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Exercise 1
Part A.
a-Vp—V-(Wp)+o:p=s inQ

Multiplying by a test function w yields:

joo(a-Vp)dQ—jooV-(va)dQ+foo0-de=foosdQ
Q Q Q Q

Integrating by parts, the weak form of a problem is obtained:

joo(a-Vp)dQ+fVoo-(va)dQ+fooc-de=foosdﬂ+ ju)deF
Q Q Q Q n

forall w

Discretization of the weak form using Galerkin approximation p"*(x) = 2. pj N;(x) yields:

fooh(a-Vph)dQ+fth-(vah)dQ+fooho-ph dQ = f wlsdQ + foohth dr
o) o) Q Q I'n

Part B. The problem was solved using quadrilateral elements with h = 0.2. The convective term a
is in the x direction.

The MATLAB code was modified in order to include the reaction term and impose Dirichlet
boundary conditions p = 0in T4, p = 1 in I, and Neumann boundary conditions in all other parts
of the boundary.

Case 1. The parameters of the this case are the following:
||a|| = 1,v = 0.001, 10 linear elements in each direction,c = 1073,s = 0. The solution for p
has spurious oscillations, see Figure 1.



Figure 1. The solution of case 1 using Galerkin space discretication
The reason for this oscillations is a high Péclet number.

Case 2. The parameters of the this case are the following:
[lal| = 1073,v = 0.001, 10 linear elements in each direction,c = 1,s = 0.

Figure 2. The solution of case 2 using Galerkin space discretication

Case 3. The parameters of the this case are the following:
||a|| = 1,v = 0.001, 10 linear elements in each direction,c = 0,s = 1. The solution for p has
spurious oscillations, see Figure 1.

Figure 3. The solution of case 3 using Galerkin space discretication



For the same reason as in the case 1, spurious oscillations appear, which are amplified by a source
term.

Case 4. The parameters of the this case are the following:
||a|| = 1,v = 0.001, 10 linear elements in each direction,oc = 1,s = 0

Figure 4. The solution of case 4 using Galerkin space discretication

Part C. In Case 2 the Péclet number is small Pe = 1, comparing to Pe = 50, in other cases.
Therefore stabilization effect would not be so clearly seen in Case 2. Moreover, it is reaction-
dominated. For the reaction-dominated cases Galerkin, SUPG, GLS give similar results [1, p. 77].
So for cases 2 and 4 SGS is the most effective method of solution. As we are interested in
comparing Galerkin, SUPG and GLS solutions, the case 1 was chosen for the studying the influence
of this methods. However, Case 3 also has sense to be used for these purposes.

Derivation and implementation of SUPG. We start from a weak form of the problem:

jwh(a-Vph)dQ+jVooh-(vah)dQ+Joohc-ph dQ = j whsdQ f w"ph dl
Q Q Q by I

We introduce consistent stabilization term:

Z f (a-VoMr((a-Vp") —V-(Wp") + 0 pt —s)dQ
o)

e

Unlike Streamline Upwind (SU), we multiplied all the terms by stabilization parameter and
therefore developed consistent stabilization technique:

j w'(a-VpMdQ + J Vo - (WWpM)da + f who - phdQ +
Q Q by

+Zf(a-Vph)T((a~Vph)—V- (Vo) + op™dQ = f whsdQ+Zf(a'Vph)‘csdQ+ f whth dr
e O Q e O

I'n



Derivation and implementation of GLS. We impose that stabilization term is element-by-element
weighted least-squares formulation of the differential equation. So the stabilization introduced by
GLS is as follows:

Z j(a ‘Vph =V - (WpM) + 6 pM1((a-Vp") = V- (WWp") + 0 - p" — 5)dQ
e 0

After addition of stabilization term to the equation, we have obtained:

fwh(a-Vph)dQ+wah-(vah)dQ+fwhc-ph dQ+Zf(a-Vph—V-(vah)+0-ph) .
Q Q Q e Q

-t((a-Vp") = V- (Wp") + op™)da = f w"sdQ + Z f (a-Vp")rsdQ + f whph dT
Q e 0 I

If the elements are linear V - (vWp") = 0 both for SUPG and GLS.

Apart from the modification of the code to include SUPG and GLS FEM system, the stabilization
parameter definition was modified.
h 9 NG
= — —_— —_ _1/2
' Za(l-l_Pe2 +(2a 0) )

This is fourth-order accurate formula, which takes into account reaction.
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Figure 5. Solution using SUPG (a) and GLS (b) stabilization technique

Comparing to Galerkin space discretization (Figure 1.) this method gives stable solution without
spurious oscillations. As the source term o is small the solution of SUPG and GLS is nearly the
same.

Part D. Boundary conditions in the code were changed to impose p =1inT,, p =2 inT,, see
Figure 6. Then Neumann boundary conditions were imposed in I',, see Figure 7.



Figure 6. Solution using SUPG stabilization technique withp =1inT,, p=2inT,

Figure 7. Solution using SUPG stabilization technique with p = 1 in ', and Neumann boundary
conditions in T,

Exercise 2

Part A. The SUPG formulation is used for space disretization. To develop expression for Crank-
Nicolson method we start from the strong form of the problem

a-Vp—-V-(Wp)+o:-p=s inQ

The Taylor expansion, neglecting third order and higher terms yields:
1
p(E™*) = p(e™) + Atpy (") + 5 46% pee (") + 0 (487)

From the strong form we can obtain time derivatives up to degree, which we are interested in.
pt=s—a-Vp+V-(Wp)—o0o-p
pir =st—a-Vp +V-(Wp) —o-p
The general formula for 8 methods:

p(t™*h) — p(t™)
At

1
— 0p,(t"*1) + (1 — 0)p, (E") + 0((2 - e) At, At?)

For our purposes it is convenient to represent this equation in incremental form:

A—p—ﬁﬁp = pt
At t t



Here 4p = p(t"*") — p(t™) and 4p, = p,(t™*") — p.(t™)

After inserting time derivatives in the incremental equation we have obtained time-discrete scheme
of the problem:
Ap

E—H(a-V+V-(vV)—0)Ap=Hs"+1+(1—9)s”—(a-V+V-(vV)—cr)p"

Crank-Nicolson method corresponds to 8 = -. Therefore the final expression is as follows:

1
2
Ap 1 1
——E(a-V+V-(VV)—0)Ap=§

o (s""1+s")—(@a-V+ V- (W) —o)p"

Part B. The code was modified and used to solve the problem with the following parameters:
convective terma(x,y) = (—x, —y), diffusion parameter v = 0.04, reaction term ¢ = 0.001, 40
elements in each direction, homogeneous Dirichlet boundary conditions p =0 in Ty, p=1inT,.
Total time of simulation is 4 seconds, 160 time steps are used.

The proposed initial solution x,(x,0) = x(2 — x) was used and results were obtained. Crank-
Nicolson and Padé give the same result, see Figure 8.
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Figure 8. Solution using SUPG for space and Crank-Nicolson and Padé for time

It is obvious that the proposed initial solution does not conform with initial solution at the boundary
I',. Therefore it was decided to change the initial solution to the one,which conforms with given

boundary conditions. The new initial condition is x,(x,0) = 1 — g see Figure 9.
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Figure 9. Proposed nonconforming initial condition (a) and new conforming initial condition (b)

Solution using Padé approximation is more computationally intensive and takes more time.
Therefore Crank-Nicolson method is used in Part C to study discretization sensitivity.

Part C. The time frame of t €[0,4] is considered, so that transient behaviour could be fully
analyzed. Mesh discretization sensitivity for the case was studied, see Figure 10.
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Figure 10. Solutions for 10 elements (a), 40 elements (b), 60 elements (c)



The 10-element mesh has some instabilities and lacks accuracy in general. The solution is
converged, while the mesh is refined.

Then the time discretization sensitivity was studied at Crank-Nicolson scheme, see Figure 11.
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Figure 11. Solutions for 110 time steps (Courant number: 2.6) (a), 250 time steps (Courant number:
1.15) (b), 3 time steps (Courant number: 96.1480) (c)

As Crank-Nicolson scheme is semi-implicit, it can stand very small time steps. Even when 3 time
steps are done, only small spurious oscillations appears.

Part D. The code was modified to study quadratic elements with SUPG space discretizations and
parameters from Part C, see Figure 12.



(a) (b)
Figure 12 Solution using quadratic elements (a), solutions using linear elements (b)

The stabilization, which is used, is not optimal for quadratic elements. Therefore an optimal
parameter should be found practically to obtain good results.
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