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Summary

A Total Lagrangian formulation for prestressed structural membranes is described. The kine-

matics of prestressed membranes is displayed as a series of three successive configurations,

namely, a nominally stressed initial equilibrium state, a prestressed state and a final in-service

state, for the time instants t0, tpret and t, respectively. Kinematic entities are fully derived,

i.e., deformations gradient tensor, displacement gradient tensor, right Cauchy-Green tensor

or Green-Lagrange strain tensor.The Saint Venant-Kirchhoff model is chosen as hyperelastic

materials to describe moderate strains behavior.

The equilibrium shapes are employed as initial guesses for the subsequent highly nonlinear

problem that entails the structural analysis of the membrane with bending formulation under

the actual presence of prestress loading and external loading.

A Total Lagrangian format set up along with a displacement-based isoparametric finite ele-

ment formulation and a Newton-Raphson numerical scheme is adopted for the implementation

of the Rotation Free Elements. Two-noded elements will be employed to describe appropri-

ately cables and three-noded linear finite elements will be employed to describe membrane and

Rotation free element.

For Rotation free element or Bending element formulation, a patch of the domain of the

element is defined.Two triangular elements connecting an edge is taken as the patch, to derive

the Kinematic entities.The 1/3rd area of this two element is taken as the domain area for bend-

ing moment calculation. The curvature of the patch over the edge is approximated by central

finite difference.The principal of virtual work is employed to get the equilibrium equation.The

virtual work equation is linearized and discretized to get equivalent internal nodal force. For the

implementation of the Newton-Rapson method, the internal nodal force is further linearized

and discretized to get the total tangent stiffness matrix. The total tangent stiffness matrix has

contribution due to nonlinear geometric and the constitutive part.Newton-Raphson numerical

scheme is adopted for the implementation of the Rotation Free Elements. Through number

of numerical examples the robustness and the validity of the formulation is shown.

Apart from the well known second order Newton-Raphson method, other first order proce-

dures such as the steepest descent method, the Polak-Ribiere method or the Fletcher-Reeves

method are employed. This results in a very flexible numerical solver.
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Chapter 1

Preliminaries

1.1 Characterization of tension structure

Tension structures are those in which the main load-carrying members transmit loads

to the foundation or support system by tensile stresses with no compression or flex-

ure allowed. Their cross-sectional dimensions and method of fabrication are such that

their out-of-plane shear and flexural rigidities, as well as their buckling resistance, are

negligible. They are load-adaptive in that members change geometry to accommodate

changes in load rather than increase stress levels. Tension structures can be comprised

of membranes, cables or both. They include air-supported structures, pneumatic shells,

prestressed membranes, cable networks, suspension cables, guyed towers and temporary

shelters, among others. There are two wide classes of tension structures: cable structures,

comprising uniaxially stressed members, and membrane structures, comprising biaxially

stressed members. According to [32], these two general categories can be split into many

more. Nevertheless, in this research we will focus on:

• Cable networks, in which prestressed segments are connected in a curved surface

and loaded predominantly normal to that surface, i.e., suspended nets.

• Prestressed membranes in which fabric or rubber-like sheets are stretched over rigid

members and/or perimeter cables, i.e., tents,canopy.

Because of the inherent nonlinear nature of tension structures, conventional linear

analysis, which assumes small elastic deformations and displacements, is not applicable.

Over the last few decades, considerable mathematical and computational development

of suitable analysis techniques has been undertaken. Among the enormous amount of

advantages -see [32] and [31]- that the use of this kind of structures entail, it is important

to point out the following ones:

1. They are lightweight and easy to erect, transport and dismantle.

2
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Figure 1.1: Cable Reinforced Membrane Structure 1

2. They can be fabricated in a factory, which provides low installation costs.

3. The environmental loads are efficiently undergone by tensile stresses without the

appearance of neither bending nor twisting.

4. They are load-adaptive, in such a way that they will modify its geometry to adapt

properly to the applicable loads.

5. They contribute environmentally to a better and sustainable development.

These tension structures are achieving an increasing acceptance level in our society,

for example, because of their aesthetic qualities and speed of erection. A large number

of tensioned membranes are reinforced by means of interior and perimeter cables. At the

same time, compressive rigid members such as masts, are assembled with the global struc-

ture in order to provide the adequate stability. The design of cable reinforced prestressed

membranes follows a three-stage procedure, involving:
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Figure 1.2: Cable Reinforced Membrane Structure 2

1. Form-finding

2. Patterning

3. Static Analysis

In this thesis, we will deal with the first and third of the above issues, specially focusing

on the latter. The static analysis is a continuation of the form finding process, in which

stresses and strains are calculated under imposed external loads. The problem is geo-

metrically non-linear. The procedure begins with the form-found shape of the structure,

which is initially in equilibrium. Static loads are sub-sequentially applied, and a new

state of equilibrium is encountered. The procedure has to follow an incremental-iterative

scheme, in which displacements and stresses are calculated from the acting loads. Among

the wide variety of loads that can be applied on a cable reinforced pre-stressed membrane,

two main categories can be underlined:

• Prestressed loading, which is applied with the purpose of serving the role of main-

taining an equilibrium geometry for further calculations.
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• In-service loading, where a diverse group of loads can be framed, namely, snow

loading, wind loading, live loading, dead loading and so on.

1.2 State of the Art

In tension structures, cable networks and prestressed membranes, form part of a newly

and increasing structural technology, which is enabling architects and civil engineers to

develop new structural models. These designs are often characterized by their elegance

and austerity. These structures, whose main trait is its small thickness, can adopt varied

spatial geometries.

The description of the different geometry of space curve and the of surfaces is an

important aspect of the mechanics of the tension structures. Because of the dead weight,

cable segment are continuously curved in the absence of the other distributed loads e.g

weight, to the maintain their shapes.

For membrane structures, the surface curvature is described by the so called gaussian

curvature G -see [7], which is the inverse product of the two principal radii of the curvature

of the surface. If G > 0, the surface is called synclastic, elliptic, or positive gaussian, and

the centre of curvature in the two principal directions lie on the same side of the surface.

For e.g., spheres require external load e.g pressure or dead weight, to maintain the prestress

configuration. If the G < 0, the surface is called anticlastic, hyperboilic, saddelike, or

negative gaussian and the centre of the curvature lie on the opposite side of the surface.

For e.g. hyperboloids do not require external loads: the opposing curvature provides

counterstressing such as for sagging-hogging cable combination. If G = 0, the surface

is called developable, parabolic, or zero-gaussian and at least one radius of curvature is

infinite e.g. cylinder

Various materials can be used in the fabrication of a tension structure, such as hyper-

elastic (rubber like) materials, fabrics, composites etc.
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Hyper elastic materials are highly nonlinear in nature and can sustain large strains.

Because of the low stiffness and strength properties they are have limited application.

Fabrics for tension membranes are usually constructed from natural fibers such as

cotton (canvas fabric), ceramics (glass fiber) and synthetic organic fibers such as polyester.

In order to improve waterproofing and durability, a range of plastic coatings has been

developed:

• PVC (polyvinyl chloride) coated polyester.

• PTFE (polytetrafluorethylene) coated glass fiber

• Silicone-coated glass.

The term membrane is quite generic and used to describe compositions of extremely

thin sheets to form into flat or curved surfaces. They transmit loads to the supporting

medium by means of planar direct and shear stresses. Their bending and transverse shear

rigidities are negligible. Even though reinforced and prestressed concrete membranes,

subjected to compression stresses, can be included into this category, their study exceeds

the scope of this thesis.

As a first approximation, the moderate displacements-small strain linear elasticity

theory was used by author such as [29]. The equilibrium equations are established on

the final, yet unknown, displaced configuration which does not coincide with the initial

unstressed configuration. This ends up in the inclusion of a geometrical nonlinearity

within the problem.

Finally, and as a second approach, the theory of hyperelastic membranes, as for ex-

ample, [32] treats the problem from an exact analytical viewpoint, arriving after complex

algebraic manipulations to final formulae of difficult application. Some simplicity, al-

though not much, may be accomplished if the Von Karman compatibility equations are

used -see [29]. Regardless of the important implications of this approach into the theoreti-

cal understanding of these structures, a main disadvantage is that it results in a nonlinear

partial differential equations of impossible analytical solution. Because of this lack of

numerical results, variational approaches ought to be taken into consideration as the best

route to provide feasible solutions from a practical standpoint. The Galerkin approach,

semidiscretized by means of the Finite Element Method (FEM), seemingly provides the

best results.

The structural analysis of tension membranes is usually divided into two different

stages, according to the loads acting on the membrane, namely, prestressed loading or

live loading. The first of the former stages, commonly known as form finding prob-

lem, addresses the question of the surface geometry of a fabric tensioned between given

boundaries. According to [19], different computational methods can be regarded in this

category:
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1. ”Force density method”, where [20] reviews the method proposed by himself in 1971.

2. ”Grid method”, which is a slight modification of the above method, initiated by

Siev and Eidelman in 1964 and formally presented by [19].

3. ”Smoothing method”

The first two of the above methods result in a spatial discretized system of algebraic

linear equations, whereas the latter corresponds to a final nonlinear system of equations.

All of the mentioned techniques were developed for cable networks.

This shape finding problem has been usually related to the search for optimum or

minimal surfaces, whose basics are detailed in [7].

Once an initial equilibrium shape is obtained, the analysis of the membrane under

external loads must be carried out. Traditionally, cables were adopted as the initial

structural, starting from which the overall prestressed membrane could be deployed. The

analytical study of cables themselves is reviewed in [16], [32] and [6].

The Finite Element Method or a simple matrix analysis cables networks were the

numerical schemes followed to achieve numerical outcomes. see [32], [6], [30] and [19].

The need for efficient membrane elements are essential for solving large-scale indus-

trial problems such as the analysis of structures in civil, mechanical, naval and airspace

engineering. Rotation free elements provide one of the means to achieve efficient compu-

tation for large scale problem. The basic idea of this formulation is to use the deflection

as the only nodal variable for bending analysis. Most of the works on Rotation free ele-

ments were developed for plates and shell see. [27], [22], [14], [26] and [9]. More recently

multi-purpose general rotation free element based on the thin Kirchhoff-love type shells

were presented. where the calculation of the curvature to determine bending strains were

based on the discrete nodal directors. see [17].

1.3 Scope of the thesis

The main aim of this thesis is the development of rotation free element for membrane

analysis. The present works follows the work of [11], Where the existing formulation for

cable and membrane element is used and a new formulation for the rotation free element

is developed. In order to test the robustness and reliability of the final formulation some

numerical examples was performed.

The general principle and equation will be described in this thesis. There are three

stages in the design of the membrane structures, namely form finding, loading analysis and

patterning. For detailed account of the finite element procedure for form finding see [20].

The loading analysis is the prolongation of the form finding stage but the stresses and

the strains are calculated with imposed loads. The initial equilibrium shape is formed
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by displacing the support points to their target heights from the flat membrane mesh.

Basically, the applied algorithm is a nonlinear Finite Element Method analysis with an

incremental-iterative scheme, in which the stress and the displacement are calculated

from the acting loads. It includes continuum equations and the material constitutive

equations. In this thesis, as the membrane material is assumed to be hyperelastic, the

Saint Venant-kirchhoff model is chosen as the constitutive model to represent the moderate

strain behavior of the membrane. The calculation of the bending stiffness is carried out for

patch of two elements. The curvature is approximated by Central finite difference. Finally

by adding the bending stiffness through rotation free elements the analysis is carried out.

The present coding allows to model for point and uniform loads and two different

boundary conditions namely simply supported and clamped condition. The algorithm

also contains a series of numerical technique for the iterative solution of the resulting

nonlinear equations: the Steepest Descent method, Conjugate Gradient and Newton-

Rapson method.

1.4 Layout of the thesis

To achieve the scientific objectives detailed in the previous section, this thesis will be

divided into different chapters which are outlined as follows:

• Chapter II reviews Firstly the strong formulation of a structural problem starting

from an initial unstressed configuration in total Lagrangian format. The weak form

of the structural problem is presented. finally semidiscretization of the weak form

is carried out.

• The Chapter III details the formulation of the cable, membrane element and fol-

lowed by a simple example. With each of the section detailing the Finite element

semidiscretization of the previously obtained weak form. Cables is semidiscretised

by means of simple two node linear element. The membrane is semidiscretised by

means of the Lagrangian mesh (linear triangular element) geometry.

• Chapter IV details the formulation of Rotation Free Membrane Element. Based on

the Lagrangian mesh with only three translation degree of freedom at each node, the

bending contribution due to external load based on the curvature of each patch is

calculated. Finally the total stiffness matrix and internal force vector of the system

is obtains by contribution from each of the element (Cable, Membrane and Bending

Element). To check the robustness of the formulation simple numerical examples

are performed.

• Chapter V Conclusion and Further research.



Chapter 2

General Formulation of the problem

2.1 Introduction

The numerical resolution of any structural problem by means of a computational technique

is comprised of four successive stages:

1. Posing the boundary value problem (BVP), which consists of the system of partial

differential equations along with the boundary conditions. This stage is named as

Strong Formulation.

2. Posing the Principle of Virtual Work or Principle of Virtual Power to obtain the

Weak Formulation of the problem.

3. Posing the space-time numerical scheme in order to transform the continuum prob-

lem into a discrete problem.

4. Computational implementation, whereby the mathematical formulation of the dis-

cretized problem is converted into a computer code by means of an algorithmic

language.

This chapter is organized as follows. Sections 2.1.1 and 2.1.2 will summarize the conser-

vation equations or balance laws of a continuum in terms of Lagrangian formulation. No

attention will be devoted at this moment, towards the required continuity and boundary

conditions, either Dirichlet, Neumann or mixed conditions. The following section will

present in brief the strong formulation of the structural problem: prestressed membranes

with immediate applications in Civil Engineering. The membranes will be considered to

undergo large displacements but moderate strains. Therefore, nonlinear continuum me-

chanics principles dealing with large deformations on prestressed bodies will be accounted

for. The constitutive model adopted for the material will be a prestressed Saint Venant-

9
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Kirchhoff hyperelastic one. see for more details [11], [5] and [15] on basics of nonlinear

continuum mechanics.

2.1.1 Lagrangian formulation of the balance laws

For the prospective structural analysis carried out in this research, the formulation of the

balance laws in a Lagrangian description results to be even more fundamental. These

equations can be depicted as follows:

1. Mass conservation.

ρ(X, t) = ρ0(X) ρJ = ρ0 (2.1)

2. Linear momentum conservation

ρ0
∂vi(X, t)

∂t
=

∂Pji

∂Xj

+ ρ0bi ρ0v̇ = ∇0 ·P + ρ0b (2.2)

3. Angular momentum conservation

FikPkj = FjkPki, Sij = Sji; F ·P = PT · FT , S = ST (2.3)

4. Energy conservation (First law of Thermodynamics)

ρ0
∂uint

∂t
=

∂Fji

∂t
Pij =

∂Eij

∂t
Sij ρ0u̇int = ḞT : P = Ė : S (2.4)

where:

ρ0 represents the continuum’s density at the initial configuration.

ρ represents the continuum’s density at the final configuration.

F represents the deformation gradient tensor.

J is the jacobian of the transformation or determinant of the deformation gradient tensor

F.

v represents the velocity field.

∇0 represents the divergence operator respect to the material coordinates X.

P represents the nominal stress tensor, which is also known as the transpose of the First-

Piola Kirchhoff stress tensor.

S stands for the second Piola-Kirchhoff stress tensor.

E represents the Green-Lagrange strain tensor.

uintis the functional which represents the internal strain energy accumulated in the con-

tinuum per unit of mass.

Some of the key points are:

• The symmetrical feature of the second piola-Kirchhoff stress tensor S. This is not

the case of the nominal stress tensor P.
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• With respect to the internal power, two different conjugate pairs can be set up,

namely, the nominal stress tensor P with the transpose of the ratio of the defor-

mation gradient tensor ḞT , and the second Piola-Kirchhoff stress tensor S with the

ratio of the Euler-Lagrange strain tensor Ė.

• Thermal effects were neglected when deriving the energy conservation equation.

2.1.2 Constitutive Model

Apart from the equilibrium and compatibility equations, in order to establish correctly

the strong formulation of the problem, constitutive equations must be taken into consid-

eration. This set of equations relates stresses and strains in a specific way according to

the selected material’s constitutive model. The final constitutive constitutive equations

must satisfy certain physical principles. For example, the equations must obviously be

objective, that is, frame invariant. For a detailed explanation of this principle, see for

details [21], [2] and [15].

In this thesis, the constitutive equations will be established in the context of a hy-

perelastic material, whereby stresses are derived from a stored elastic energy function

(Helmholtz’s free energy functional). On account of this fact, the Helmholtz’s free energy

functional can be expressed as a potential for the stress tensor as follows:

S =
∂wint(E)

∂E
, Sij =

∂wint

∂Eij

(2.5)

Where:

1. S stands for the second Piola-Kirchhoff stress tensor.

2. E represents the Green-Lagrange strain tensor.

3. wint symbolizes the functional which stores the internal strain energy per unit initial

volume, where wint = ρ0uint, according to the equation 2.1

Numerous engineering applications and, in particular, the one which is of concern through-

out this research, namely, prestressed membranes, undergo moderate strains in spite of

being subjected to large deformations. This means that the major contribution to the

deformation gradient tensor comes from its rotating component. The behaviour of these

specific materials is completely gathered by means of a mere extension of the small de-

formations linear-elastic law. As a result of this, the constitutive equations of this sort of

hyperelastic materials, known as Saint Venant-Kirchhoff materials, or simply, Kirchhoff

materials, turn out to be:

Sij = CijklEkl S = C : E (2.6)
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As can be noted from comparing equation 2.6 with the classical small deformations linear-

elastic constitutive equation, the second Piola-Kirchhoff stress tensor S and the Green-

Lagrange strain tensor E have been substituted for the Cauchy stress tensor σ and the

small strain tensor ε,respectively.

Furthermore, the Helmholtz’s free energy functional for this particular constitutive

model yields:

wint =
1

2
SijEij =

1

2
CijklEklEij wint =

1

2
S : E =

1

2
E : C : E (2.7)

Within the Saint Venant-Kirchhoff hyperelastic materials, this investigation will deal with

those associated with an isotropic response. Hence, equation 2.6 can be rewritten in terms

of the Lamè constants λ and µ in the following manner:

Sij = λEkkδij + 2µEij S = λtr(E)I + 2µE (2.8)

Analogously, the above formula can be expressed as a function of the classical engi-

neering constants, namely, Young modulus E and Poisson ratio ν, which can be related

to the aforementioned parameters λ and λ as follows:

λ =
νE

(1 + ν)(1− 2ν)
µ =

E

2(1 + ν)
(2.9)

2.1.3 Total Lagrangian Formulation

The initial prestressed state Rpret and a final in service loading state R due to the consid-

eration of live and dead load. Henceforth, the coordinates of any body’s particle, in both

prestressed and final loaded states, are related by means of the incremental displacement

field u as follows:

x = Xpret + u, xi = Xpret
i + ui (2.10)

According to this nomenclature, the strong formulation of the problem in a Lagrangian

description with respect to the prestressed configuration is summarized in figure 2.1. The

configurations Rpret represents a material body of domain V pret with frontier Γpret. As

can be observed, the super index (’) has been suppressed for the sake of simplicity.

1. Balance of the linear momentum

∂Pji

Xpret
j

+ ρpretbi = 0 in V pret (2.11)

2. Transformation of stress tensor

Jσij =
∂xi

∂Xpret
k

Pkj =
∂xi

∂Xpret
k

∂xj

∂Xpret
l

Skl; J = det(
∂xi

∂Xpret
j

) (2.12)
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Figure 2.1: Motion of a prestress body

3. Green-Lagrange strain tensor

Eij =
1

2
(

∂xk

∂Xpret
i

∂xk

∂Xpret
j

− δij) (2.13)

4. Constitutive law

Sij = σpret
ij + CijklEkl (2.14)

5. internal strain energy functional per unit volume of the prestress configuration.

wint = σpret
ij Eij +

1

2
CijklEijEkl (2.15)

6. Boundary Condition

ti = Pjin
pret
j = t̄i on Γpret

ti ui = ūi on Γpret
ui

(2.16)

To obtain the Total Lagrangian Formulation of the problem, the balance of linear mo-

mentum equation is multiplied by a test function δu and then integrated over the volume

of the prestressed configuration:
∫

V pret

δui(
∂Pji

∂Xpret
j

+ ρpretbi)dV = 0 (2.17)

The integral equation represents a weighted residual method. As can be noted,a good ap-

proximation to the exact solution would imply that the conservation of linear momentum

is nearly satisfied at all points of the domain V pret. Amid the different weighted residual

methods, the Galerkin approach will be the selected one, whose complete development
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may be encountered in: [24], [18] and [2]. By applying, thus, the Gauss or divergence

theorem along with the well known chain rule, the weak form may be developed in a

Total Lagrangian Format (TLF). Neglecting inertia forces, this gives:

δWint(δui, ui) = δWext(δui, ui) (2.18)

δWint =

∫

V pret

δFijPji dV =

∫

V pret

δFT : PdV (2.19)

δWext =

∫

V pret

δuiρ
pretbi dV +

∫

Γpret

δuit̄i dΓ

=

∫

V pret

δuT · ρpretb dV +

∫

Γpret

δuT · t̄ dΓ (2.20)

Equation 2.19 may be rewritten as a function of the second Piola-Kirchhoff stress tensor as

well as the Euler-Lagrange strain tensor, as it can be noted from the following derivation:

δFT : P = δFijPji = δFijFikSjk =
1

2
(δFijFik + δFikFij)Sjk = δEjkSjk = δE : S (2.21)

where in order to obtain the above formula, we have made use of the fact that the inner

product of a symmetric and a skew-symmetric tensor is null. As can be detected, the

work conjugacy property of the tensors S and P with E and FT , respectively, has been

deduced.

From a structural standpoint, equation 2.18 is known as Principle of Virtual Work

and physically it represents a set of equilibrium equations in a global level for the whole

domain V pret, unlike the strong form 2.11 where the equilibrium is guaranteed in a local

level.

From equations 2.18 to 2.21, we can observe that the Total Lagrangian Formulation

requires to know the referential or material coordinates of the continuum configuration

Rpret and to refer all the scalar, vector and tensor magnitudes with respect to it. Finally,

the numerical integration will be carried out over the volume V pret and its contour Γpret.

2.2 Finite element semidiscretization

The weak form equation obtained formerly may be combined with the finite element of

the displacement field in terms of the nodal values and the shape function N I as

ui = uI
i N

I , i = 1, 2, 3I = 1 · · ·N nodes (2.22)

This enables the nodal equivalent internal and external force vectors, fint and fext, respec-

tively, to be obtained in the a straightforward manner for a given node I in the tensor

notation as;

f I
int =

∫

Ωpret

Pij
∂N I

∂Xpret
j

dV =

∫

Ωpret

FikSkj
∂N I

∂Xpret
j

dV (2.23)
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f I
ext =

∫

Ωpret

biN
IdV +

∫

Ωpret

t̄iN
IdΓ (2.24)

Or in the matrix notation it can be represented as,

f I
int =

∫

Ωpret

PT∇N IdV =

∫

Ωpret

FS∇N IdV (2.25)

f I
ext =

∫

Ωpret

PN IdV +

∫

Ωpret

t̄N IΓ (2.26)

Assembling these forces for all the nodes of the lagrangian mesh gives the global equilib-

rium equations

f I
int = f I

ext ⇒= f I
res = f I

int − f I
ext = 0 (2.27)

Where fint is the global vector of the internal force, fext is the global vector of the external

force, fres is the global vector of the residual force. This last vector represent clearly the

out of balance force as a result of the strong nonlinearlity contained into the structural

problem.

The set of the equation depicted at 2.27 presents a geometrically nonlinear feature, so

an iterative solution scheme will be required. Among all the available available methods,

the second-order Newton-Rapson one accomplishes the best convergence properties. The

total tangent stiffness matrix required by the later one is formed by the linearizing the

global equilibrium equation 2.27 in the direction of the incremental displacement u.

By carrying out the linearization of the global vector of the internal force, it turns out

to be,

df I
int = dfmatI

int + df geoI

int = (KmatIJ

+ KgeoIJ

)duJ (2.28)

Where (KmatIJ
) and (KgeoIJ

) stands for the elemental material or constitutive stiffness

matrix and the elemental geometrical or initial stress stiffness matrix, respectively. Each

one of the these matrices can be expanded and represented in tensor notation as follows.

KmatIJ

ij =

∫

V pret

Fik
∂N I

∂Xpret
p

CpklmFjl
∂NJ

∂Xpret
m

dV (2.29)

KgeoIJ

ij = δij

∫

V pret

∂N I

∂Xpret
l

Slk
∂NJ

∂Xpret
k

dV (2.30)

Formulas 2.29 and 2.30 represent two different components of the equivalent internal nodal

forces vector differential df I
int,which may be described as:

1. Equation 2.29 stands for the variation of the second Piol-Kirchhoff stress tensor with

respect to the displacements field of the mesh, resulting in the well known symmetric

material stiffness matrix .

2. Equation 2.30 accounts for the fact that the equilibrium was set up on the deformed

configuration and not on the initial one, resulting in the geometric stiffness ma-

trix or initial stress matrix , which is a diagonal matrix.
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Those matrices are added to yield the total tangent stiffness matrix , that is:

KtanIJ

= KmatIJ

+ KgeoIJ

(2.31)



Chapter 3

Element formulation

3.1 Introduction

Among the wide variety of tension structures in Architecture and Civil Engineering, both

prestressed membranes and cable networks constitute a very remarkable group. These

structures are achieving an increasing acceptance level in our society, for example, be-

cause of their aesthetic qualities and speed of erection. A large number of tensioned

membranes are reinforced by means of interior and perimeter cables. Thus, the analysis

of cable elements can be considered as a previous step for a further and comprehensive

study of prestressed membranes. Some References in which the authors has pursued ana-

lytical solutions are [25], [32] and [16] and those authors who pursued numerical solution

are [32], [30] and [6].

Analogously, throughout the last decades, the state of the art of prestressed mem-

branes shows a broad variety of publications, which might be allocated in three different

categories:

1. Basic examples which are analyzed by means of analytical approaches; the strong

formulation is solved in domains of simple geometry: see [29], [25], [6] and [32]

2. Membranes which are assimilated to cable networks, whereby orthotropic hyperelas-

tic membranes can be analyzed in a fairly accurate manner. Any of the References

mentioned in previous paragraphs are valid examples.

3. The exact continuum approach for large strain non-prestressed membranes is studied

in multiple References: [8], [4] and [3]. Recent developments are due to [4] and [13].

The aim of this chapter is to summarize the Total Lagrangian Formulation for cable and

membrane element followed by a simple numerical example.

17
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Figure 3.1: Cable Element Description

3.2 Cable Element

The deformation of a cable structure can be described in a standard Lagrangian format

by means of a mapping φ established between initial configuration X and the current

configuration x at the time t as x = φ (X, t) .

Let us establish, according to figure 3.1, a fixed local coordinate OXpret
1 OXpret

2 OXpret
3

apart from the global co-ordinate system is established for each element. The direction

OXpret
1 is adapted to move along the longitudinal axis of the cable. According to this

criteria, the linear one dimensional shape functions results to be:

N1(Xpret
1 ) = 1− Xpret

1

Lpret
1

N2(Xpret
1 ) =

Xpret
1

Lpret
1

(3.1)

Where Lpret
1 stands for the initial prestressed length of the cable element. The displace-

ment field and the final spatial coordinates may thus be interpolated in a standard manner

as follows

ui = N1u1
i + N2u2

i xi = N1x1
i + N2x2

i i = 1, 2, 3 (3.2)

For simplicity the ”pret” superscript will be omitted.

The covariant vectors ~Gξ is defined as,

~Gξ =
∂X

∂ξ
= Xa ∂Na

∂ξ
= ~X12 = X2 −X1 (3.3)

Covariant and the contravariant vectors has to satisfy the condition,

~Gξ · ~Gξ = 1 ⇒ ~Gξ =
~X12

‖ ~X12 ‖2 (3.4)
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The deformation gradient tensor F can be defined by, for details see [5]

F = xa ⊗∇0N
a = xa ⊗

{(
∂X

∂ξ

)−T

∇ξN
a

}
(3.5)

Expanding for each node a,

= x1 ⊗∇0N
1

︸ ︷︷ ︸
− ~Gξ

+x2 ⊗∇0N
2

︸ ︷︷ ︸
~Gξ

(3.6)

=
(
x2 − x1

)⊗ ~Gξ = ~x12 ⊗ ~Gξ (3.7)

But deformation gradient tensor F has to be completed in two directions perpendicular

to ~Gξ

Thus,

F = ~x12 ⊗
~X12

‖ ~X12 ‖2 + ~n⊗ ~N + ~m⊗ ~M (3.8)

(where vector ~N , ~M are the unit vectors ⊥ ~X12)

The Green-Lagrange strain tensor E can be defined as,

E =
1

2

(
F T F − I

)
=

1

2

‖ ~x12 ‖2 − ‖ ~X12 ‖2

‖ ~X12 ‖2

(
~X12

‖ ~X12 ‖2
⊗

~X12

‖ ~X12 ‖2

)
(3.9)

where the Green-Lagrange strain component E11 is,

E11 =
1

2

‖ ~x12 ‖2 − ‖ ~X12 ‖2

‖ ~X12 ‖2
and ~N12 =

~X12

‖ ~X12 ‖2

The Second-Piola Kirchhoff stress tensor S can be represented as,

S = E E11
~N12 ⊗ ~N12 Where E is Young’s modulus (3.10)

The Equivalent internal nodal force can be expressed,

T a
(e) =

∫

L(e)

F S ~∇0N
a d Ω = A L(e) F S ~∇0N

a (3.11)

Where Le is the original elemental length and A is the cross sectional area of the cable

element,But

S ~∇0N
2 = E E11

~N12 ⊗ ~N12 ~Gξ =
E E11

‖ ~X12 ‖2
~Gξ ⊗ ~Gξ

~Gξ =
E E11

‖ ~X12 ‖2
~Gξ (3.12)

And

F S ~∇0N
2 =

(
~x12

‖ ~X12 ‖2 ⊗ ~X12

)
E E11

‖ ~X12 ‖2
~Gξ =

E E11

‖ ~X12 ‖2
~x12 (3.13)
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F S ~∇0N
2

=
E E11

‖ ~X12 ‖2
~x12 (3.14)

Substituting Eq. 3.14 into Eq. 3.11, the equivalent internal nodal force at node 1 is,

~T1 =
−E A

‖ ~X12 ‖
E11 ~x12 (3.15)

Similarly, the equivalent internal nodal force at node 2 is,

~T2 =
E A

‖ ~X12 ‖
E11 ~x12 (3.16)

Now linearization of equivalent internal nodal forces Equation gives Total Tangent Stiff-

ness Matrix.
∂~T1

∂~x12
= K12 =

−E A

‖ ~X12 ‖
E11

∂ ~x2

∂~x12︸ ︷︷ ︸
I

− −E A

‖ ~X12 ‖
~x12 ⊗ ∂E11

∂~x2
(3.17)

But
∂E11

∂~x12
=

1

2 ‖ ~X12 ‖2

∂ (‖ ~x12 ‖2)

∂~x12
=

1

2 ‖ ~X12 ‖2
2 ‖ ~x12 ‖ ~n12 =

~x12

‖ ~X12 ‖2

So, the total stiffness matrix component K12 is,

K12 =
−E A E11

‖ ~X12 ‖
I− −E A

‖ ~X12 ‖3
~x12 ⊗ ~x12 (3.18)

Where
−E A E11

‖ ~X12 ‖
I is the Geometric Stiffness Component

And

−E A

‖ ~X12 ‖3
~x12 ⊗ ~x12 is the Constitutive Stiffness Component

The Geometric Stiffness matrix can also be expressed as,

Kσ,a,b
(e) =

∫

L(e)

(
~∇0N

a · S ~∇0N
b
)

IdΩ (3.19)

∇0
~N1 · S ∇0

~N2 =
(
−~Gξ

)
· −E E11

‖ ~X12 ‖2
~Gξ =

−E E11

‖ ~X12 ‖2
(3.20)

The Geometric Stiffness components can be expressed as,

Kσ , a b =
−E A

‖ ~X12 ‖
E11 I Kσ , a a =

E A

‖ ~X12 ‖
E11 I (3.21)

(
where Kσ , a a and Kσ , a b are Initial Stress Stiffness components

)

Finally, for a cable element the total stiffness matrix components are given by,

Ka,b = (−1)a,b

{
E A E11

‖ ~X12 ‖
I +

E A

‖ ~X12 ‖3
~x12 ⊗ ~x12

}
(3.22)
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The equivalent nodal internal force is given by,

~Ta = (−1)a E A

‖ ~X12 ‖
E11 ~x12 (3.23)

Where

E11 =
1

2

(
‖ ~x12 ‖2 − ‖ ~X12 ‖2

‖ ~X12 ‖2

)

3.3 Membrane Element Formulation

The membrane is discretized by a number of three noded isoparametric triangular elements

with linear shape functions. The geometry of each element in the initial prestressed state,

according to the figure 3.2, it can be defined by a plane of unit uniform thickness t bounded

by straight lines which intersect at three points called nodes.

A fixed local coordinate OXpret
1 OXpret

2 OXpret
3 is established for each element apart

from the global reference frame. It is assumed that the each element lies on the OXpret
1

OXpret
2 plane of the its local coordinate system. Thus, the displacement field and the

current coordinate can be interpolated in terms of the shape functions as:

ui = N1u1
i + N2u2

i + N3u3
i xi = N1x1

i + N2x2
i + N3x3

i i = 1, 2, 3 (3.24)

N1(Xpret
1 , Xpret

2 ) =
1

2Γpret
(aI + bIXpret

1 + cIXpret
2

aI = Xpret
1

J
Xpret

1

K −Xpret
1

K
Xpret

1

J

bI = Xpret
2

J −Xpret
2

K
(3.25)

cI = Xpret
2

K −Xpret
2

J

Γpret =
1

2
(ckbj − cJbK) I, J,K = 1, 2, 3

Where Γpret stands for area the initial prestressed triangle. Note that the aI ,aJ ,aK are

the Zienkiewicz’s coefficients. For simplicity the ”pret” superscript will be omitted.

The deformation of a membrane structure can be described in a standard Lagrangian

format by means of a mapping φ established between initial configuration X and the

current configuration x at the time t as x = φ (X, t). Thus, the following kinematics

entities can be defined:

C = F T F b = FF T E =
1

2
(C − I) F =

∂x

∂X
J = detF (3.26)

where C is the right Cauchy-Green tensor, b is the left Cauchy-Green tensor, E is

the Green-Lagrangian strain tensor, F is the deformation gradient tensor and J is the

Jacobian of the transformation. For analysis of membrane structures, the constitutive

behaviour is established based on the invariants of the strain components within the local
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Figure 3.2: Membrane Element Description

tangent plane to the membrane. Therefore, it is standard to define a local Cartesian

system of coordinates in such a way that the third direction is aligned with the normal

to the local tangent plane of the membrane. In this set of axes, the above tensor C, b, E

and F can be formulated as:

C =

[
C̄ 0

0T C33

]
; b =

[
b̄ 0

0T b33

]
; E =

[
Ē 0

0T E33

]
; F =

[
F̄ 0

0T F33

]
; (3.27)

where C̄, b̄, Ē and F̄ represent the in-plane components of the corresponding defor-

mation tensors. In general, for a three dimensional deformation body, the Saint-Venant

Kirchhoff hyperelastic potential ψ is defined in terms of the first two invariants of the

Green-Lagrange strain tensor IE and IIE as follows:

ψ (E) =
λ

2
I2
E + µIIE; IE = trE; IIE = E : E (3.28)

where λ and µ are the well known Lamé coefficients.

The Second Piola-Kirchhoff stress tensor is thus obtained in a standard manner as:

S =
∂ψ

∂E
= λIEI + 2µE (3.29)
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As it has been already mentioned, for tension membrane structure, shear strains trans-

verse to the local tangent plane of the membrane vanish and the strain normal to the local

tangent plane can be obtained based on the plane-stress condition. Indeed, as the out-of-

plane stress component S must be zero, it yields:

S =

[
S̄ 0

0T S33

]
; S33 = (λ + 2µ)E33 + λIĒ = 0 ⇒ E33 =

−λ

λ + 2µ
IĒ (3.30)

Where IĒ represent the first invariant of the in-plane Green-Lagrange strain tensor Ē.

Substituting for E33 into formulae 3.29 and 3.28, the in-plane strain energy functional ψ̄

and the in-plane second Piola-Kirchhoff stress tensor S̄ can be re-expressed in terms of

the in-plane Green-Lagrange strain tensor component as:

ψ̄(Ē) =
λ̄

2
I2
Ē + µIIĒ; S̄ =

∂ψ̄

∂E
= λ̄IĒ Ī + 2µĒ; λ̄ =

2λµ

λ + 2µ
(3.31)

Where

µ =
E

2(1 + ν)
and λ =

Eν

(1 + ν)(1− 2ν)

where a new hyper elasticity constant λ̄ has been introduced. The in-plane Cauchy stress

tensor can be obtained in terms of the in-plane components by Piola push forward oper-

ation of the tensor S̄:

σ̄ =
1

J
F̄ S̄F̄ T =

1

J
F̄ (λ̄IĒ Ī + 2µĒ)F̄ T (3.32)

The in-plane symmetrised constitutive fourth-order tensor can be expressed in indicial

form in the initial configuration as:

CIJKL = λ̄δIJδKL + 2µδIKδJL (3.33)

The deformation gradient tensor F can be expressed as in [5],

F =
∂x

∂X
= xa ⊗∇0N

a = xa ⊗
{(

∂X

∂ξ

)−T

∇ξN
a

}
(3.34)

The covariant vectors according figure 3.3 can be expressed as, Where covariant vectors

are,

~Gξ =
∂X

∂ξ
= Xa ∂Na

∂ξ
= X1(−1) + X2(1) = X2 −X1 = ~X12 (3.35)

~Gη =
∂X

∂η
= Xa ∂Na

∂η
= X1(−1) + X3(1) = X3 −X1 = ~X13 (3.36)

Covariant and the contravariant vectors in ξ direction has to satisfy the condition,

~Gξ · ~Gξ = 1 ⇒
~Gη × ~N

α
· ~Gξ = 1 (3.37)
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Figure 3.3: Description of Covariant and Contravariant vectors

α =
(

~Gη × ~N
)
· ~Gξ (3.38)

~Gξ =

(
~Gη × ~N

)
(

~Gη × ~N
)
· ~Gξ

=

(
~X13 × ~N

)
(

~X13 × ~N
)
· ~X12

(3.39)

Covariant and the contravariant vectors in η direction has to satisfy the condition,

~Gη · ~Gη = 1 ⇒
~N× ~Gξ

α
· ~Gη = 1 (3.40)

α =
(

~N× ~Gξ

)
· ~Gη (3.41)

~Gη =

(
~N× ~Gξ

)
(

~N× ~Gξ

)
· ~Gη

=

(
~N× ~X12

)
(

~N× ~X12
)
· ~X13

(3.42)

Where the normal vectors are defined as,

~N =

(
~X12 × ~X13

)

‖ ~X12 × ~X13 ‖
and ~n =

(
~x12 × ~x13

)

‖ ~x12 × ~x13 ‖
(3.43)

∂X

∂ξ
=

{
~Gξ

~Gη

~Gξ × ~Gη

‖ ~Gξ × ~Gη ‖

}
(3.44)

Where
~Gξ×~Gη

‖~Gξ×~Gη‖ is completed for membrane analysis.
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Figure 3.4: Description of Element natural coordinate

Following the figure 3.4, the gradient of the shape function in the element natural

coordinate can be expressed as,

∇ξN
a =





−1 1 0

−1 0 1

0 0 0





(3.45)

(
∂X

∂ξ

)−T

=

{
~Gξ ~Gη

~Gξ × ~Gη

‖ ~Gξ × ~Gη ‖

}
(3.46)

Where
~Gξ× ~Gη

‖ ~Gξ× ~Gη‖ is completed for membrane analysis.

The gradient of the shape function in terms of the contravariant vectors can be ex-

pressed as,

∇0N
a =

{
~Gξ ~Gη

~Gξ × ~Gη

‖ ~Gξ × ~Gη ‖

} 



∂Na

∂ξ
∂Na

∂η

0





=
∂Na

∂ξ
~Gξ +

∂Na

∂η
~Gη (3.47)

Thus

∇0N =
{∇0N

1 ∇0N
2 ∇0N

3
}

=
{
−

(
~Gξ + ~Gη

)
~Gξ ~Gη

}
(3.48)

The deformation gradient tensor in terms of contravariant vector is represented as,

F = ~xa ⊗∇0N
a = ~x1 ⊗

(
−

(
~Gξ + ~Gη

))
+ ~x2 ⊗ ~Gξ + ~x3 ⊗ ~Gη + ~n⊗ ~N (3.49)

The Green-Lagrange strain tensor E is expressed as,

E =
1

2

(
F T F − I

)
(3.50)
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S =
∂ψ

∂E
= λ̄IEI + 2µE (3.51)

Following from the weak formulation from the previous chapters. The Equivalent internal

nodal force in the matrix notation can be can be expressed as,

T a
(e) =

∫

V
(e)
0

F S ~∇0N
a dV (3.52)

The Geometric stiffness matrix can be expressed as,

Kσ,a,b
(e) =

∫

V
(e)
0

(
~∇0N

a · S ~∇0N
b
)

I dV (3.53)

The Constitutive part of the stiffness matrix can be expressed as,

[
Kconst.,a,b

(e)

]
ij

=

∫

V
(e)
0

FiI
∂Na

∂XJ

Csym
IJKL

∂N b

∂XK

FjL dV (3.54)

Thus for P1 triangle element the equivalent nodal force are,

T 1
(e) = A F S ~∇0N

1 = A F S
[
−

(
~Gξ + ~Gη

)]
(3.55)

T 2
(e) = A F S ~∇0N

2 = A F S
(

~Gξ
)

(3.56)

T 3
(e) = A F S ~∇0N

3 = A F S
(

~Gη
)

(3.57)

Where A is the area of the initial prestressed triangular element.

The Geometric stiffness matrix is given

Kσ,2,3
(e) = A

(
~Gξ · S ~Gη

)
I (3.58)

Kσ,1,2
(e) = A

{(
−

(
~Gξ + ~Gη

))
· S ~Gξ

}
I (3.59)

The Constitutive stiffness matrix is given by

[
Kconst.,a,b

(e)

]
ij

= A FiI
∂Na

∂XJ

Csym
IJKL

∂N b

∂XK

FjL (3.60)

But

Csym
IJKL = λ̄δIJ δKL + 2 µδIK δJL (3.61)

Substituting for Csym
IJKL into Eq. 3.60 We have,

[
Kconst.,a,b

(e)

]
ij

= A FiI
∂Na

∂XJ

λ̄δIJ δKL
∂N b

∂XK

FjL

+ A FiI
∂Na

∂XJ

2 µ δIK δJL
∂N b

∂XK

FjL (3.62)

[
Kconst.,a,b

(e)

]
ij

= A

{
λ̄FiI

∂Na

∂XI

∂N b

∂XL

FjL + 2 µ FiK
∂Na

∂XJ

∂N b

∂XK

FjJ

}
(3.63)
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But

FiI
∂Na

∂XI

= F ~∇0N
a and

∂N b

∂XL

FjL = F ~∇0N
b (3.64)

And

FiK
∂Na

∂XJ

= F ~∇0N
b and

∂N b

∂XK

FjJ = F ~∇0N
a (3.65)

So Finally,

[
Kconst.,a,b

(e)

]
ij

= A
{

λ̄F ~∇0N
a ⊗ F ~∇0N

b + 2 µ F ~∇0N
b ⊗ F ~∇0N

a
}

(3.66)

Csym
IJKL =

1

4
[CIJKL + CJIKL + CIJLK + CJILK ] (3.67)

δIJδsym
KL = δIJδKL (3.68)

δIKδsym
JL =

1

4
{δIKδJL + δJKδIL + δILδJK + δJLδIK} (3.69)

Substituting Eq. 3.68 and Eq. 3.69 into Eq. 3.62, expressing second part of the equation

term by term we have,

δIKδJL ⇒
(
F ~∇0N

b
)
⊗

(
F ~∇0N

a
)

(3.70)

δJKδIL ⇒ FiI
∂Na

∂XJ

δJK δIL
∂N b

∂XK

FjL = FiI
∂Na

∂XK

∂N b

∂XK

FjI

=
(

~∇0N
a · ~∇0N

b
)

F F T (3.71)

δILδJK ⇒ FiI
∂Na

∂XJ

δIL δJK
∂N b

∂XK

FjL = FiL
∂Na

∂XJ

∂N b

∂XJ

FjL

=
(

~∇0N
a · ~∇0N

b
)

F F T (3.72)

δJLδIK ⇒ FiI
∂Na

∂XJ

δJL δIK
∂N b

∂XK

FjL = FLI
∂Na

∂XL

∂N b

∂XI

FjL

=
(
F ~∇0N

b
)
⊗

(
F ~∇0N

a
)

(3.73)

Thus

A λ̄
(
F ~∇0N

a
)
⊗

(
F ~∇0N

b
)

+ A
2µ

2

(
F ~∇0N

b
)
⊗

(
F ~∇0N

a
)

+ A
2µ

2

(
~∇0N

a · ~∇0N
b
)

F F T (3.74)

Finally, the Constitutive Stiffness Matrix can be expressed as,

[
Kc,a,b

(e)

]
ij

= A λ̄
(
F ~∇0N

a
)
⊗

(
F ~∇0N

b
)

+ A µ
(
F ~∇0N

b
)
⊗

(
F ~∇0N

a
)

+ A µ
(

~∇0N
a · ~∇0N

b
)

FF T (3.75)
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And the Geometric Stiffness Matrix can be expressed as,

[
Kσ,a,b

(e)

]
ij

= A
{

~∇0N
a · S ~∇0N

b
}

I (3.76)

The equivalent internal nodal force can be expressed as,

T a
(e) = A F S ~∇0N

a (3.77)

3.4 Numerical Example

To get better understanding of the membrane elements application for tension struc-

ture analysis. Analysis of hyperbolic paraboloid structure will be carried out using the

computer program which incorporates the above cable and membrane elements. The

structural model comprises of fabric textile and reinforced cables and the analysis will be

run for point and snow load conditions according to British standards. The analysis will

be developed in three successive stages: namely, form finding problem, prestressing load

application and in-service load application.

Form-Finding Stage

In the Form-finding stage, the structure was modeled by adopting three-noded triangular

finite elements as shown in the Figures 3.5. The Force Density Method (FDM) has been
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Figure 3.5: Example 1:Initial configuration : Plan view with nodes numbering

employed in order to compute an initial equilibrium shape of the membrane, references

[20]. The initial shape of the membrane depends on the location of its corners node,
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Figure 3.6: Example 1: Boundary condition
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Figure 3.7: Example 1: Four initial configuration views

which are termed as the kinematic boundary conditions. The initial kinematic boundary

conditions is as shown in the table 3.6. Figure 3.5 shows the structure has 85 nodes and

144 three-noded finite elements. Figure 3.7 shows the four initial configuration views of

the membrane example.
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Figure 3.8: Example 1: Material Property
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62 -0.01 0 0 

68 -0.01 0 0 
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Figure 3.9: Example 1: Prestressing Stage-Boundary Condition

Prestressing Stage And In-Service Load

After the initial shape of the membrane are formed in the form-finding stage, the material

properties of the membrane material and cable reinforcement were implemented into the

algorithm for modeling purposes. The material properties of the example are shown in

Figure 3.8. The prescribed displacements along the corresponding space directions OX,

OY and OZ are shown in the Figure 3.9.

In loading stage, pressure load of 2.5 kN/m2 have been applied to the prestressed

membrane. The snow load data [28] was modeled by applying a uniformly distributed

load over the whole surface of the membrane. Figure 3.10, 3.11 and 3.12 shows the

displacement along OX, OY and OZ directions and Figures 3.13 and 3.14 shows the

Principal Cauchy stress.
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Figure 3.10: Example 1: Displacement plot OX - 1. Prestress stage 2. Snow load
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Figure 3.11: Example 1: Displacement plot OY - 1. Prestress stage 2. Snow load
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Figure 3.12: Example 1: Displacement plot OZ - 1. Prestress stage 2. Snow load
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Figure 3.13: Example 1: Principal Cauchy stress σ1 - 1. Prestress stage 2. Snow load
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Figure 3.14: Example 1: Principal Cauchy stress σ11 - 1. Prestress stage 2. Snow load



Chapter 4

Membrane Bending Formulation

4.1 Introduction

Among the wide variety of tension structures in Architecture and Civil Engineering, both

prestressed membranes and cable networks constitute a very remarkable group.These

structures are achieving an increasing acceptance level in our society, for example, because

of their aesthetic qualities and speed of erection.A large number of tensioned membranes

are reinforced by means of interior and perimeter cables. Thus, the analysis of cable

elements can be considered as a previous step for a further and comprehensive study of

prestressed membranes. Some References in which the authors has pursued analytical

solutions are [25], [32] and [16] and those authors who pursued numerical solution are

[32], [30] and [6].

Analogously, throughout the last decades, the state of the art of prestressed mem-

branes shows a broad variety of publications, which might be allocated in three different

categories:

1. Basic examples which are analyzed by means of analytical approaches; the strong

formulation is solved in domains of simple geometry: see [29], [25], [6] and [32]

2. Membranes which are assimilated to cable networks, whereby orthotropic hyperelas-

tic membranes can be analyzed in a fairly accurate manner. Any of the References

mentioned in previous paragraphs are valid examples.

3. The exact continuum approach for large strain non-prestressed membranes is studied

in multiple References: [8], [4] and [3]. Recent developments are due Bonet et al.

[12], [13] and [11].

The some of the early work on development of rotation free element are from [27], [14],

[26], [9], [10] and finally [17].

36
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The aim of this chapter is to summarize the Total Lagrangian Formulation for rotation

free element followed by a simple numerical examples.

4.2 Membrane Bending Formulation

Let us consider a membrane whose undeformed middle surface occupies the domain Ω0 in

the Euclidean space R3 with boundary Γ. At each point of this middle surface a thickness

t is defined as the distance (measured along the normal to the membrane surface) between

the upper and lower surfaces of the membrane. The thickness is assumed to be constant

and considered small in comparison with the other dimension of the membrane. We

denote X and x as the original and deformed positions, respectively, of a generic point

of the membrane. These positions are expressed as a function of the co-ordinates of the

associated point on the middle surface. The virtual External work due to moment M and

virtual change in the curvature can be expressed in the integral form as,

δW (e)(~φ, δ~v) =

∫

Ω(e)

M (e)δk(e)dΩ (4.1)

Where

Ω(e) : Membrane domain =
1

3
(ΩL + ΩR) (4.2)

And,

The curvatures and the moment relationship can be expressed in the usual manner,

M (e) = αk(e) and α =
t3

12
E (4.3)

Where M is the bending moment, α is the flexural rigidity, k is th curvature, t is the

thickness of the membrane and E is the Young’s modulus. Assuming small strains and

Figure 4.1: Description of Patch for membrane bending calculation
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large rotations. The virtual external work can be expressed as,

δW (e)(~φ, δ~v) ∼=
∫

Ω
(e)
0

M (e)δk(e)dV (4.4)

where V is the initial volume and Ω0 is the domain of the patch for the element. The

figure 4.1 shows the patch for edge and figure 4.2 shows the domain of the patch for the

edge. The domain Ω0 is taken a 1
3

of the area of the element to the left and right of the

edge as shown. At this stage, it is easier to consider the contribution to δW (e)(~φ, δ~va)

caused by a single virtual nodal velocity δva occurring at a typical node a of element (e).

Introducing the interpolation for δv

δW (e)(~φ,Naδ~va) ∼=
∫

Ω
(e)
0

M (e)Dk(e)(~φ) [Naδ~va] dV (4.5)

The virtual work per element (e) per node a can, alternatively, be expressed in terms of

the internal equivalent nodal forces T
(e)
a as,

δW (e)(~φ,Naδ~va) = δ~va · T a (4.6)

Equation 4.6 represents a set of nonlinear equations with the current nodal positions as

unknowns. The solution of these equations is achieved using a Newton Raphson iterative

procedure that involves the discretization of the linearized equilibrium equations. The

virtual external work δW (e)(~φ,Naδ~va) which can be linearized in the direction u to give,

DδW (e)(~φ,Naδ~va)[u] ∼=
∫

Ω
(e)
0

Dk(e)(~φ)[Naδ~va]DM (e)(~φ)[u]dV

+

∫

Ω
(e)
0

M (e)D [Dk(e)(~φ)[Naδ~va]] [u]dV (4.7)

Before continuing with the discretization of the linearized equation 4.7. The equation

δW (e)(~φ,Naδ~va) = δ~va · T a essentially expresses the contribution of the internal nodal
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Figure 4.2: Description of domain of the Patch for the edge
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equivalent forces T
(a)
a at node a. Linearization of equation of internal nodal equivalent

forces T
(a)
a in the direction N b~ub with Naδ~va remaining constant, expresses the change

in the internal nodal equivalent forces T
(a)
a at node a, due to a change ub in the current

position of node b as,

DδW (e)(~φ,Naδ~va)[N b~ub] ∼=
∫

Ω
(e)
0

Dk(e)(~φ)[Naδ~va]DM (e)(~φ)[N b~ub]dV

+

∫

Ω
(e)
0

M (e)D [Dk(e)(~φ)[Naδ~va]] [N b~ub]dV (4.8)

δ~va ·Kab
(e)~u

b =

∫

Ω
(e)
0

Dk(e)(~φ)[Naδ~va]αDk(e)(~φ)[N b~ub]dV

+

∫

Ω
(e)
0

M (e)D [Dk(e)(~φ)[Naδ~va]] [N b~ub]dV (4.9)

The relationship between changes in forces at node a due to changes in the current position

of node b is furnished by the tangent stiffness matrix kab
(e), which is clearly seen to derive

from the linearization of the virtual work equation. In physical terms the tangent stiffness

provides the Newton-Raphson procedure with the operator that adjusts current nodal

positions so that the deformation-dependent equivalent nodal forces tend toward being in

equilibrium with the external equivalent nodal forces.

To calculate the curvature k(e), the curvature can be expressed as,

k(e) = −∂~n

∂S
· ∂~x

∂S
(4.10)

By using central finite difference approximation, the above equation for curvature can be

expressed as,

− ∂~n

∂S
· ∂~x

∂S
∼= −(~nR − ~nL)

dLR
cg

· ( ~XcgR − ~XcgL)
dLR
cg

(4.11)

Where nR and nL are the normals of the left and right element in patch. ~XcgR and ~XcgR

are the vector to the centre of gravity of the left and right element of the patch, which is

given by,

~XcgR − ~XcgL =
1

3
(~XR − ~XL) and dLR

cg
∼= 2

3L
(e)
0

(Ω0L + Ω0R) (4.12)

Where L
(e)
0 is the initial length of the edge and dLR

cg is the distance between the cgs of the

right and left element of the domain. Substituting for dLR
cg and ~Xcg , we get,

k(e) ∼= −(~nR − ~nL) · (~XR − ~XL)

3

[
2

3L
(e)
0

(Ω0L + Ω0R)

]2 = β
[
~nR ·∆~X− ~nL ·∆~X

]
(4.13)
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Where

β =
−1

3

[
2

3L
(e)
0

(Ω0L + Ω0R)

]2 For small strain ~nR = F−T
R

~NR and ~nL = F−T
L

~NL

(4.14)

Where FR and FL is the deformation gradient tensor for right and the left element. ~NR

and ~NL are the normal vector in the initial state. Thus, discretized linear equation of the

curvature can be expressed as,

Dk(e)(~φ)[Naδ~va] = β
{
D(∆~X · F−T

R
~NR −∆~X · F−T

L
~NL)[Naδ~va]

}
(4.15)

Let us compute, D(∆~X · F−T ~N)[Naδ~va]

Representing in the indicial notation,

D(∆~X · F−T ~N)[Naδ~va] = D(∆ ~XjNkF
−1
kj )[δvi] = ∆ ~XjNkD(F−1

kj )[δvi] (4.16)

We know that,

DF−1[δ~u] = −F−1DF [δ~u]F−1 = −F−1∇0δ~uF−1 (4.17)

For more details see [5]

So,

D(∆~X ·F−T ~N)[Naδva] = −∆ ~Xj Nk F−1
ki δva

i ∇0N
a
l F−1

lj = δ ~va · (−∆~X ·F−T∇0
~Na)F−T ~N

(4.18)

Therefore,the discretized linear equation for the curvature can be expressed as,

Dk(e)(~φ)[Naδ~va] = δ ~va ·
{

β(−∆~X · F−T
R ∇0R

~Na)F−T
R

~NR

}

− δ ~va ·
{

β(−∆~X · F−T
L ∇0L

~Na)F−T
L

~NL

}
(4.19)

Thus,

Dk(e)(~φ)[Naδ~va] = δ ~va ·
{

β(∆~X · F−T
L ∇0L

~Na)F−T
L

~NL

}

− δ ~va ·
{

β(∆~X · F−T
R ∇0R

~Na)F−T
R

~NR

}
(4.20)

if node a 6∈ Left triangle of the patch ⇒ ~∇0LN
a = ~∅ and if node a 6∈ Right triangle of the

patch as define above ⇒ ~∇0RNa = ~∅
The virtual external work can be expressed as,

δW (e)(~φ,Naδ ~va) ∼= Ω
(e)
0 M (e)Dk(e)(~φ)[ ~Naδ ~va] = Ω

(e)
0 αk(e)Dk(e)(~φ)[ ~Naδ ~va] (4.21)

Where Ω
(e)
0 =

1

3
(Ω0L + Ω0R) (4.22)
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=
(Ω0L + Ω0R)

3
αk(e)δ~va ·

{
β(−∆~X · F−T

R ∇0R
~Na)F−T

R
~NR

}

− (Ω0L + Ω0R)

3
αk(e)δ ~va ·

{
β(−∆~X · F−T

L ∇0L
~Na)F−T

L
~NL

}
(4.23)

= δ~va ·
{

α β Ωe
0 k(e) [(∆~X · F−T

L ∇0L
~Na)F−T

L
~NL − (∆~X · F−T

R ∇0R
~Na)F−T

R
~NR]

}

︸ ︷︷ ︸
T a(e)

(4.24)

Thus, Equivalent internal nodal force at node a is given by,

T a(e) = α β Ωe
0 k(e) [(∆~X · F−T

L ∇0L
~Na)F−T

L
~NL − (∆~X · F−T

R ∇0R
~Na)F−T

R
~NR] (4.25)

Where

k(e) ∼= β∆~X · (F−T
R

~NR − F−T
L

~NL) β =
−3(L

(e)
0 )2

4(Ω0L + Ω0R)
(4.26)

and Ω
(e)
0 =

1

3
(Ω0L + Ω0R) (4.27)

The first part of the equation 4.9 which is called as Constitutive stiffness matrix can be

expressed as,

DcδW (~φ,Naδ~va)[N b~ub] ∼= Ω
(e)
0 α Dk(e)(~φ) [Naδ~va] Dk(e)(~φ)[N b~ub] (4.28)

= Ω
(e)
0 α δ~va · ~Sa ⊗ ~Sb ~ub = δ~va · (Ω(e)

0 α ~Sa ⊗ ~Sb) ~ub (4.29)

Where
~Sa = β[(∆~X · F−T

L ∇0L
~Na)F−T

L
~NL − (∆~X · F−T

R ∇0R
~Na)F−T

R
~NR] (4.30)

Finally the Constitutive part of the stiffness matrix can be written as,

Kc,ab(e) = Ω
(e)
0 α ~Sa ⊗ ~Sb (4.31)

To simplify the representation, we can define,

~Ga = (∆~X · F−T∇0
~Na) F−T ~N (4.32)

Discretizing the linearined equation for ~Ga in the direction u, representing in the indicial

notation,

D~Ga[ ~N b~ub] = D(∆Xm F−1
lm ∇0 Na

l F−1
ki Nk) [uj] (4.33)

= ∆Xm D(F−1
lm )[uj]∇0N

a
l F−1

ki Nk

+ ∆Xm F−1
lm ∇0N

a
l Nk D(F−1

ki )[uj] (4.34)

But linearizing F−1
lm and F−1

ki along u

D(F−1
lm )[uj] = −F−1

lj ub
j∇0N

b
nF

−1
nm and D(F−1

ki )[uj] = −F−1
kj ub

j∇0N
b
nF−1

ni (4.35)
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Substituting for above terms, we get

= (−∇0N
b
nF

−1
nm∆Xm)(F−1

ki Nk)(∇0N
a
l F−1

lj ) ub
j

+ (−∇0N
a
l F−1

lm ∆Xm)(F−1
ni ∇0N

b
n)(F−1

kj Nk) ub
j (4.36)

= (−∆~X · F−T∇0
~N b) (F−T ~N)⊗ (F−T∇0

~Na) ~ub

+ (−∆~X · F−T∇0
~Na) (F−T∇0

~N b)⊗ (F−T ~N) ~ub (4.37)

The second part of the equation 4.9 is the Geometric stiffness matrix, which can be

expressed as,

DmδW (e)(~φ,Naδ~ua)[N b~ub] ∼= Ω
(e)
0 αk(e)D(δ~va · (β ~Ga

L − β ~Ga
R)) [N b~ub] (4.38)

= Ω
(e)
0 M (e) β δ~va ·

{
D~Ga

L[N b~ub]−D ~Ga
R[N b~ub]

}
(4.39)

Linearizing and Substituting for ~Ga into above equation we get,

D~Ga
L[N b~ub] = (−∆~X · F−T

L ∇0L
~N b) (F−T

L
~NL)⊗ (F−T

L ∇0L
~Na) ~ub

+ (−∆~X · F−T
L ∇0L

~Na) (F−T
L ∇0L

~N b)⊗ (F−T
L

~NL)~ub (4.40)

D~Ga
R[N b~ub] = (−∆~X · F−T

R ∇0R
~N b) (F−T

R
~NR)⊗ (F−T

R ∇0R
~Na) ~ub

+ (−∆~X · F−T
R ∇0R

~Na) (F−T
R ∇0R

~N b)⊗ (F−T
R

~NR) ~ub (4.41)

Thus, Geometric stiffness matrix can be expressed as,

Km
(e)
ab = Ω

(e)
0 M (e)β(∆~X · F−T

R ∇0R
~N b)(F−T

R
~NR)⊗ (F−T

R ∇0R
~Na)

+ Ω
(e)
0 M (e)β(∆~X · F−T

R ∇0R
~Na)(F−T

R ∇0R
~N b)⊗ (F−T

R
~NR)

− Ω
(e)
0 M (e)β(∆~X · F−T

L ∇0L
~N b)(F−T

L
~NL)⊗ (F−T

L ∇0L
~Na)

− Ω
(e)
0 M (e)β(∆~X · F−T

L ∇0L
~Na)(F−T

L ∇0L
~N b)⊗ (F−T

L
~NL) (4.42)

To simplify the notation, define

P a
R = (∆~X · F−T

R ∇0R
~Na) (analogously for P b

R, P a
L, P b

L) (4.43)

~SR = F−T
R

~NR (analogously for ~SL) (4.44)

~taR = F−T
R ∇0R

~Na (analogously for ~tbR,~taL,~tbL) (4.45)

Thus substituting the above notation, We have the curvature as,

k(e) = β ∆~X · (~SR − ~SL) (4.46)

Moment is given by,

M (e) = α k(e) (4.47)
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The equivalent nodal forces is given

T
(e)
a = Ω

(e)
0 M (e)β (P a

L
~SL − P a

R
~SR) (4.48)

The constitutive part of the element stiffness matrix due to bending is given,

Kc
(e)
ab = Ω

(e)
0 α β2 [P a

L
~SL − P a

R
~SR]⊗ [P b

L
~SL − P b

R
~SR] (4.49)

The geometric part of the element stiffness matrix due to bending is given,

Km
(e)
ab = Ω

(e)
0 M (e)β

{
P b

R
~SR ⊗ ~taR + P a

R
~tbR ⊗ ~SR − P b

L
~SL ⊗ ~taL + P a

L
~tbL ⊗ ~SL

}
(4.50)

4.3 Numerical Results

To illustrate and validate the developed solution process for membrane bending finite

element, different numerical examples will be analyzed in detail. Some numerical results

will be checked with the ones reported in the existing literature to conclude the validity

and quality of the methods used herein. An attempt will be made to prove the quadratic

convergence of the Newton-Raphson scheme.
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Figure 4.3: Description of the Mesh and Displacement in x-direction

4.3.1 Example 1

This first example is the problem of laterally uniformly loaded initially plane square mem-

brane without any prestress. This is a general problem used to check the stability of the

solution. The dimensions of the square membrane are 1m x 1m side and thickness 0.169

m was considered. A isotropic material with Young’s modulus E = 5.8637kN/m2 and the

Poisson’s ratio ν = 0.3 was considered. The geometry was discretized with linear trian-

gular elements(512 Elements). The boundaries of the square membrane was clamped. A
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uniform load intensity of q = 0.02096kN/m2 was applied perpendicularly downward on

to the plane. The figure 4.3 shows discretization of the geometry.

As a first step, the problem was analysed with only membrane element without any

bending formulation. As discussed earlier since for a pure membrane element the tangent

stiffness component along thickness is zero. This will lead to high instability in the anal-

ysis as the matrix become singular. This was observed when the problem was analysed

with only membrane element without bending.

In the second step the problem was analysed with bending. Since due to the bending
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Figure 4.4: Displacement in y-direction and z direction
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Figure 4.5: Load-deflection curve(m,kN
m2 ) and Convergence curve

stiffness being added, the analysis should converge without any instability. The first order

methods along with the Newton-Rapson method was used to analysed the problem. The

problem was analysed in ten equal load increments to get the variation of the displacement

with respect to load. The figure 4.5 shows the displacement curve and convergence curve

for the last increment. Figure 4.3 and figure 4.4 shows the displacements in x, y and z
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direction.

It can conclude from this example the bending formulation has indeed added stiffness

component in the third direction, which has help the analysis to complete without any

instability whatsoever. The convergence is nearly quadratic showing the well implemen-

tation of the Newton-Rapson algorithm.

4.3.2 Example 2
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Figure 4.6: Description of the Mesh - Total 1536 dof , 512 Elements

In the example 1 it was shown that the pure membrane which has a zero stiffness com-

ponent along third direction, will lead to severe instability in the analysis. To overcome

this problem Levenberg-Marquardt method can be used. In this method the total tangent

stiffness matrix is modified by adding a small value to the diagonal elements of the tan-

gent stiffness matrix. This modification can be viewed as adding a fictitious prestress to

the problem. Usually this method is adapted only for few initial iterations of the analysis

with very small value. Since this methods does not added any bending stiffness to the

problem, it provides a good means to compare the analysis by adding bending stiffness.

It is a laterally uniformly loaded initially plane square membrane without any pre-

stress. The dimensions of square membrane are 1m x 1m side and thickness of 0.169 m

was considered. A isotropic material with Young’s modulus E = 5.8637kN/m2 and the

Poisson’s ratio ν = 0.3 was considered. The geometry was discretized with linear trian-

gular elements (512 Elements). The boundaries of the square membrane was clamped. A
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uniform load intensity of q = 0.02096kN/m2 was applied perpendicularly downward on

to the plane. The figure 4.6 shows discretization of the geometry.

As a first step, the problem was analysed with only membrane elements with
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Figure 4.7: Example 2: Displacement in x-direction 1. Without Bending, 2. With Bending
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Figure 4.8: Example 2: Displacement in y-direction 1. Without Bending, 2. With Bending

Levenberg-Marquardt method without any bending stiffness. The Levenberg-Marquardt

method was adapted for very few initial iterations in the analysis. As a second step, the

problem was analysed with bending formulation. For both of the analysis, the first order

methods along with the Newton-Rapson method was used to analysed the problem. The

problem was analysed in ten equal load increments to get the variation of the displace-

ment with respect to load. In both of the analysis, the solution converged without any

instability, as expected. The figure 4.7, 4.8 and 4.9 shows the displacement along x, y

and z direction for both of the cases. (Note: Without bending means the analysis is

run applying Levenberg-Marquardt method). The figure 4.10 shows the load-deflection
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Figure 4.9: Example 2: Displacement in z-direction 1. Without Bending, 2. With Bending

curve for the centrally loaded membrane for both the cases. It can be observed that the

displacement in case where Levenberg-Marquardt method is used is more when compared

to the case where bending stiffness is added. Figure 4.11 shows the convergence curve for

the last increment for both the cases.

It can conclude from this example Levenberg-Marquardt method helps to converge
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Figure 4.10: Example 2: Load - deflection curve for center of the membrane

to a solution without any instability in the analysis. The solution in first case (applying

Levenberg-Marquardt method) can be considered as pure membrane analysis without any
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Figure 4.11: Example 2: Convergence curves for 1. Without Bending, 2. With Bending

flexural stiffness, provided that the added values are small and used for initial stability of

the solution only. Whereas in the second case, the analysis is carried out by accounting

for the change in the internal force and tangent stiffness matrix due to bending. As it can

be observed the displacement in first case is more than in second case showing the clear

effect of bending on the displacement as compared to a pure membrane deflection. The

convergence is quadratic in 1st case and is nearly quadratic in the second case showing

the well implementation of the Newton-Rapson algorithm.

4.3.3 Example 3
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Figure 4.12: Description of the Mesh - Total 196 dof, 64 Elements
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This example is drawn from Theory of plates and shells(Timosheko and woinowsky-

krieger) see [29] which provide as approximate solution for uniformly loaded circular plate

with large deflection. Originally this approximate solution was developed by A.Nadai

see [23]. According to this the approximate formulae for deflection of uniformly loaded

circular thin plate having large deflection with clamped edge is,

w0

h
= 0.583

w0

h3
− 0.176

q

E
(
a

h
)4 (4.51)

The above formulae is valid for a Poisson’s ratio of ν = 0.25

Where, w0 is the central deflection.

h is the thickness

q is the load intensity

a is the radius of the plate

E is Young’s Modulus of the material.

It is laterally uniformly loaded initially plane circular thin plate. The thin plate has
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Figure 4.13: Example 3: Undeformed and Deformed shape

radius of 0.7071m and thickness of 0.01m. A isotropic material with Young’s modulus

E = 5.8637kN/m2 and the Poisson’s ratio ν = 0.25 was considered. The geometry was

discretized with linear triangular elements (64 Elements). The boundary of the circular

plate was clamped. A uniform load intensity of q = 0.02096kN/m2 was applied perpen-

dicularly downward on to the plate. The figure 4.12 shows discretization of the geometry.

For the analysis, the first order methods along with the Newton-Rapson method was

used to analysed the problem. The problem was analysed in ten equal load increments

to get the variation of the displacement with respect to load. In the analysis the solution

converged. The figure 4.13 shows the initial and deformed shape. Figure 4.14 and 4.15

shows the displacement along x, y and z direction.

The figure 4.16 load-deflection curve for the center of the plate. It can be observed

that the displacement is Numerical solution is very close to the approximate solution of

A.Nadai[23]. Figure 4.17 shows the convergence curve for the first increment.

From the above example it can be concluded that the displacement from the nu-
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Figure 4.14: Example 2: Displacement in x-direction and y direction
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Figure 4.15: Example 3: Displacement in z-direction

merical solution is very close to the approximate solution of A.Nadai[23]. This shows the

validity of the present formulation. The convergence curve shows the convergence rate of

the first order methods which takes more iteration where for Newton-rapson method it is

quadratic.This example shows the over all well implementation of the bending formulation.

4.3.4 Example 4

This example is drawn from Theory of plates and shells (Timosheko and woinowsky-

krieger) [29] which provide as approximate solution for uniformly loaded square membrane

with large deflection. Calculation for this is provided in book Drang and Zwang [1].

According to this, the approximate formulae for central deflection of uniformly loaded
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Figure 4.16: Example 3: Load - deflection curve for center of the plate w0

square membrane having large deflection with clamped edge is,

w0 = 0.802a 3

√
qa

Eh
(4.52)

The above formule is valid for a Poisson’s ratio of ν = 0.25 and the solution is assumed

to have zero flexural rigidity.

Where, w0 is the central deflection.

h is the thickness

q is the load intensity

2a is the length of the sides

E is Young’s Modulus of the material.

It is a laterally uniformly loaded initially plane square membrane. The membrane di-

mension are 1m x 1m in sides and thickness of 0.01m was considered. A isotropic material

with Young’s modulus E = 5.8637kN/m2 and the Poisson’s ratio ν = 0.25 was consid-

ered. The geometry was discretized with linear triangular elements. The boundaries of

the square membrane was clamped. A uniform load intensity of q = 0.02096kN/m2 was

applied perpendicularly downward on to the plate. The two different mesh was created

to study the convergence. The figure 4.18 shows discretization of the geometry.

For the analysis, the first order methods along with the Newton-Rapson method was

used to analysed the problem. The problem was analysed in ten equal load increments to
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Figure 4.17: Example 3: Convergence curves
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Figure 4.18: Description of the Mesh - Mesh 1: 32 Elemnts, Mesh 2: 512 Elements

get the variation of the displacement with respect to load. In the analysis, the solution

converged. The figure 4.19 and figure 4.20 shows the initial and deformed shape for two

different mesh. Figure 4.21, figure 4.22 and figure 4.23 shows the displacement along x, y

and z direction.

The figure 4.24 load-deflection curve for the center of the plate. It can be observed that

the displacement is numerical 1 solution is very close to that of approximate solution of

August and Ludwig. It can also be observed that the displacement in numerical 2 is less

than that of numerical 1. Figure 4.25 shows the convergence curve for the first increment.

The approximate solution neglects the flexural rigidity and the numerical 1 is dis-
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Figure 4.19: Example 4: Undeformed and deformed shape for Numerical 1
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Figure 4.20: Example 4: Undeformed and deformed shape for Numerical 2
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Figure 4.21: Example 4: Displacement in x-direction 1. Numerical 1, 2. Numerical 2

cretized with few elements which contributes less to bending stiffness, this shows the well

formulation for bending element. Since in the numerical 1 because of the fewer element

the curvature calculation is less accurate, but whereas in the numerical 2 because of the

more number of element the curvature calculation is more accurate. It can also be ob-

served that the displacement in case of numerical 2 is less compared to numerical 1 which

shows the effect of bending stiffness. The convergence curve shows the convergence rate

of the first order methods which takes more iteration whereas, for Newton-rapson method
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Figure 4.22: Example 4: Displacement in y-direction 1. Numerical 1, 2. Numerical 2

−0.5 −0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5

−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

OX axis (m)

Displacements OZ (m)

O
Y

 a
xi

s 
(m

)

−0.22

−0.2

−0.18

−0.16

−0.14

−0.12

−0.1

−0.08

−0.06

−0.04

−0.02

−0.5 −0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5

−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

OX axis (m)

Displacements OZ (m)

O
Y

 a
xi

s 
(m

)

−0.2

−0.18

−0.16

−0.14

−0.12

−0.1

−0.08

−0.06

−0.04

−0.02

Figure 4.23: Example 4: Displacement in z-direction 1. Numerical 1, 2. Numerical 2

it is quadratic. This example shows the over all well implementation of the bending

formulation.
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Figure 4.24: Example 4: Load - deflection curve for center of the membrane
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Chapter 5

Conclusion and Further Research

5.1 General considerations

The preceding chapters have presented the rotation free element for the analysis of mem-

branes. These structures, comprised of cables and membranes, with broad application in

Civil Engineering and Architecture, are subjected to large displacements and deforma-

tions, yet moderate strains.

A Total Lagrangian formulation for prestressed structural membranes was described.

The kinematics of prestressed membranes was displayed as a series of three successive

configurations, namely, a nominally stressed initial equilibrium state, a prestressed state

and a final in-service state, for the time instants t0, tpret and t, respectively. Kinematic

entities are fully derived, i.e., deformations gradient tensor, displacement gradient tensor,

right Cauchy-Green tensor or Green-Lagrange strain tensor.The Saint Venant-Kirchhoff

model is chosen as hyperelastic materials to describe moderate strains behavior.

The equilibrium shapes are employed as initial guesses for the subsequent highly non-

linear problem that entails the structural analysis of the membrane under the actual

presence of prestressing loading and external loading.

A Total Lagrangian format set up along with a displacement-based isoparametric fi-

nite element formulation and a Newton-Raphson numerical scheme is adopted for the

implementation of the rotation free elements. Two-noded and three-noded linear finite

elements were employed to describe appropriately cable and membrane elements and for

the bending formulation.

The set of equilibrium equations presented a geometrically nonlinear feature, so an

iterative solution scheme was required. Among all the available methods, the second-

56
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order Newton-Raphson technique accomplished the best convergence properties. The

total tangent stiffness matrix required to be calculated by this method was obtained by

linearizing the global equilibrium equations.

Apart from the well known second order Newton-Raphson method, other first order

procedures such as the steepest descent method, the Polak-Ribiere method or the Fletcher-

Reeves method are employed. This results in a very flexible numerical solver.

5.2 Conclusions

1. The pure membrane formulation shows instability problem especially for laterally

loaded membranes. The bending formulation helps to solve such problems. Through

series of example, the robustness and the validity of the rotation free formulation

for membrane has been proven. The two example that has been shown, has a very

close approximation to solution as reported in the literature.

2. The initial steps for a prestressing loading analysis are very unstable, specially when

dealing with nearly plane initial membranes. The inclusion of a fictitious prestress

to the total tangent stiffness matrix by the Levenberg-Marquardt method can be

considered very useful.

3. Another appealing way to overcome difficulties throughout the first increments of

the analysis is to combine first and second order methods in an efficient manner.

To avoid initial divergences of the calculation, a more robust first order method is

employed and only when local convergence is presumed,a second order algorithmic

technique is used.

4. The Newton method has been proven as the most powerful method given its quadratic

convergence. As a matter of fact, this method should be preferred, whether possible,

over other techniques, such as dynamic relaxation, steepest descent or so on.

5.3 Recommendations for further research

The following are suggested for further development of the algorithm:

1. Incorporate a new constitutive model in the algorithm.

2. Introduce an optimization function into the algorithm which could optimize the

membrane design in terms of cost, distribution of prestress, etc.

3. Modified the algorithm in order to simulate the interaction between fluid and struc-

ture.
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4. Develop creeping modelling of membrane structures under different environment

conditions.

5. More examples from the literature can run to further validate the formulation.

small
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