
[only a portion is shown] 

 

Figure 4.9 (c) – Velocity measurement in the Generation-7 model plotted against time 
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4.2.8 EIGHT GENERATION WEIBEL MODEL 

 

In this case, a eight generation model with 255 airway segments is considered. The vessel 
properties are given in Table 4.6. Figure 4.10 (a) shows the nodal points of this model. 
Figure 4.10 (b) and 4.10 (c) shows the pressure and velocity measurements monitored at 
the mid-length of the vessel segments. It can be noted that the intrinsic wave speed at inlet 
calculated for this section was c0= 2577 cm/s. The time step size adopted was dt = 5 x 10-

6s and a uniform mesh size of L/10. 

 

Table 4.6 – Properties of the vessel segment 

Generation 
No. per 

generation 

Diameter 

(in cm) 

Area 

(in cm2) 

Length 

(in cm) 

β 

(dynes/cm3) 

1 1 1.8 2.54 12 1000000 

2 2 1.22 1.17 4.76 1000000 

3 4 0.83 0.54 1.9 1000000 

4 8 0.56 0.25 0.76 1000000 

5 16 0.45 0.16 1.27 1000000 

6 32 0.35 0.10 1.07 1000000 

7 64 0.28 0.06 0.9 1000000 

8 128 0.23 0.04 0.76 1000000 
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Figure 4.10 (a) – Nodal positions for the Generation-8 model 

 

Figure 4.10 (b) – Pressure measurement in the Generation-8 model plotted against time 
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Figure 4.10 (c) – Velocity measurement in the Generation-8 model plotted against time 

4.2.9 NINE GENERATION WEIBEL MODEL 

In this case, a nine generation model with 511 airway segments is considered. The vessel 
properties are given in Table 4.7. Figure 4.11 (a) shows the nodal points of this model. 
Figure 4.11 (b1 & b2) and 4.11 (c) shows the pressure and velocity measurements 
monitored at the mid-length of the vessel segments. It can be noted that the intrinsic wave 
speed at inlet calculated for this section was c0= 2577 cm/s. The time step size adopted 
was dt = 5 x 10-6s and a uniform mesh size of L/10. 

Table 4.7 – Properties of the vessel segment 

Generation 
No. per 

generation 

Diameter 

(in cm) 

Area 

(in cm2) 

Length 

(in cm) 

β 

(dynes/cm3) 

1 1 1.8 2.54 12 1000000 

2 2 1.22 1.17 4.76 1000000 

3 4 0.83 0.54 1.9 1000000 

4 8 0.56 0.25 0.76 1000000 

5 16 0.45 0.16 1.27 1000000 

6 32 0.35 0.10 1.07 1000000 

7 64 0.28 0.06 0.9 1000000 

8 128 0.23 0.04 0.76 1000000 

9 256 0.186 0.02 0.64 1000000 

 

 

Figure 4.11 (a) – Nodal positions for the Generation-8 model 

0 5 10 15 20 25

-500

0

500

1000



54 

 

 

Figure 4.11 (b1) – Pressure measurement in the Generation-8 model plotted against time 

 

Figure 4.11 (b2) – Pressure measurement in the Generation-8 model plotted against time 

[portion of Figure 4.9 (b1)] 
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Figure 4.11 (c) – Velocity measurement in the Generation-8 model plotted against time 

4.2.10 SUMMARY OF THE WEIBEL MODEL 

Figure 4.2.10 shows the comparison of the velocity measured against the generation no. It 
can be seen that initially in the upper generation there is a continuous increase in the flow 
velocity but beyond the 4th generation the velocity of the flow begins to drop due to the 
increase in the airway branching and the increase in the total cross sectional area available 
at each generation. 

 

Figure 4.12– Comparison of velocity computed in the Weibel models 
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4.3 HORSFIELD MODEL 

In this section, the lung models are constructed based on the geometric details published 

by Horsfield [Horsfield]. Table 4.7 gives the geometric details of the Horsfiel model used in 

the test cases done in this section. It should be noted that unlike the symmetrical Weibel 

model, airways gives rise to unsymmetric branching. The pressure wave form shown in 

Figure 4.2 used for the Weibel is used here. This is applied at the inlet of the Trachea 

producing a peak flow rate of 0.6 l/s with a time period of 1.6s representing the inhalation 

phase of the respiratory cycle. The fluid parameters unless specified otherwise are assumed 

to be density, ρ =0.0012 g/cm3 and the dynamic viscosity of the fluid, µ = 1.824 x 10-4 P. 

These represent the properties of air at 20°C. In Table 4.7, the branches in the same order 

have the same geometrical properties and are numbered starting from the terminal 

bronchioles to Trachea.  

Table 4.7 – Airway branching details of Horsfield model 1 [H1] 
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4.3.1 EIGHT GENERATION HORSFIELD MODEL 

A eight generation Horsfield model with 255 airway segments with airway sizes ranging 

from order-31 to order-7 of the Horsfield data shown in Table 4.7 has been performed. 

Figure 4.13 (a) shows the velocity measurement (in mm/s) at various segments.  

 

Figure 4.13 (b) shows the results monitored along a selected path line covering five 

generation of airways. All these segments belong to a single path of branching such that the 

first branch belongs to the order 31 to the last one belongs to order 27. Unlike the Weibel 

model, it immediately becomes apparent that the airways at each generation need not have 

the same flow. Infact, the flow through each of the airways is uniquely defined by not only 

its properties and the airways above it but, the reflections arising from the lower 

generations will also affect the flow. It can also be seen in Figure 4.13 that the flow velocity 

begins to drop from the 5th generation. 

 

Figure 4.13 (c) shows the velocity measurement through another path line (path 2). The 

geometric properties of the branches follow the following order 31-30-27-23-19 (these 

numbers correspond to the Horsfield order nos given in Table 4.7). It can be seen that the 

velocity increases due to the decrease in cross sectional area and after 4th generation it starts 

to drop.  

 

Figure 4.13 (a) – Velocity measurements across five generations 
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Figure 4.13 (b) – Velocity measurements across five generations (path 1) 

 

Figure 4.13 (c) – Velocity measurements across five generations (path 2) 
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CHAPTER 5 

CONCLUSIONS, LIMITATIONS 

AND FUTURE WORK  
 

5.1 CONCLUSIONS 

The one-dimensional modelling of human lower airways has been done by using the 

Locally Conservative Galerkin (LCG) method. The method is demonstrated to handle 

geometric, material discontinuities and vessel branching. The geometric details published 

by Weibel and Horsfield was used to create the 1D network model of the airways. A 

realistic inflow measured at the Trachea has been used as the input to the network model. 

As a result, the flow variables viz., velocity, pressure and area have been calculated. It has 

been shown that the repetitive branching of the airways and the presence of geometric and 

material discontinuities gives rise to reflections which inturn affect the flow through the 

airways and in turn the regional ventilation of the lungs. This can be extended further to 

identify airway obstruction. The methodology presented has proved that some of the 

observable flow characteristic that cannot be measured in real life can be computed.  

 

5.2 LIMITATIONS AND FUTURE WORK 

The model assumes the flow to be laminar in the upper generations of the airways which is 

not physiological. In the future, the effects of turbulence shall be considered. Gravity can 

affect the regional ventilation of the lungs directly or by influencing the volume change by 

other organ movement. Its effect shall be studied in the future. It is very hard to find 

reliable information on the airway wall properties and effect of elongation of terminal 

bronchioles. These shall be studied in the future. Most importantly, changes in the cross-

section at branching shall be considered. 3D models and hybrid coupled model shall be 

tried in the future as it is beyond the scope of this project. 
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