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Abstract

Energy harvesting (also known as power harvesting or energy scavenging) is the process by which
energy is derived from external sources (e.g., solar power, thermal energy, wind energy, salinity
gradients, and kinetic energy), captured, and stored.In the last few years, there has been a surge
of research in the area of power harvesting. This increase in research has been brought on by the
modern advances in wireless technology and low power electronics such as micro-electromechanical
systems (MEMS). The advances have allowed numerous doors to open for power harvesting systems
in practical real world applications e.g. small scale wireless sytems.On the other hand, wireless
sensor systems, in Structural Health Monitoring(SHM) context, are receiving increasing interest
since they offer flexibility, ease of implementation and the ability to retrofit systems without the cost
and inconvenience of cabling. Furthermore, by removing wires there is the potential for embedding
sensors in previously inaccessible locations. At present, the majority of wireless sensor nodes are
simply battery-powered which need periodic replacement. If ambient energy in the surrounding
medium could be obtained, then it could be used to replace or charge the battery. One method
is to use piezoelectric materials to obtain energy lost due to vibrations of the host structure. This
captured energy could then be used to prolong the life of the power supply or in the ideal case provide
endless energy for the electronic devices lifespan. From previous work it is evident that the power
generated by the piezoelectric devices was sufficient for powering functional wireless devices.But
these are focused basically on the vibration of the industrial machines i.e. harmonic vibration as
a source . On the other hand, energy harvesters used in the bridge health monitoring is based on
electromagnetism concept rather than utilizing piezoelectricity. So, a combination of piezoelectric
energy harvester along with vibration of the bridge under traffic movement worth attention. On top
of this, the derived concepts can be adopted to many other fields which might trigger enormous filed
of opportunities.
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Chapter 1

Inroduction

1.1 Structural Health Monitoring System

Structures, including bridges, buildings, dams, pipelines, aircraft, ships, among others, are complex
engineered systems that ensure society’s economic and industrial prosperity. To design structures
that are safe for public use, standardized building codes and design methodologies have been created.
Unfortunately, structures are often subjected to harsh loading scenarios and severe environmental
conditions not anticipated during design that will result in long-term structural deterioration.To
design safer and more durable structures, the engineering community is aggressively pursuing novel
sensing technologies and analytical methods that can be used to rapidly identify the onset of struc-
tural damage in an instrumented structural system. Called structural health monitoring (SHM), this
offers an automated method for tracking the health of a structure by combining damage detection
algorithms with structural monitoring systems.

1.2 Wireless Monitoring System

The monitoring system is primarily responsible for collecting the measurement output from sen-
sors installed in the structure and storing the measurement data within a central data repository.
To guarantee that measurement data are reliably collected, structural monitoring systems employ
coaxial wires for communication between sensors and the repository. While coaxial wires provide
a very reliable communication link, their installation in structures can be expensive and labour-
intensive[18].For example, it was reported that a SHM system installed in a tall buildings generally
cost in excess of $US5000 per sensing channel [4]. As SHM systems grow in size (as defined by the
total number of sensors), to assess the current status of the structure accurately, the cost of the
monitoring system can grow much faster than at a linear rate. For example, the cost of installing
about 350 sensing channels on Tsing Ma Suspension Bridge in Hong Kong was estimated to have
exceeded $8 million [5]. If the maintenance cost of the SHM system, which will be increased as the
system gets older, is also considered, the total cost may be increased exponentially. This limitation
on economical realization of SHM system may prevent installation of large number of sensors enough
to assess the accurate status of a large civil structure, if the big budget for the SHM system is
not secured.So,Wireless sensor systems are receiving increasing interest since they offer flexibility,
ease of implementation and the ability to retrofit systems without the cost and inconvenience of
cabling.Smart wireless sensor is an emerging sensor with the following essential features: on-board

2
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micro-processor, sensing capability, wireless communication, battery powered, and low cost [5]. When
many sensors are implemented on a SHM system for a sizable civil structure, wireless communication
between sensors and data repository seems to be attractive in the aspects of the cost. Dense arrays
of low-cost smart wireless sensors have the potential to improve the quality of the SHM dramatically
using their onboard computational and wireless communication capabilities. These wireless sensors
provide rich information which SHM algorithms can utilize to detect, locate, and assess structural
damage caused by severe loading events and by progressive environmental deterioration as well as
economical realization of SHM system. Information from densely instrumented structures is expected
to result in the deeper insight into the physical state of the structural system. Furthermore, by re-
moving wires there is the potential for embedding sensors in previously inaccessible locations.An
overview of the idea is presented in the Figure 1.1

Figure 1.1: Wireless bridge monitoring system overview[22]

1.2.1 Power Consumption for SHM sensors

A monitoring system is supposed to work for a longer period that means for several month or years.
A detailed bridge inspection will take place at an interval of three or six years in for example. It is
therefore desired, that the life time of the monitoring system is also three years at least.

An important aspect in designing and in programming a sensor node is to minimize its overall
power consumption. As a first step it is recommended to look for an optimized hardware. There
are a lot of power consuming components like the sensors, the A/D-conversion-module, the radio
module, the sensor- CPU, and the memory which require energy to work properly (1.1). If low
power consumption is considered it is suggested to limit the voltage range of these components to a
maximum value of 5 Volt or better of about 3 Volt or even lower.

In a next step it is recommended that the system components operate in sleep or power down
mode as often as possible. These modes require only little energy. Most of the used radio modules
and processors support such power saving modes. Some of the devices could also be switched off if
not needed. For this reason a monitoring system has to provide different event handling and wake
up modes. Hard- and software has to be optimized in this way.

Another high power consuming part is represented by the sampling rate and the amount of han-
dled data, e.g. high sampling rates and high amplitude resolution result in high power consumption.
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In fact power consumption of temperature or humidity measurements is not a problem. Moreover
it becomes of interest to monitor dynamic behaviour or uses acoustic emission techniques with high
sampling rates.

Table 1.1: Average energy required for different components (at 3V)[31]
Component Sleep mode Full Operation

8-bit processor at 20 MHz 24µW 24mW
Memory 6µW 45mW(writing)

12mW(reading)
Radio Module(RF) 6µW 24mW (receiving)

36mW (trasmmitting)
Signal Conditioning and A/D Conversion

100KHz, 12bit 0.6to12mW
MEMS Sensors

Acceleration 2KHz,12 bit 15µW 6 to 15 mW
Humidity and Temperature 1µW 1.5mW

Nowadays battery powered systems, e.g. equipped with Lithium-batteries, are most appropriate.
However, power supplies like solar cells, methanol powered fuel cells are alternatives. Ongoing
research is made in the field of energy harvesting, for example for cellular phones.

1.2.2 Wireless Communication

It is suggested that for most monitoring tasks a communication range of 10 to 30 m is sufficient.
There are some communication standards like WLAN (IEEE802.11, wireless local area network) and
Bluetooth that are well known and feature such ranges. Different famous wireless communication
systems’ power requirement is presented in the table(1.2)

Table 1.2: Average energy required per transmitted bit and maximum data transfer rate[31]
Communication standard 12 m distance 30 m distance Max. Transfer rate
IEEE 802.11b (WLAN) 200 nJ/bit 300 nJ/bit 11 Mbps

Bluetooth 2.5 μJ/bit 0.8 Mbps
Zigbee 7 μJ/bit 7 μJ/bit 20 to 250 kbps

Home-RF (example) 1 μJ/bit 2 μJ/bit 0.8 to 2 Mbps
nanoNET (CSS) 60 nJ/bit 80 nJ/bit 2 Mbps

With regard to the power consumption of the different communication methods for saving energy
it is suggested to send relevant data to other sensor nodes or the central unit only, because signal
processing in the sensor node needs less power than sending it through the radio module.

1.3 Energy Harvesting for Sensors

Harvesting ambient energy, for example from mechanical vibrations, is very attractive for wireless
autonomous sensor networks[17]. From previous work it is evident that the power generated by the
piezoelectric devices was sufficient for powering functional wireless devices and were able to transmit
a 12-bit signal five to six times every few seconds[3]. Another investigation features a foot print
of 1cm2 and an average power harvesting level of 100μW [17].Additionally, it is also very important
for systems which do not allow battery replacement or are not able to have wired power coupling.
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Furthermore, these devices have to be relatively small in order to be applicable in autonomous wire-
less transducer systems.Energy harvesting can be performed e.g. by mechanical energy conversion
based on piezoelectric, electrostatic and electromagnetic principles or by employing thermoelectric
generation exploiting a temperature gradient [17].

Many industrial and automotive environments provide vibration frequencies ranging from a few
tens of Hz up to several kHz. Normally this energy remains unused or is even dissipated in mechanical
dampers. Vibrational energy harvesters tap into this energy reservoir. The ambient vibration is used
to excite a mechanical resonator consisting of a spring suspended seismic mass. The amplitude of the
mass under resonant excitation is used to drive an energy conversion mechanism. The most common
ones are: piezoelectric, electrostatic and electromagnetic principles. The first principle received the
most attention due to its ability to directly convert mechanical strain into electrical energy at usable
voltage levels[17].

1.3.1 Electrostatic Vibration Energy Harvesting

The first mechanism of conversion is based on the variable capacitor concept. A variable capacitor
consists of two conductors separated by a dielectric material. When the conductors are placed in an
electric field and the conductors are moved relative to each other, current is generated[27].

Figure 1.2 shows two possible implementations of such a variable capacitor. A seismic mass is
suspended via spring elements. In-plane vibration excites considerable displacement of the electrodes
and thus leads to a usable change in capacitance. So far, several silicon micro structures have been
proposed which realize variable capacitors. Either they provide linear capacitance change with
displacement [10, 11, 13] or non-linear variation [12, 14, 8, 7]. The first case uses varying overlap
of two parallel electrodes, while the second approach uses the increase in capacitance as the spacing
between two parallel electrodes is reduced.

Figure 1.2: Implementation of electrostatic energy harvesters. Left: linearly changing capacitance
due to change in electrode overlap, right: non-linear change in capacitance due to change in electrode
spacing[17]

The design as shown in Figure 1.3 implements a varying overlap capacitor. The lower set of
electrodes is recessed in a substrate while the movable electrodes are connected to the seismic mass.
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Figure 1.3: Design of a variable overlap capacitor and fabricated silicon micro structure. The capac-
itor electrodes are fabricated on the substrate and on the movable mass. Displacement of the mass
results in a change in overlap and decreases the capacitance consecutively[7]

The design as shown in Figure 1.4 implements a varying gap capacitor. Here, the electrodes are
perpendicular to the substrate plane. Mechanical switches (SW1 and SW2) are integrated with the
structure to synchronize the charge transfer with the motion of the mass.

Figure 1.4: A mechanical resonator using capacitor structures with varying gap . The arrangement
of interdigitating fingers can lead to substantial increase of capacitance as the electrodes come close
to each other. A metal ball is attached to the silicon micro structure to increase the seismic mass
and thus decrease the resonance frequency[15]

1.3.2 Electromagnetic Vibration Energy Harvesting

The magnetic induction transducer is based on Faraday’s law. The variation in magnetic flux, Φm
through an electrical circuit causes an electric field. This flux variation can be realized with a moving
magnet whose flux is linked with a fixed coil or with a fixed magnet whose flux is linked with a moving
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coil. The first configuration is preferred to the second one because the electrical wires are fixed. As
the relevant magnitude here is the magnetic flux through a circuit, the size of the coil is inversely
related to the obtained electric field and therefore, to the generated energy. This means that big
transducers with large area coils will perform better than smaller transducers, unless a larger time
derivative is involved with the small scale generators[20].Figure1.5 presents the concept.

(a) (b)

Figure 1.5: (a)Magnetic induction transducer model,(b) A magnetic generator [16]

When the generator vibrates, the oscillating mass has a relative displacement with respect to the
housing. The magnetic induction generator converts this relative displacement into electrical energy.
The transducer is modelled as a damped spring-mass system, since the energy extraction damps the
mass movement with a factor Bm. The mass m, the magnet, which is joined to a spring with a
spring constant k moves through a constant magnetic field, B, when the generator oscillates. The
relative displacement, z(t), is related to the voltage across the coil by a first order system . L is the
inductance of the coil, Rc is the parasitic resistance of the coil, L is the length of the coil, and R is
the load resistance1[16].

1.3.3 Piezoelectric Energy Harvester

Interest in the application of piezoelectric energy harvesters for converting mechanical energy into
electrical energy has increased dramatically in recent years, though the idea is not new.Up to now
most piezoelectric energy harvesters use a bi morph beam made from a structural material (e.g. steel
or silicon) and a stack, which consists of piezoelectric material between two electrodes. While one
end of this beam is clamped, a mass is attached to the free end [23, 24]. The bending of the beam
section during displacement of the mass causes mechanical strain in the piezo-patch which leads to
the generation of an electrical dipole, respectively a charge on the top and bottom electrodes. This
charge is used to dissipate power in an attached resistive load. This approach uses the generation of
an electrostatic field perpendicular to the applied strain. The triangle-shaped beam section shown
in Figure1.6 was chosen to satisfy the maximum limit of the mechanical strain and to achieve a
homogeneous strain distribution along the beam length.

1The symbols used in this paragraph are kept same as the original one to be consistent and do not resemble any of
the symbols used hereafter
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(a) (b)

Figure 1.6: Schematic of a piezoelectric energy harvester utilizing (a) the out of-plane dipole gener-
ation [17] (b) the inplane dipole generation[17]

The conversion efficiency can even be higher if applied strain and electrical field are in parallel,
although in this case the electrode arrangement is not as straight forward as in the previous case.
Such a device is described in [21]. Here the electrodes are fabricated as interdigitating fingers, see
Figure 1.6(b).

1.4 Scope of the Research

Aiming at a vibration based piezoelectric energy harvester, the scope of the research can be divided
into 2 phases:

1. Modeling of the Bridge Dynamics

2. Modeling of the Harvester

Modeling of the Bridge Dynamics consists of considering the Bridge Type and the moving load. The
moving load can be also categorized into different types along with the dynamics of the traffic passing
through.

Model of the Harvester is basically an Electromechanical Coupled system.So, it has two aspects:
designing the mechanical and electrical system.In designing the mechanical system, choosing the
proper piezoelectric material(and hence its spring constant and damping ratio) and its mass is the
main concern. Also modeling of the damping is another issue.

On the other hand, the electrical part focused on a proper circuit design to get out of the
maximum power available from the vibration of the bridge for the sensor.In this case, different
circuit parameters as resistance, capacitance etc are key role players.

For the present case, a simple beam with constant moving load is considered in the dynamics
part while the electromechanical one is a Single degree of freedom piezoelectric stack with simple
Resistance and capacitance.
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1.5 Organization of the Thesis

The thesis is organized in the following manner:
Chapter 1,Introduction: The background and motivation of the thesis is explained along with a

brief review of some literature. The necessity of doing this thesis topics is posed.Thesis scope and
organization are described.

Chapter 2,Bridge Dynamics,Response under constant moving load: A simply supported beam
under a constant moving load is considered. Necessary theory both in time and frequency domain
are developed elaborately.

Chapter 3, Piezoelectric Energy Harvester: Chapter starts with the piezoelectric basics. With
simple explanation constitutive equations for 1D piezoelectric model is developed. At the end,
frequency domain solution is obtained.

Chapter 4, Mathematical Modelling and Results: Based on the equations derived in the Chapter
2 and Chapter 3, here a mathematical example is evaluated. Through this the coupled system of
bridge dynamics and energy harvester technology are studied.Results are tabulated and plotted.

Chapter 5, Discussion: Explanation of the obtained results.
Chapter 6, Conclusion: Conclusive remarks for the thesis.
Chapter 7, Further Recommendation: Further scope are specified in this chapter.



Chapter 2

Bridge Dynamics: Response Under
Constant Moving Load

Of the wide range of problems involving vibration of structures and solids subjected to a moving
load, the simplest one to tackle is that of dynamic stresses in a simply supported beam, traversed by
a constant force moving at uniform speed. This classical case was first solved by A.N. Krylov, then
by S.P. Timoshenko. Other solutions worthy of mention are those by C.E. Inglis and V. Kolousek[1].
In the following sections first the problem is formulated with the necessary assumptions and then
solved from two perspectives:(a) Time domain and (b) Frequency domain.

2.1 Formulation of the problem

Let, a constant force P is traversing from left to right on a bridge (modelled as simply supported
beam here) of length l at a constant speed c as shown in the Figure 2.1. At any time t, at any point
x, measured from the left corner of the bridge, the bridge is deflected u(x, t),measured from the
equilibrium position when the beam is loaded with self weight. The bridge is charechterized by the
properties as:Young’s modulus of the beam,E,constant moment of inertia of the beam cross section
,J ,constant mass per unit length of the beam cross section,µ, natural frequency of the beam for nTh
mode,ωn,damping co efficient of the beam for nTh mode,ζn

Figure 2.1: Simple beam subjected to a moving force P

Following assumptions[1] are adopted for this case:

1. The beam behaviour is described by Bernoulli-Euler’s differential equation deduced on the
assumption that the theory of small deformations, Hooke’s law, Navier’s Hypothesis and Saint-
Venant’s principle can be applied. The beam is of constant cross-section and constant mass

10
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per unit length.

2. The mass of the moving load is small compared with the mass of the beam; this means that
we shall consider only gravitational effects of the load.

3. The load moves at constant speed, from left to right.

4. The beam damping is proportional to the velocity of vibration.

5. The computation will be carried through for a simply supported beam, i.e. a beam with zero
deflection and zero bending moment at both ends. Further, at the instant of force arrival, the
beam is at rest, i.e. possesses neither deflection nor velocity.

Under the above assumptions the problem is described by the Equation

EJ
∂4u(x, t)
∂x4

+ µ
∂2u(x, t)
∂t2

+ 2µζnωn
∂u(x, t)
∂t

= δ(x− ct)P (2.1)

The Boundary conditions are
u(0, t) = 0;
u(l, t) = 0;
At x = 0,∂

2u(x,t)
∂x2 = 0;

At x = l, ∂
2u(x,t)
∂x2 = 0;

The Initial Conditions are
u(x, 0) = 0;
At t = 0∂u(x,t)

∂t =0;

2.2 Solution of the problem

Let consider a solution of the problem as

u(x, t) =
∞∑
n=1

Un(t) sin(
nπx

l
) (2.2)

Substituting Eq.(2.2) into Eq.(2.1),

EJ

∞∑
n=1

Un(t)(
nπ

l
)4 sin(

nπx

l
)+µ

∞∑
n=1

Ün(t) sin(
nπx

l
)+2µζnωn

∞∑
n=1

U̇n(t) sin(
nπx

l
) = δ(x−ct)P (2.3)

Multiplying Eq. (2.3)by sin(mπxl ) and integrating over an interval 0tol,[28]

EJUm(t)(
mπ

l
)4 l

2
+ µÜm(t)

l

2
+ 2µζmωmU̇m(t)

l

2
=
ˆ l

0

δ(x− ct)P sin(
mπx

l
)dx

= P sin(
mπct

l
)

= P sin(mΩt) (2.4)

where, the excitation frequency is given by
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Ω =
πc

l
=
µ

T

and the natural frequency is given by,

ω2
m =

EJ

µ
(
mπ

l
)4

Rearranging Eq.(2.4),

Üm(t) + 2ζmωmU̇m(t) + ω2
mUm(t) =

Pl

2µ
sin(mΩt) (2.5)

= fm(t)(Let)

Note that this equation is valid for the time period taken by the force to travel from one end to
another end i.e., 0 ≤ t ≤ T . For t ≥ T, i.e. when the force leaves the bridge, there is no forcing
function acting on the bridge.Then, the Eq.(2.4) becomes,

Üm(t) + 2ζmωmU̇m(t) + ω2
mUm(t) = 0 (2.6)

2.2.0.1 Frequency Domain Solution

Taking Fourier Transform[28], RHS of the Eq.(2.5) becomes,

Fm(ω) =
1√
2π

ˆ
fm(t)e−jωtdt

=
1√
2π

ˆ T

0

Pl

2µ
sin(mΩt)e−jωtdt

=
1√
2π

P l

2µ

ˆ T

0

1
2j

(ejωt − e−jωt)e−jωtdt

=
1√
2π

P l

2µ
1
2j

(
ej(mΩ−ω)T

j(mΩ− ω)
+
ej(mΩ−ω)T

j(mΩ + ω)
− 1
j(mΩ− ω)

+
1

j(mΩ + ω)

)
Taking Laplace Transform[28] of the LHS of the Eq.(2.5), applying boundary conditions and

replacing s = jωgives the Fourier form as,(−ω2
m + 4jωζmωm + ω2

m)Um(ω).
So, Fourier transform of the Eq.(2.5) gives,

Um(ω) =
1

(−ω2
m + 4jωζmωm + ω2

m)
1√
2π

P l

2µ
1
2j

(
ej(mΩ−ω)T

j(mΩ− ω)
+
ej(mΩ−ω)T

j(mΩ + ω)
− 1
j(mΩ− ω)

+
1

j(mΩ + ω)

)
Replacing m = n,

Un(ω) =
1

(−ω2
n + 4jωζnωn + ω2

n)
1√
2π

P l

2µ
1
2j

(
ej(nΩ−ω)T

j(nΩ− ω)
+
ej(nΩ−ω)T

j(nΩ + ω)
− 1
j(nΩ− ω)

+
1

j(nΩ + ω)

)
Thus, taking the Fourier transform of the Eq.(2.2) gives,

U(x, ω) =
∞∑
n=1

Um(ω) sin
(nπx

l

)
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Frequency Domain solution of the given Eq.(2.1),

U(x, ω) =
∑∞
n=1

1
(−ω2

n + 4jωζnωn + ω2
n)

1√
2π

P l

2µ
1
2j
∗

∗
(
ej(nΩ−ω)T

j(nΩ− ω)
+
ej(nΩ−ω)T

j(nΩ + ω)
− 1
j(nΩ− ω)

+
1

j(nΩ + ω)

)
sin
(nπx

l

)
(2.7)

2.2.0.2 Time Domain Solution

Üm(t) + 2ζmωmU̇m(t) + ω2
mUm(t) =

Pl

2µ
sin(mΩt) (2.8)

The complementary (Transient/Homogeneous) solution[28] of Eq.(2.8) is derived from,

Üm(t) + 2ζmωmU̇m(t) + ω2
mUm(t) = 0 (2.9)

Let, the solution of the Eq.(2.9) be,Um(t) = aeλt. So, From Eq.(2.9),

(λ2 + 2ζmωmλ+ ω2
m)aeλt = 0

The characteristic Equation is given by,

(λ2 + 2ζmωmλ+ ω2
m) = 0

and therefore,

λ = −ζmωm +
√

(ζmωm)2 − ω2
m

= −ωb +
√
ω2
b − ω2

m

Replacing, ζmωm = ωb, where ωbis the circular frequency of damping of the beam.
The system can be of three types,

1. Over damped, ωb > ωm

2. Critically damped, ωb = ωm

3. Under damped, ωb < ωm

Considering under damped condition,

λ = −ωb ± j
√
ω2
m − ω2

b

Complementary solution
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U cm(t) = a1e
λ1t + a2e

λ2t

= a1e
(−ωb+j

√
ω2

m−ω2
b )t + a2e

(−ωb−j
√
ω2

m−ω2
b )t

= e−ωbt

[
(a1 + a2) cos(

√
ω2
m − ω2

b )t+ (a1 − a2) sin(
√
ω2
m − ω2

b )t
]

= e−ωbt

[
A1 cos(

√
ω2
m − ω2

b )t+A2 sin(
√
ω2
m − ω2

b )t
]

= e−ωbt [A1 cosωdmt+A2 sinωdmt] (2.10)

where,
√
ω2
m − ω2

b = ωm(
√

1− ζ2
m) = ωdm,where ωdmis the damped natural frequency of mTh

mode.

Let,

Upm(t) = U sin(mΩt− θ)

= U(sinmΩt cos θ − cosmΩt sin θ)

= U cos θ sinmΩt− U sin θ cosmΩt

Also, Let,

U cos θ = U1

U sin θ = U2

θ = tan−1 U2

U1

So,

Upm(t) = U1 sinmΩt− U2 cosmΩt

∴ U̇pm(t) = mΩ(U1 cosmΩt+ U2 sinmΩt)

∴ Üpm = (mΩ)2 [−U1 sinmΩt+ U2 cosmΩt]

From Eq.(2.8),
(mΩ)2 [−U1 sinmΩt+ U2 cosmΩt]+2ωb [mΩ(U1 cosmΩt+ U2 sinmΩt)]+ω2

m(U1 sinmΩt−U2 cosmΩt) =
Pl

2µ
sin(mΩt)

⇒
[
−U1(mΩ)2 + 2ωbmΩU2 + ω2

mU1 −
Pl

2µ

]
sinmΩt+

[
(mΩ)2U2 + 2ωbmΩU1 − ω2

mU2

]
cosmΩt =

0
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(mΩ)2 [−U1 sinmΩt+ U2 cosmΩt] + 2ωb [mΩ(U1 cosmΩt+ U2 sinmΩt)] +

ω2
m(U1 sinmΩt− U2 cosmΩt) =

Pl

2µ
sin(mΩt)

[
−U1(mΩ)2 + 2ωbmΩU2 + ω2

mU1 −
Pl

2µ

]
sinmΩt

+
[
(mΩ)2U2 + 2ωbmΩU1 − ω2

mU2

]
cosmΩt = 0 (2.11)

Since Eq.(2.11) is true for all t,equating the sinand cos terms from both the sides gives,

[
−(mΩ)2 + ω2

m

]
U1 + 2ωbmΩU2 =

Pl

2µ

2ωbmΩU1 +
[
(mΩ)2 − ω2

m

]
U2 = 0

or in matrix form,

[
ω2
m − (mΩ)2 2ωbmΩ
2ωbmΩ (mΩ)2 − ω2

m

]{
U1

U2

}
=


Pl

2µ
0

 (2.12)

Let,

M =

[
ω2
m − (mΩ)2 2ωbmΩ
2ωbmΩ (mΩ)2 − ω2

m

]

From Eq.(2.12)

{
U1

U2

}
= M−1


Pl

2µ
0


=

1
− [ω2

m − (mΩ)2]2 − (2ωbmΩ)2


Pl

2µ
[(mΩ)2 − ω2

m]

Pl

2µ
[−2ωbmΩ]

 (2.13)

Thus the particular solution is

V pm(t) = U1 sinmΩt− U2 cosmΩt

where, U1and U2are given by Eq.(2.13)
The total Solution is

Um(t) = U cm(t) + Upm(t)

Um(t) = e−ωbt[A1 cosωdmt+A2 sinωdmt] +
Pl

2µ
1

− [ω2
m − (mΩ)2]2 − (2ωbmΩ)2[{

(mΩ)2 − ω2
m

}
sinmΩt+ 2ωbmΩ cosmΩt

]
(2.14)
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At t = 0, Um(0) = 0.

∴ A1 =
Pl

2µ
2ωbmΩ

[ω2
m − (mΩ)2]2 + (2ωbmΩ)2

At t = 0, U̇m(0) = 0

∴ A2 =
Pl

2µ
mΩ
ωdm

2ω2
b + (mΩ)2 − ω2

m

[ω2
m − (mΩ)2]2 + (2ωbmΩ)2

Governing Equation,

Üm(t) + 2ωbU̇m(t) + ω2
mUm(t) = 0 (2.15)

Initial conditions for equation of t ≥ T is obtained from the solution of the equation of t ≤ T

evaluated at the t = T .
So,the initial conditions(From Eq.(2.14) evaluating at t = T ) for Eq.(2.15) are,

Um(T ) = e−ωbT [A1 cosωdmT +A2 sinωdmT ] +
Pl

2µ
1

− [ω2
m − (mΩ)2]2 − (2ωbmΩ)2[{

(mΩ)2 − ω2
m

}
sinmΩT + 2ωbmΩ cosmΩT

]

U̇m(T ) = −ωbe−ωbT (A1 cosωdmT +A2 sinωdmT ) + ωdme
−ωbT (−A1 sinωdmT +A2 cosωdmT )+

Pl

2µ
1

− [ω2
m − (mΩ)2]2 − (2ωbmΩ)2

∗
[{

(mΩ)2 − ω2
m

}
sinmΩt+ 2ωbmΩ cosmΩt

]
Let,

Um(T ) = UmT

U̇m(T ) = U̇mT

Solution of the Eq.(2.15) is similar to that of Eq.(2.10).
Um(t) = e−ωb(t−T )[A11 cosωdm(t− T ) +A22 sinωdm(t− T )]
U̇m(t) = −ωbe−ωb(t−T )[A11 cosωdm(t−T ) +A22 sinωdm(t−T )] +ωdme

−ωb(t−T )[−A11 sinωdm(t−
T ) +A22 cosωdm(t− T )]

Um(t) = e−ωb(t−T )[A11 cosωdm(t− T ) +A22 sinωdm(t− T )] (2.16)

U̇m(t) = −ωbe−ωb(t−T )[A11 cosωdm(t− T ) +A22 sinωdm(t− T )]
+ωdme−ωb(t−T )[−A11 sinωdm(t− T ) +A22 cosωdm(t− T )] (2.17)

At t = T, from Eq.(2.16) and (2.17),

UmT = A11

U̇mT = −ωbA11 +A22ωdm
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Therefore,

A11 = UmT

A22 =
1
ωdm

(ωbA11 + U̇mT ) (2.18)

So, the solution for t ≥ T is given by Eq.(2.16) together with Eq.(2.18)



Chapter 3

Piezoelectric Energy Harvester

The term "piezo" is derived from the Greek word for pressure. In 1880 Jacques and Pierre Curie
discovered that an electric potential could be generated by applying pressure to quartz crystals; they
named this phenomenon the "piezo effect". Later they ascertained that when exposed to an electric
potential, piezoelectric materials change shape. This they named the "inverse piezo effect". The first
commercial applications of the inverse piezo effect were for sonar systems that were used in World
War I. A break through was made in the 1940’s when scientists discovered that barium titanate
could be bestowed with piezoelectric properties by exposing it to an electric field[25]

The following few sections are adopted from [26].

3.1 Piezoelectric Effect

Figure 3.1(a)shows a simple molecular model; it explains the generating of an electric charge
as the result of a force exerted on the material. Before subjecting the material to some external
stress, the gravity centres of the negative and positive charges of each molecule coincide. Therefore,
the external effects of the negative and positive charges are reciprocally cancelled. As a result, an
electrically neutral molecule appears. When exerting some pressure on the material, its internal
reticular structure can be deformed, causing the separation of the positive and negative gravity
centres of the molecules and generating little dipoles (Figure 3.1(b)). The facing poles inside the
material are mutually cancelled and a distribution of a linked charge appears in the material’s surfaces
(Figure 3.1(c)). That is to say, the material is polarized. This polarization generates an electric field
and can be used to transform the mechanical energy used in the material’s deformation into electrical
energy.

Figure 3.2(a) shows the piezoelectric material on which a pressure is applied. Two metal plates
used as electrodes are deposited on the surfaces where the linked charges of opposite sign appear.
Let us suppose that those electrodes are externally short circuited through a wire to which a gal-
vanometer has been connected. When exerting some pressure on the piezoelectric material, a linked
charge density appears on the surfaces of the crystal in contact with the electrodes. This polarization
generates an electric field which causes the flow of the free charges existing in the conductor. De-
pending on their sign, the free charges will move towards the ends where the linked charge generated
by the crystal’s polarization is of opposite sign. This flow of free charges will remain until the free
charge neutralizes the polarization effect (Figure3.2(a) ). When the pressure on the crystal stops,
the polarization will disappear, and the flow of free charges will be reversed, coming back to the
initial standstill condition (Figure 3.2(b)). This process would be displayed in the galvanometer,
which would have marked two opposite sign current peaks. If a resistance is connected instead of a

18
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a b c

Figure 3.1: Simple molecular model for explaining the piezoelectric effect: a unperturbed molecule;
b molecule subjected to an external force, and c polarizing effect on the material surfaces[26]

short-circuiting, and a variable pressure is applied, a current would flow through the resistance, and
the mechanical energy would be transformed into electrical energy.

The Curie brothers verified, the year after their discovery, the existence of the reverse process,
predicted by Lippmann (1881) [26]. That is, if one arbitrarily names direct piezoelectric effect, to the
generation of an electric charge, and hence of an electric field, in certain materials and under certain
laws due to a stress, there would also exist a reverse piezoelectric effect by which the application of
an electric field, under similar circumstances, would cause deformation in those materials. In this
sense, a mechanical deformation would be produced in a piezoelectric material when a voltage is
applied between the electrodes of the piezoelectric material, as shown in Figure 3.2. This strain
could be used, for example, to displace a coupled mechanical load, transforming the electrical energy
into mechanical energy.

3.2 Mathematical Formulation of Piezoelectric Effect:A First

Approach

In a first approach, the experiments performed by the Curie brothers demonstrated that the
surface density of the generated linked charge was proportional to the pressure exerted, and would
disappear with it. This relationship can be formulated in a simple way as follows:

Pp = dT

where Pp is the piezoelectric polarization vector, whose magnitude is equal to the linked charge
surface density by piezoelectric effect in the considered surface, d is the piezoelectric strain coefficient
and T is the stress to which the piezoelectric material is subjected. The Curie brothers verified the
reverse piezoelectric effect and demonstrated that the ratio between the strain produced and the
magnitude of the applied electric field in the reverse effect, was equal to the ratio between the
produced polarization and the magnitude of the applied stress in the direct effect. Consistently, the
reverse piezoelectric effect can be formulated in a simple way, as a first approach, as follows:
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a b

Figure 3.2: Piezoelectric phenomenon: a neutralizing current flowing through the short-circuiting
established on a piezoelectric material subjected to an external force; b absence of current through
the short-circuited material in an unperturbed state[26]

Sp = dE

where Sp is the strain produced by the piezoelectric effect and E is the magnitude of the applied
electric field. The direct and reverse piezoelectric effects can be alternatively formulated, considering
the elastic properties of the material, as follows:

Pp = dT = dcS = eS (3.1)

Tp = cSp = cdE = eE

where c is the elastic constant, which relates the stress generated by the application of a strain
(T = cS), s is the compliance coefficient which relates the deformation produced by the application
of a stress (S = sT ), ande is the piezoelectric stress constant. (Note that the polarizations, stresses,
and strains caused by the piezoelectric effect have been specified with the p subscript, while those
externally applied do not have subscript.)

3.3 Piezoelectric Contribution To Elastic Constants

The piezoelectric phenomenon causes an increase of the material’s stiffness. To understand this
effect, let us suppose that the piezoelectric material is subjected to a strain S. This strain will have
two effects. On the one hand, it will generate an elastic stress Te which will be proportional to the
mechanical strain Te = cS; on the other hand, it will generate a piezoelectric polarization Pp = eS

according to Eq.(4.1). This polarization will create an internal electric field in the material Ep given
by :

Ep =
Pp
ε

=
eS

ε
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where ε is the dielectric constant of the material. This electric field, of piezoelectric origin,
produces a force against the deformation of the material’s electric structure, creating a stress Tp =
eEp. This stress, as well as that of elastic origin, is against the material’s deformation. Consistently,
the stress generated as a consequence of the strain S will be:

T = Te + Tp = cS +
e2

ε
S =

(
c+

e2

ε

)
S = c̄S

Therefore, the constant c̄ is the piezoelectrically stiffened constant, which includes the increase
in the value of the elastic constant due to the piezoelectric effect.

3.4 Piezoelectric Contribution To Dielectric Constants

When an external electric field E is applied between two electrodes where a material of dielectric
constant ε exists, an electric displacement is created towards those electrodes, generating a surface
charge densityσv = σvo + σvdwhich magnitude is D = εE . If that material is piezoelectric, the electric
field E produces a strain given by: Sp = dE. This strain of piezoelectric origin increases the
surface charge density due to the material’s polarization in an amount given by: Pp = eSp = edE

(Figure 3.3). Because the electric field is maintained constant, the piezoelectric polarization increases
the electric displacement of free charges towards the electrodes in the same magnitude (σvp = Pp).
Therefore, the total electrical displacement is:

D = εE + Pp = εE + edE = ε̄E

where ε̄ is the effective dielectric constant which includes the piezoelectric contribution.

Figure 3.3: Schematic diagram that explains different electrical displacements associated with a
piezoelectric and dielectric material[26]

3.5 The Electric Displacement and The Internal Stress

As shown in the previous paragraph, the electric displacement produced when an electric field E
is applied to a piezoelectric and dielectric material is
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D = εE + Pp = εE + eSp

Under the same circumstances we want to obtain the internal stress in the material. The reasoning
is the following: the application of an electric field on a piezoelectric material causes a deformation in
the material’s structure given by: Sp = dE. This strain produces an elastic stress whose magnitude
is Te = cSp. On the other hand, the electric field E exerts a force on the material’s internal structure
generating a stress given by: Tp = eE. This stress is, definitely, the one that produces the strain
and is of opposite sign to the elastic stress which tends to recover the original structure. Therefore,
the internal stress that the material experiences will be the resultant of both. That is:

T = cSp − eE

Eventually, both stresses will be equal leaving the material strained and static. If a variable field is
applied, as it is the common practice, the strain will vary as well, producing a dynamic displacement
of the material’s particles. This electromechanical phenomenon generates a perturbation in the
medium in contact with the piezoelectric material.

3.6 Piezoelectric Model[27]

Up to now, to deal with piezoelectric constitutive equations, no attention was paid to the poling
direction. But Piezoelectricity of a material is affected by the Polarising direction. So, the more accu-
rate and customed(IEEE standard on Piezoelectricity) way of representing piezoelectric constitutive
equations are given by :

Direct Piezoelectric Effect:D = e.S + εS .E

Converse Piezoelectric Effect:T = cE .S − et.E

or in matrix form, {
D

T

}
=

[
e εS

cE −et

]{
S

E

}
(3.2)

Let us consider 1-D piezoelectric model of the Figure 3.4. The piezoelectric element is excited
by a base input displacement, yb. The piezoelectric element has a mass Mp and is connected to
a power-harvesting circuit, modeled simply as a resistor. A proof mass, M , is also considered.
Electrode thicknesses are taken to zero (i.e., ignored) in the analysis. Note that the entire structure
is electromechanically coupled in this example, whereas in energy harvesters such as uni-morph/bi-
morph configurations, a portion of the structure will be inactive.

For this model, the equation (3.2) can be simplified to,

D3 = e33S3 + εS33E3 (3.3)

T33 = cE33S − et33E33 (3.4)

The D,E, S, and T matrices are defined as developed electric displacement, applied electric field,
applied strain, and developed stress, respectively.e is also referred to as the piezoelectrically induced
stress tensor as it relates the stress to electric field. cE is the stiffness matrix. The superscripts E
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Figure 3.4: 1D Piezoelectric energy harvester model

and S indicate a parameter at constant (typically zero) electric field and strain respectively, while
superscript t indicates the transpose of the matrix.

From a force equilibrium analysis, the governing equations can be found in terms of the constitu-
tive relations (Eqs.(3.3) and (3.4)) and device parameters, defined in Figure (3.4). The piezoelectric
element is poled in the x3 direction. The strain is related to the device parameters through S3 = y

tp

and the electric field is defined as E3 = − v
tp
, y is the relative displacement in the figure. The ap-

proximate total mass1 of the system is mt = M + 1
3Mpand m = mt

Ap
is the mass per cross sectional

area. Apis the cross sectional area of the electrodes(or the piezoelectric element).The stress is the
force per area, or T3 = −mt(ÿ+ÿb)

Ap
= −m(ÿ + ÿb). yb is the base acceleration and q is the charge

developed on the electrodes. The overhead dot indicates the time derivative of the variable. The
electric displacement, D3, is the charge on the electrodes per unit area. These all give,

mÿ + cE33

y

tp
+ e33

v

tp
= −meÿb (3.5)

D3 = e33
x

tp
− εS33

v

tp
=

q

Ap
(3.6)

Both equations are multiplied by Apand a convenient electromechanical coupling term θ =
− e33Ap

tp
, is defined. Furthermore, k = cE

33Ap

tp
is the effective stiffness. The capacitance is defined

in terms of the constrained permittivity: Cp = εS
33Ap

tp
. The overhead dot indicates the time deriva-

tive. The second governing equation (sensing equation), Eq.(3.6), can be written in terms of the
current, i = dq

dt , by taking the time derivative. For the purely resistive electrical load (as has been
assumed), the current can be related to the voltage developed through v = iRp. The equivalent re-
sistance, Rp, is the parallel resistance of the load and the leakage resistances, Rl and Rp respectively.
In general, the leakage resistance is much higher than the load resistance [27], so that Rp ≈ Rl. With
these definitions and substitutions, Eqs.(3.7) and (3.8) are obtained from Eqs. (3.5) and (3.6).

mÿ + ky − θv = −mÿb (3.7)

θẏ + Cpv̇ +
1
Rl
v = 0 (3.8)

11For longitudinal vibrations of a rod, the resonance frequency is often estimated by lumping one third of the mass
of the rod at the tip. Together with the proof mass, this defines an approximate effective mass for the system.
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Note that Eq.(3.7), without the θv coupling term, is the familiar dynamic equation of motion for
a 1 degree-of-freedom spring-mass system. If viscous damping, cd (proportional to the velocity ẏ) is
added to the system, the total model is represented by the equations,

mÿ + cdẏ + ky − θv = −mÿb (3.9)

θẏ + Cpv̇ +
1
Rl
v = 0 (3.10)

The initial conditions are assumed as follows:
At t = 0, y = 0

yb = 0
ẏ = 0
ẏb = 0

3.6.1 Frequency domain representation

Taking Laplace transform[28] of Eq.(3.9) and applying initial conditions,

m
[
s2Y (s)− sy(0)− ẏ(0)

]
+ c [sY (s)− y(0)] + kY (s)− θV (s) = −m

[
s2Yb(s)− syb(0)− ẏb(0)

][
ms2 + cs+ k

]
Y (s)− θV (s) = −ms2Yb(s)

Putting s = jω,

[
m(jω)2 + c(jω) + k

]
Y (ω)− θV (ω) = m(jω)2Yb(ω)[

−mω2 + jcω + k
]
Y (ω)− θV (ω) = mω2Yb(ω)[

−ω2 + j
c

m
ω +

k

m

]
Y (ω)− θ

m
V (ω) = ω2Yb(ω)

(−ω2 + 2jωζhωh + ω2
h)Y (ω)− θ

m
V (ω) = ω2Yb(ω)

where,natural frequency of the energy harvester, ωh =

√
k

m
and the harvester damping,ζh =

c

2mωh
Dividing by ω2

h,

(−ω
2

ω2
h

+ 2j
ω

ωh
ζh + 1)Y (ω)− θ

mω2
h

V (ω) =
ω2

ω2
h

Yb(ω)

Let,Ωh =
ω

ωh

[(
1− Ω2

h

)
+ 2jζhΩh

]
Y (ω)− θ

k
V (ω) = Ω2

hYb(ω)

Taking Laplace transform of Eq.(3.9) and (3.10)
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s [sY (s)− y(0)] + Cp [sV (s)− v(0)] +
1
Rl
V (s) = 0[

θsY (s) + (Cps+
1
Rl

)V (s)
]

= 0

Putting s = jω, and dividing by Cp,

jω
θ

Cp
Y (ω) +

(
jω +

1
CpRl

)
V (ω) = 0

Again Dividing by ωh,

j
ω

ωh

θ

Cp
Y (ω) +

(
j
ω

ωh
+

1
CpRlωh

)
V (ω) = 0

Let, α = ωhCpRl

jΩh
θ

Cp
Y (ω) +

(
jΩh +

1
α

)
V (ω) = 0

jΩh
αθ

Cp
Y (ω) + (jΩhα+ 1)V (ω) = 0

In Matrix Form,
(
1− Ω2

h

)
+ 2jζhΩ − θ

k

jΩh
αθ

Cp
(jΩhα+ 1)

{ Y (ω)
V (ω)

}
=

{
Ω2
hYb(ω)

0

}
(3.11)

Let,

M =


(
1− Ω2

h

)
+ 2jζhΩh − θ

k

jΩh
αθ

Cp
(jΩhα+ 1)


det M =

[(
1− Ω2

h

)
+ 2jζhΩh

]
(jΩhα+ 1)−

(
− θ
k

)
jΩh

αθ

Cp

= jΩhα− jΩ3
hα+ 1− Ω2

h + (−2ζhΩ2
hα) + 2jζhΩh +

αθ2

kCp

= (jΩh)3α+ (2ζα+ 1)(jΩh)2 + (α+ κ2α+ 2ζh)(jΩh) + 1

= ∆l(jω)

where,
θ2

kCp
= κ2 and ∆l(jω) = (jΩh)3α+ (2ζhα+ 1)(jΩh)2 + (α+ κ2α+ 2ζh)(jΩh) + 1

So, from Eq.(3.11),
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M−1M

{
Y (ω)
V (ω)

}
= M−1

{
Ω2Yb(ω)

0

}
{

Y (ω)
V (ω)

}
=

1
∆l

 (jΩα+ 1) − θ
k

jΩ
αθ

Cp

(
1− Ω2

)
+ 2jζhΩ

{ Ω2Yb(ω)
0

}

=

 (jΩα+ 1) Ω2Yb(ω)/∆l

jΩ
αθ

Cp
Ω2Yb(ω)/∆l

 (3.12)

Eq.(3.12)gives the frequency domain representation of the displacement y of Eq.(3.9) and voltagev
of Eq.(3.10) through Y (ω)and V (ω)respectively.So, in other way, Eq.(3.12)is the frequency domain
representation of the 1D energy harvester of Figure 3.4



Chapter 4

Mathematical Modelling and Results

The previous two chapters were devoted to develop the theory of the bridge dynamics under a
moving constant load and 1D modelling approach of a simple Piezoelectric energy harvester, respec-
tively. Based on these a novel idea is presented in this chapter combining these two. The feasibility
of the concept of using bridge vibration as an input to the Piezoelectric energy harvester is studied
in terms of micro scale power production with the help of an adopted theoretical example.

4.1 Mathematical Model of Energy Harvester for Bridge

In Chapter (2), the bridge dynamics under a constant moving load was discussed. The frequency
domain solution of the bridge deflection is given by Eq. (2.7) as,

U(x, ω) =
∑∞
n=1

1
(−ω2

n + 4jωζnωn + ω2
n)

1√
2π

P l

2µ
1
2j
∗

∗
(
ej(nΩ−ω)T

j(nΩ− ω)
+
ej(nΩ−ω)T

j(nΩ + ω)
− 1
j(nΩ− ω)

+
1

j(nΩ + ω)

)
sin
(nπx

l

)
(4.1)

where the symbols having the same meaning as in Chapter 2.
From Chapter 3, the 1D Piezoelectric energy harvester model’s deflection as input and generated

voltage as output is given by Eq.(3.12) as,

{
Y (ω)
V (ω)

}
=

 (jΩα+ 1) Ω2Yb(ω)/∆l

jΩ
αθ

Cp
Ω2Yb(ω)/∆l

 (4.2)

where,
θ2

kCp
= κ2 , ∆l(jω) = (jΩ)3α+ (2ζα+ 1)(jΩ)2 + (α+ κ2α+ 2ζ)(jΩ) + 1 and the symbols

having the same meaning as previous.
The second of Eq.(3.2) gives the generated voltage V (ω), in terms of the base deflection Yb(ω)

of the harvester. This base deflection is obtained from the structure on which the harvester is
mounted, for the case under consideration it is the bridge. Hence, the bridge deflection U(x, ω)
given by Eq.(4.1) is nothing but the profile of the harvester deflection Yb(ω) under the moving load
condition as the harvester is mounted on the bridge.1

Power ooutput is given by,

Power =
V 2

Rl
(4.3)

1It is assumed that at a specific location,x of the bridge the deflection of the bridge and the harvester are same i.e.
U(x, ω) ≈ Y (ω)
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where V is the voltage from the Eq.(4.2) and Rlis the load resistance set to the circuit.

4.2 Example.
The best way to get the insight into the developed physical system is to assign numerical values to
constants and then change the parameters to identify their relative interactions. With this end in
mind, for the bridge model the following data are adopted[30]2The bridge is considered to be under
a moving load of 1000N .

Table 4.1: Bridge parameters[29]
Bridge parameter Value
Crossectional Area, A 2m2

Mass per unit length,µ 4800kg/m
Elastic modulus,E 27.5GN/m2

Moment of inertia,I 0.12m4

Similarly, a Piezoelectric energy harvester, as shown in the Figure 4.1, of PVDF(Polyvinylidine
fluoride) material is adopted[30].The stave is laminated in a bi morph design around a 1mm plastic
substrate. Sheets of 28 micron PVDF were inked with a stretched hexagon electrode pattern and
laminated in two 8-layer stacks on each side of the substrate as in Figure 4.1.

Figure 4.1: PVDF Stave(Top and Side View)[30]

The properties of this stave are as follow:
2Due to inaccessibility of practical verification opportunities, the bridge and the harvester data are adopted instead

of preparing a test specimen
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Table 4.2: PVDF Stave Properties[30]
Property Symbol Value Units
Young’s Modulus E 2.4 109N/m2

Piezo Stress Constant e31 75 10−3C/m2

Total Area(For 16 Sheet) A 0.104 m2

Thickness t 28 10−6m
Capacitance Cp 330 10−9F
Damping ratio ξ 0.0385
Density ρ 1.78 103Kg/m3

Frequency ωh 2 Hz

Based on table(4.2), the following parameters are calculated,

Mass,Mh = ρAt

= 1.78 ∗ 0.104 ∗ 28 ∗ 10−6

= 5.18336 ∗ 10−6kg

Spring Constant,Kh = ω2
h ∗M

= (2 ∗ 6.28)2 ∗ 5.18336 ∗ 10−6

= 1.489 ∗ 10−4N/m

Electromechanical Coupling,θ = −e31Ap
tp

= −0.075 ∗ 0.104
28 ∗ 10−6

= −278.57C/m

Load resistance of the harvester circuit was set at 200KΩ
Therefore,

Dimensionless time constant,α = ωhCpRl

= 2 ∗ 6.28 ∗ 330 ∗ 10−9 ∗ 200 ∗ 103

= 0.173448
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4.3 Results

Based on this numerical model, the output power is examined changing the harvester position, vehicle
velocity, bridge length and corresponding bridge damping. A summarized result is presented in the
table(4.3),(4.4) and (4.5). It is followed by graphs of maximum power output for different bridge
lengths for each harvester position.

Table 4.3: Piezoelectric energy harvester placed at 1
4Th of the bridge length

Bridge length,l(m) Velocity,c
(mi/hr)

Maximum
Power,V

2

R (10−6W )
Maximum Power(10−6W ) Velocity,c(mi/hr)

20 0.1223
40 1.013

25 60 0.4933 1.013 40
80 0.143
100 0.3136
20 52.07
40 9.795

50 60 14.4 52.07 20
80 4.956
100 2.492
20 52.1
40 148.5

75 60 35.01 148.5 40
80 15.84
100 13.19
20 592.5
40 282.3

100 60 87.45 592.3 20
80 55.64
100 53.59

Table 4.4: Piezoelectric energy harvester placed at 1
2Th of the bridge length

Bridge length,lm Velocity,c
(mi/hr)

Maximum
Power,V

2

R (10−6W )
Maximum Power(10−6W ) Velocityc(mi/hr)

20 0.0243
40 2.032

25 60 0.9897 2.032 40
80 0.3909
100 0.1295
20 124.5
40 19.45

50 60 4.784 124.5 20
80 6.03
100 3.974
20 104.6
40 9.875

75 60 73.74 104.6 20
80 23
100 26.9
20 9.72
40 141.3

100 60 47.16 141.13 40
80 114.1
100 50.34
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Table 4.5: Piezoelectric energy harvester placed at 3
4Th of the bridge length

Bridge length,lm Velocity,c
(mi/hr)

Maximum
Power,V

2

R (10−6W )
Maximum Power (10−6W ) Velocity,c(mi/hr)

20 0.1199
40 1.019

25 60 0.4956 1.019 40
80 0.15
100 0.3255
20 52.44
40 9.954

50 60 15.09 52.44 20
80 4.904
100 2.729
20 52.48
40 154.6

75 60 37.84 154.6 40
80 15.91
100 13.9
20 597.4
40 305.1

100 60 96.88 597.4 20
80 58.64
100 62.11

4.3.1 Harvester Placed at 1
4
Th of the Bridge Length

Among the 5 velocity considerations, 40 mi/hr produces the maximum power for bridge length
25m at the first natural frequency of the bridge.Figure 4.2 shows the graph for this.
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Figure 4.2: At velocity 40 mi/hr

Among the 5 velocity considerations, 20 mi/hr produces the maximum power for bridge length
50m at the first natural frequency of the bridge.Figure 4.3 shows the graph for this.
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Figure 4.3: At velocity 20 mi/hr

Bridge length=75m

Among the 5 velocity considerations, 40 mi/hr produces the maximum power for bridge length
75m at the second natural frequency of the bridge.Figure 4.4 shows the graph for this.

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
10

−12

10
−10

10
−8

10
−6

10
−4

10
−2

 

 

X: 0.251
Y: 0.0001485

Frequency(Hz)

P
o

w
e

r(
W

)

Output Power(abs(P)) vs Frequency(w)

Bridge Damping=0.01
Bridge Damping=0.03
Bridge Damping=0.05

Figure 4.4: At velocity 40 mi/hr

Among the 5 velocity considerations, 20 mi/hr produces the maximum power for bridge length
100m at the second natural frequency of the bridge.Figure 4.5 shows the graph for this.
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Figure 4.5: At velocity 20 mi/hr

4.3.2 Harvester Placed at 1
2
of the Bridge Length

Among the 5 velocity considerations, 40 mi/hr produces the maximum power for bridge length
25m at the first natural frequency of the bridge.Figure 4.6 shows the graph for this.
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Figure 4.6: At velocity 40 mi/hr

Among the 5 velocity considerations, 20 mi/hr produces the maximum power for bridge length
50m at the first natural frequency of the bridge.Figure 4.7 shows the graph for this.
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Figure 4.7: At 20 mi/hr

Among the 5 velocity considerations, 20 mi/hr produces the maximum power for bridge length
75m at the first natural frequency of the bridge.Figure 4.8 shows the graph for this.
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Figure 4.8: 20 mi/hr

Among the 5 velocity considerations, 40 mi/hr produces the maximum power for bridge length
100m at the fourth natural frequency of the bridge.Figure 4.9 shows the graph for this.
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Figure 4.9: At velocity 40 mi/hr

4.3.3 Harvester Placed at 1
4
of the Bridge Length

Among the 5 velocity considerations, 40 mi/hr produces the maximum power for bridge length
25m at the first natural frequency of the bridge.Figure 4.10 shows the graph for this.
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Figure 4.10: At velocity 40 mi/hr

Among the 5 velocity considerations, 20 mi/hr produces the maximum power for bridge length
50m at the first natural frequency of the bridge.Figure 4.11 shows the graph for this.



CHAPTER 4. MATHEMATICAL MODELLING AND RESULTS 36

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
10

−13

10
−12

10
−11

10
−10

10
−9

10
−8

10
−7

10
−6

10
−5

10
−4

 

 

X: 0.141
Y: 6.244e−005

Frequency(Hz)

P
o

w
e

r(
W

)

Output Power(abs(P)) vs Frequency(w)

Bridge Damping = 0.01
Bridge Damping = 0.03
Bridge Damping = 0.05

Figure 4.11: At velocity 20 mi/hr

Among the 5 velocity considerations, 40 mi/hr produces the maximum power for bridge length
75m at the first natural frequency of the bridge.Figure 4.12 shows the graph for this.
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Figure 4.12: At velocity 40 mi/hr

Among the 5 velocity considerations, 20 mi/hr produces the maximum power for bridge length
100m at the first natural frequency of the bridge.Figure 4.13 shows the graph for this.
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Figure 4.13: At velocity 20 mi/hr

4.4 Summary on Results

1. According to the results obtained,no single velocity can be specified for the maximum power
generation. The maximum generated power occured either at 20mi/hr or 40mi/hr among the
5 velocity considerations:20, 40, 60, 80 and 100mi/hr. For couple of cases the maximum power
is seconded by the one at 60mi/hr.

2. Bridge length of 75m and 100m turned out to be the most promising one as over a wide range
of velocity the output power is good enough for powering small scale sensors.

3. Both the harvester location at 1
4Th and 3

4Th of the bridge length are found to be considered
as potential application places for a considerable band width of velocities.

4. For each case, increasing the damping decreases the power production

5. Among all the possible cases considered here, the maximum power output is notified at the
3
4Th of the bridge length when the bridge is of 100m length and under the moving load velocity
20mi/hr.



Chapter 5

Discussion

From close scrutinizing of the generated MATLAB programme results(listed in previous chapter) the
following points note worthy:

1. There are three distinct frequency very important in this problem contrast:(a)Bridge natu-
ral frequency,(b)Harvester natural frequency and (c) Excitation frequency(related to vehicle
speed). To achieve higher efficiency, it is necessary to match the resonance frequency of the
transducer with the most distinct frequency of the vibration source. Jeon et al. adjusted[21]
various mechanical parameters, including the resonant frequency and the location of a har-
vester, to maximize the strain induced in the piezoelectric element in order to improve power
output. The power generation was increased by a factor of 25 when the frequency of the har-
vesting device was well tuned to that of the structure. Roundy and Wright[9] also suggested
that the harvesting system should be designed such that the harvester could be excited at
its resonance. The proof mass is usually used to maximize the power output. The vibration
present in a structure is, however, usually much lower than the resonance of a harvesting device
and often changes during operation; therefore, this vibration does not always effectively couple
energy to the harvester. The optimization of the transducer setup and geometry is one of the
most challenging tasks during the design, but it has received less attention from researchers.

2. The harvester material natural frequency is cautiously chosen to be low so as to close to that
of bridge first natural frequency. As described in the previous point, it enhances the possibility
of picking up the usual maximum deflection of the bridge successfully and hence producing usu
able power. Bearing this is in mind, it is interesting to note that, the pick powers are generated
at the natural modes of the bridge only, not at the harvester one. It may be paraphrased as,
if the harvester material is chosen such that its fundamental natural mode is close to the
bridge fundamental natural frequency, then from different vehicle speed maximum power can
be located at the bridge mode frequencies only.

3. At slower vehicle speed, in the power generation graph, more picks and valleys are notified
than the higher speeds. It is well expected as the vehicle moves slower, it gets more time to
interact with the bridge and so the response is also more.

4. Whenever a vehicle moves on a bridge, theoretically,it excites infinite number of modes of
the bridge.But the considerable amount of excitation generally comes from the first few mode
shapes and more precisely the major contribution from the first mode shape irrespective of the
speed. As the speed goes up, more modes with considerable amount of excitations are noted.

38



CHAPTER 5. DISCUSSION 39

5. Naturally, with a longer span length the first natural mode shape frequency of the bridge be-
comes smaller than that of its shorter counter part and there are more possibilities of promising
excitation of more than one bridge mode shapes arise.

6. The harvester is considered at 3 distinct places along the bridge span length. Also, for every
velocity of the vehicle, the deflection is calculated for the first 10 natural frequencies corre-
sponding to the first 10 mode shapes of the bridge. In other words, the deflection calculated is
the summation of the contribution from different mode shapes of the bridge. The consequence
is that the same place which is deflected for one mode shape in a certain direction and hence
a promising candidate for the energy harvesting purpose may have an opposite deflection for
some other mode shape at the same place and hence nullify the advantage of greater deflection
in first case.



Chapter 6

Conclusion

This thesis was conducted with a focus on exploring the qualitative nature of the bridge dynamics
interaction with the piezoelectric energy harvester. A simply supported beam with a constant moving
load was considered for the bridge dynamics while the piezoelectric energy harvester was represented
with a 1D model. Later on, physical sytems for the bridge and the energy harvester were adopted
from two disticnt research and coupled together under the developed model. Different velocity,
bridge length and harvester location on the bridge are monitored. The maximum power(0.6µW ) is
obtained at 3

4Th of the bridge length when the bridge is of 100m length and under a constant moving
load of 1000N at a speed of 20mi/hr.This power is not sufficient enough to meet power consumption
requirements of different components of a structural health monitoring sytem(Reference values can be
found at Table 1.1). But if only power requirement for data tranmission is taken into consideration,
theoretically, this power is capable of sending Radio frequency data at 30m distance per 4s(Reference
to Table(1.2)), provided the above mentioned moving load conditions are mentained.
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Chapter 7

Further recommendation

1. In this thesis, Bridge dynamics is modelled as a simply supported beam with a constant load
moving on it. This simplification is good enough for the first approach.But the practicality
does not resemble so. Next step should be considering the vehicle dynamics of the simplest
form with a moving mass and spring. A more complexity can be added later on by considering
different vehicle dynamics and hence leading to a complete understanding of the whole scenario.

2. The efficiency of the power harvesting circuitry must be maximized to allow the full amount of
energy generated to be transferred to the storage medium. The continuous advances that are
being made in low power electronics must be studied and utilized to both optimize power flow
from the piezoelectric and minimize circuit losses. Gains in this area are a necessity for the
successful use of piezoelectric materials as power harvesting devices.The thesis was modelled
with a single resistence load. An inductor circuit consideration opens up much flexibility over
the generated power management.

3. The major limitations facing researchers in the field of power harvesting revolve around the
fact that the power generated by piezoelectric materials is far too small to power most electron-
ics. Therefore, methods of increasing the amount of energy generated by the power harvesting
device or developing new and innovative methods of accumulating the energy are the key tech-
nologies that will allow power harvesting to become a source of power for portable electronics
and wireless sensors.

4. Last but not the least, experimental set up is a necessity to verify any kind of theoretical
outcome.
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