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1 2D steady transport equation

1.1 Developing discrete form of the Galerkin/Least-Square (GLS) for
steady convection-diffusion-reaction equation

The steady convection-diffusion-reaction equation is given by:

a-Vu—V-(vVu)+ou=s (1)

which is alternatively written as:

The Galerkin weak form of equation (1) is written as:

(w,a- VU)Q + (Vuw, VVU)Q + (w, ou)Q = (w, S)Q + (w, h)rN (3)
The general form of a consistent stabilization technique is:

(w,a- Vu)Q + (Vuw, VVU)Q + (w, O'U>Q + Z/Q P(w)TR(u) dQ = (w, S)Q + (w, h>pN (4)

For Galerkin/Least Square (GLS), the operator P applied to the test function w is defined as:

P(w) = L(w) =a-Vw—V-(vVuw) + ow (5)

Therefore, the weak form for the GLS method is written as:
(w, a- Vu)Q + (Vw, I/VU)Q + (w, O”LL)Q

+ Z/Qe l[a-Vw—V-(vVw) +ow|r[a- Vu— V-(vVu) + ou] d ©)

= (ws)g + (w k), + 3 [ o Ve V-0V +oulrs an

and the corresponding part of the Matlab code is:

1 % GLS

2 Ke = Ke + (N_ig'=* (ax*Nx+ay*Ny) + nux* (Nx'*Nx+Ny'xNy) + N_ig'*sigmaxN_ig + ...
3 taux ((ax*Nx+ay*Ny) - nux (N2x+N2y) + sigmaxN_ig) "x...

4 ((ax*Nx+ay*Ny) — nux* (N2x+N2y) + sigmaxN_ig)) *dvolu;

5 aux = N_igxXe;

6 f_1ig = SourceTerm(aux);

7 fe = fe + (N_ig + taux ((ax*Nx+ay*Ny) - nux (N2x+N2y) + sigmaxN_ig ))'*...

8 (f_igxdvolu);




1.2 2D steady convection-diffusion
1.2.1 Downwind homogeneous natural boundary conditions

Considering a homogeneous convection-diffusion problem on a square
domain [0, 1] x [0, 1] shown in Figure 1. Discontinuous Dirchlet bound-
ary conditions are imposed on the inlet boundary. On the outlet
boundary (drawn in green), homogeneous (zero) Neumann boundary
(natural) condition is applied. The convection velocity is of magni-
tude ||a| = 1 and is skew to the mesh with an angle 30°, and the
diffusion coefficient is ¥ = 10~*. The mesh is composed of 10 bilinear
quadrilateral elements in each direction. The solutions obtained using
different spatial discretization techniques are shown in Figure 2. It
is noticed that Galerkin formulation doesn’t satisfactorily resolve the
discontinuity and produces spurious oscillations (nearly pure convec-
tion). The artificial diffusion method introduces too much crosswind
diffusion. The SUPG and GLS produce much better results, where
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less crosswind diffusion is added and the oscillations of the Galerkin formulation are reduced.
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Figure 2: Galerkin, artificial diffusion, SUPG and GLS solution for the 2D steady convection-
diffusion problem with downwind natural conditions, using bi-linear quadrilateral elements.

(Peclet number = 500)



Keeping all the parameters the same but changing the order of elements from p =1 to p = 2,
i.e. using bi-quadratic quadrilaterals, the solutions obtained are shown in Figure 3. Better
representation of the discontinuity is obtained. However, the Galerkin and artificial diffusion
methods still don’t provide acceptable results. The results prove that the modifications made
to the code, to account for quadratic elements, are correct. The details of the modifications
and additions to the code are shown in appendix A.1.

(c) SUPG (d) GLS

Figure 3: Galerkin, artificial diffusion, SUPG and GLS solution for the 2D steady convection-
diffusion problem with downwind natural conditions, using bi-quadratic quadrilateral elements.
(Peclet number = 500)



1.2.2 Downwind homogeneous essential boundary conditions

Next, the problem is solved with homogeneous essential boundary conditions (zero Dirchlet)
on the outlet boundary. The solution now involves a thin boundary layer at the outlet as seen
in Figure 4. However, the boundary layer is not well captured because of the coarse mesh
employed. It is observed that the Galerkin formulation yields completely unstable solution.

Again, the artificial diffusion method introduces excessive numerical diffusion. Better results
are obtained using SUPG and GLS.

The modifications to the code, to account for zero Dirchlet boundary conditions on the
outlet boundary, are shown in appendix A.1.1 (lines 43 to 46 and 80 to 87).

(c) SUPG (d) GLS

Figure 4: Galerkin, artificial diffusion, SUPG and GLS solution for the 2D steady convection-
diffusion problem with downwind essential boundary conditions, using bi-linear quadrilateral
elements. (Peclet number = 500)



The solution for the problem with zero Dirchlet condition on the outlet boundary using bi-
quadratic quadrilaterals is shown in Figure 5. Similar conclusions as in the case of bi-linear
elements are obtained. However, it is clearly seen the more accurate representation of the
boundary layer at the outlet in the stable solutions.
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Figure 5: Galerkin, artificial diffusion, SUPG and GLS solution for the 2D steady convection-
diffusion problem with downwind essential boundary conditions, using bi-quadratic quadrilat-
eral elements. (Peclet number = 500)



1.3 2D steady convection-diffusion-reaction

1.3.1 Convection-reaction-dominated case

Setting the following parameters: |la|| = 1/2, v = 107%, ¢ = 1, s = 0, downwind essential
boundary conditions, bi-linear quadrilateral elements. The solution is shown in Figure 6. It is
seen that the Galerkin formulation yields unstable solution because the Peclet number is 250
(more than 1) as the problem is convection dominated. It is also noted that the stabilized
methods yields satisfactory solutions.

(a) Galerkin (b) Artificial diffusion

(c) SUPG (d) GLS

Figure 6: Galerkin, artificial diffusion, SUPG and GLS solution for the 2D steady convection-
reaction dominated problem with downwind essential boundary conditions and no source term,
using bi-linear quadrilateral elements. (Peclet number = 250)



To duplicate the results obtained in the book at page 77 (Fig. 2.21), the following parameters
are used: |lal] = 1/2, v = 107*, 0 = 1, s = 1 homogeneous essential boundary conditions
everywhere, bi-linear quadrilateral elements. The variation here is that the source term is not
zero and that all boundaries are homogeneous Dirchlet. The solution is shown in Figure 7.
Again, the Galerkin formulation gives unstable solution (Peclet = 250 > 1). The SUPG and
GLS formulations gives better solutions that the Artificial diffusion formulation.
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Figure 7: Galerkin, artificial diffusion, SUPG and GLS solution for the 2D steady convection-
reaction dominated problem with homogeneous essential boundary conditions everywhere and
a source term s = 1, using bi-linear quadrilateral elements. (Peclet number = 250)



1.3.2 Reaction-dominated case

Setting the following parameters: |la|| = 1072, v = 107%, ¢ = 1, s = 0, downwind essential
boundary conditions, bi-linear quadrilateral elements. The solution is shown in Figure 8. It is
seen that all formulations yields very similar solutions. In this case, the Peclet number is 0.5
which is less than the stability limit (Pe=1), therefore the Galerkin formulation is able to yield

stable solution.
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Figure 8: Galerkin, artificial diffusion, SUPG and GLS solution for the 2D steady reaction
dominated problem with downwind essential boundary conditions and no source term, using
bi-linear quadrilateral elements. (Peclet number = 0.5)



To duplicate the results obtained in the book at page 77 (Fig. 2.22), the following parameters
are used: |jal]] = 1073, v = 107*, 0 = 1, s = 1, homogeneous essential boundary conditions
everywhere, bi-linear quadrilateral elements. The variation here is that the source term is not
zero and that all boundaries are homogeneous Dirchlet. The solution is shown in Figure 9.

(a) Galerkin (b) Artificial diffusion

(c) SUPG (d) GLS

Figure 9: Galerkin, artificial diffusion, SUPG and GLS solution for the 2D steady reaction
dominated problem with homogeneous essential boundary conditions everywhere and a source
term s = 1, using bi-linear quadrilateral elements. (Peclet number = 0.5)



2 2D unsteady transport equation

In this section, the 2D unsteady pure convection equation is considered

u+a-Vu=s (7)

2.1 Lax-Wendroff method + Galerkin formulation

The time discretization is given by:

Au . At AN "
E——a«Vu —i—;(a-V)u +s" + 2(st—a V") (8)

The Galerkin weak form is:

Au At At At
(w, A_t>9 =—(w,a- Vu")QjL?(w, (a - V)Zu”)9+ (w,s”)9+7(w, s;‘)g—?(w,a : Vs”)Q
(9)

Integration by parts for the first two terms and the last term on the RHS yields:

Au . At N At "
(w,E)Q:(a-Vw,u)Q—T(a-Vw,a-Vu )Q+7(a-Vw,s)
—((a-n)w,u" +§ (a-n)w,a-Vu" _ At (a-n)w,s"

r

2 r 2
At
+(w, Sn)Q + 7(“’7 3?)9

Q

T

Given that the boundary I' = I'"UI'* | and recalling that for hyperbolic problems the boundary
conditions are applied only to inflow boundaries. Furthermore, the inflow boundary could be a
Neumann part and a Dirchlet part, i.e. I = ' UT%. Since w = 0 on the Dirchlet boundary,
therefore the weak form is written as:

Au . At n At n
(w’E>Q:(a-Vw7u)9—7(a'vw,a'vu )Q—i_?(a'vaS)Q
A A
(@ m)w, ")+ 5 (@ mw e V), — S (@ m)e, s
2At 2At (11)
—((a-n)w,u"), + 5 ((a-njw,a- V'), — —((a-n)w,s") .,

At
+(w, s”)Q + > (w, sf)Q

For a problem with homogeneous Dirchlet boundary condition at the inlet, and assuming a
source term that is not time-dependent, i.e. s; = 0, therefore the weak form is simplified to:

(w, %)Q = (a- Vw,u"), — %(a -Vw,a-Vu"), + %(a -Vuw,s),
At At
— ((a-n)w,u") .. + 7(((1 -njw,a - Vu") ., — 7(((1 M)W, 5) e + (W, 5),,

(12)

10



Using the following definitions:

MU = (w,u)g,
CU = (a . Vw,u)ﬂ,
KU = (a-Vw,a-Vu),,
v = (w,s)ﬂ,
Vg = (a -Vw, S>Q,
MU = ((a, ‘m)w, u")Fm,
C,U = ((a ‘n)w,a-Vu )rout?
v, = ((a, ‘m)w, S)Q

Therefore, the weak form given by (12) is written in discrete form as:

At At At At
KMAU CUn——KUn‘F?'Uz—MUn—i——C Un—7U2+Ul

and is further simplified to:

MAU = At|C - %K—MO—I—%CO]U”+At[U1+%(v2 ~va)]

and written in the following format, for the ease of implementation in Matlab:

AAU = BU" + f

and the corresponding part of the Matlab code is:

(13)

(14)

(15)

Gl W N =

% COMPUTATION OF MATRICES FOR THE TRANSIENT ANALYSIS

if meth == 1
A = M;
B = dtx(C - (dt/2)*K - Mo + (dt/2)*Co);

f = dtx (vl + (dt/2)*(v2-vo));

If lumped mass matrix is used, the corresponding part of the Matlab code is:

U s W N =

elseif meth ==
Md = diag (Mxones (numnp, 1)) ;
Mod = diag(Moxones (numnp,1l));

A = Md;
B = dt*(C - (dt/2)*K - Mod + (dt/2) =Co);
f = dtx (vl + (dt/2)*(v2-vo));

11




2.2 Crank-Nicholson method + Galerkin formulation

The time discretization is given by:

Au 1 I " "
VD) —(a V)Au—is +-s"—a-Vu (16)

The Galerkin weak form is:

Au 1

n+1 1 n n
(10, 50) o + 3 (1, (@ V) A} = 3 (15) 42 (1,57 — (w0 V) (17)

l\DI»—t

Integration by parts for the second term on the LHS and the last term on the RHS yields:

Au 1

(w,E)Q—g(a~Vw,Au)Q+ ((a-n)w, Au

)r
1
2

(w, s"+1) + = (w, s")ﬂ + (a-Vw,u"), — ((a n)w,u")

Q r

(18)

Given that the boundary I' = I'"UI'* | and recalling that for hyperbolic problems the boundary
conditions are applied only to inflow boundaries. Furthermore, the inflow boundary could be a
Neumann part and a Dirchlet part, i.e. T'"" = ' UT%. Since w = 0 on the Dirchlet boundary,
therefore the weak form is written as:

Au 1 1 1
(w, E) 5(0, Vw,Au),, + 5 ~((a-n)w,Au),,,, + 5((a ‘m)w, Au)rgg
1 1
= i(w, S”H)Q + 5(10, 5”)9 + (a . Vw,u”)Q — ((a ‘m)w, u")rout — ((a . n)w,u”)rw
(19)
Moving the fourth term on the LHS to the RHS yields:
Au 1 1
(w, E) E(a Vuw,Au),, + 5((0, ‘n)w, Au) .,
1 1
= i(w, S"H)Q + é(w, 3")Q + (a- Vuw, u")ﬂ — ((a- n)w,u”)rout (20)
1
2

1
((a-n)w, unﬂ)r%l — 5((0, ‘n)w, u”)rw

For a problem with homogeneous Dirchlet boundary condition at the inlet, and assuming a

source term that is not time-dependent, i.e. s"*! = s® = s, therefore the weak form is simplified
to:
Au 1 1
(w, E)Q E(a Vw, Au) 5((0, ‘n)w, Au)rm o
1 1
B §(w, S)Q + §(w, S)Q + (a - Vuw, un)ﬂ - ((a : n)w,u")rout

Using the previous definitions given by (13), the weak form given by (21) is written in
discrete form as:
1

1
L MAU - —CAU + 5 MoAU = v, + CU" — M,U" (22)

12



further simplification yields:

At At
M- =-C+ 7Mo} AU = [Atc ~ AtM,|U" + Atv, (23)

and for ease of implementation in Matlab, it is written as:

AAU = BU" + §f

The corresponding part of the Matlab code is:

1 elseif meth == 4

2 A =M - (dt/2)*C + (dt/2) xMo;
3 B = dt*C - dt*Mo;

4 f = dtx*vl;

If lumped mass matrix is used, the corresponding part of the Matlab code is:

elseif meth == 5
Md = diag (Mxones (numnp,1l));
Mod diag (Mo*ones (numnp, 1)) ;

A = Md - (dt/2)+C + (dt/2) *Mod;
B = dtxC - dt=*Mod;
f = dtx*vl;

Ut R W N

2.3 Third-order Taylor-Galerkin (TG3) + Galerkin formulation

Assuming that the source term is not time dependent, therefore the time discretization using
third-order Taylor-Galerkin method is given by:

At? 1 Au . At 5 At
The Galerkin weak form is given by:
Au, At Au At . At
(w, A_t)ﬂ_?(w’ (a- V)QE)Q = —(w,a-Vu )Q+7(w, (a-V)*u )Q—l—(w,s)ﬂ—?(w,a Vs),
(25)
Integration by parts yields:
Au At? Au At? Au
(w, A_t>Q + ?(U/ . Vw,a . VE)Q — ?((U, . n)w,a : VE)F
= (a-Vw,u"),— ((a-n)w,u"). — %(a -Vw,a-Vu"), + %((a ‘n)w,a - Vu"),
At At
+ (w,s), + 7((1 -Vw,s), — 7((0, -n)w,s)
(26)

13



For a problem with homogeneous Dirchlet boundary condition at the inlet, the weak form is
written as:

Au At? Au At? Au
(w, E)Q + T(a -Vw,a- VE)Q — T((a ‘nw, a - VE)FM
= (a -Vw,u )Q — ((a ‘M)w,u )Fout — 7((1 -Vw,a-Vu )Q + 7((a ‘n)w,a-Vu )Fm
At At
+ (w, S)Q + 7(0, Vw, S)Q - 7((a ‘m)w, s)Fout

(27)

Using the previous definitions given by (13), the weak form given by (27) is written in
discrete form as:

1 At At . At At At At
A_tMAU+€KAU_FCOAU_CU —MOU —7KU —|—700U +’U1‘|‘7’02—7(2’l;c),

further simplification yields:

[M+ %(K - co)]AU — At [C . %K M, + %Co} U”—I—At[%(vz —wy) + 1| (29)

and for ease of implementation in Matlab, it is written as:

AAU = BU" + f

The corresponding part of the Matlab code is:

1 elseif meth ==

2 A =M +(dt"2/6)* (K - Co);

3 B = dtx(C — (dt/2)*K - Mo + (dt/2)=xCo);
4 f = dtx((dt/2)x(v2 — vo) +vl);

2.4 Two-step third-order Taylor-Galerkin (TG3-2S) + Galerkin for-
mulation

The time discretization of two-step third-order Taylor-Galerkin method is given by:

1
" =u" + gAtu? + aAt*ul, (30a)
1

"t =" 4 Atul + §At2a§; (30b)

It is important to recall that:
up =s"—a-Vu" (31)
ulh = s —a-Vul =s' —a-Vs"+ (a- V)" (32)

and similarly:

iy, = st —a-Vs"+(a-V)*i" (33)

14



Substituting (31) and (32) into (30a), and (31) and (33) into (30b) yields:
1 1
" =u" + gAts" — gAta - Vu" 4+ aAts! — aAt*a - Vs + aAt*(a - V)*u" (34a)

1 1 1
u"t = u" 4 Ats" — Ata - Vu" + §At2s? — ~At’a - Vs" + §At2(a VAR (34b)

2

Assuming that the source term is not time dependent, then the Galerkin weak form is given

by:

(w,&”)Q = (w, u”)ﬂ + %At(w, 3")Q — %At(w, a- Vu”)Q — aAt? (w, a- Vs”)Q + aAt? (w, (a- V)Qu”)

Q
(35a)

(1.0 = (w,0) g+ A, 57), — Ab(w,a- Va)y — AP (w0 Vs") o+ SAP (0, (a- V),
(35b)

Integration by parts, and applying homogeneous Dirchlet boundary condition at the inlet yields:

(w,'&”)Q = (w, u")Q + %At(’w, s”)Q + %At(a - Vw, u”)Q + aAt? (a, - Vw, s”)ﬂ

— aAt? (a, -Vw,a- Vu")Q - %At((a ‘m)w, u") (36a)

[out
—aAt?((a-n)w, s") ., + A ((a-n)w,a - Vu")

Tout Tout

(w,u"“)Q = (w, u”)Q + At(w, s")Q + At(a - Vw, u")ﬂ + %AtQ (a - Vw, s")Q

- %AtQ (a-Vw,a- Vﬂ”)Q — At((a - n)w,u") (36b)

Tout

Tout Tout

- %Atz((a )W, 5") L. + %Az@((a ‘n)w,a- Vi)

Using the previous definitions given by (13), the weak form given by (36) is written in
discrete form as:

—n 1 1 1
MU = MU" + gAwl + —AtCU™ + aAt*vy — AP KU™ — 5AtMOUn — aAt*v, + aAPCL,U",

3
(37a)
1 1 ~n 1 1 7
MU = MU" + Atv, + AtCU" + §At2v2 — §At2KU — AtM, U™ — §At2vo + §AtQCoU
(37D)

further simplification yields:

MU" -U") = [%(c ~M,) — aAP(K — c,,)] U+ [%vl + oA (vg — vo)} . (38)
MU™ —U") = [At(c - Mo)] U — [am?(K - Co)] U+ [Atvl + %tz(w - vo)}
(38b)
and for ease of implementation in Matlab, it is written as:
AU -U"=BU" + f,, (39a)
Ay (U™ — U™ = BU" + CoU' + f, (39b)

15



The corresponding part of the Matlab code is:

1 elseif meth ==

2 alpha = 1/9;

3 Al = M;

4 Bl = —(dt/3)*C'— alpha*dt”2* (K - Co);
5 % Bl = (dt/3)«*(C-Mo)- alphaxdt"2+ (K - Co);
6 fl = (dt/3)*vl + alpha*dt”2x(v2 - vo);
7 A2 = M;

8 B2 = —dtxC';

9 % B2 = dtx (C-Mo);

10 C2 = — (dt*2/2)* (K-Co);

11 f2 = dtxvl - (dt"2/2)x(v2 - vo);

In the original code, the third term in the RHS of equation (35) wasn’t integrated by parts.
Both variations are valid and they give exactly the same results.

2.5 Fourth-order Taylor-Galerkin (TG4) + Galerkin formulation

The time discretization of fourth-order Taylor-Galerkin method is given by:

Au 1 ., " At, n
At = E(ut 4 u') — _(utt+1 — uyy) (40)

Substituting (31) and (32) into (40) yields:

A 1 At
A—Q; = 5(s"“—a-Vu"“—i—s”—qu”)—E(s?“—a-Vs”+1+(a-V)2u”+1—s?—i—a-Vs”—(a-V)%”

Assuming that the source term is not time dependent, i.e. s, = 0 and s"™! = 5", simplifies the

equation into:
A 1 1 At
Z&% ::s-—-§(z~‘7u"+l-— §c1~‘7u"-—-I§(a,"7YQSU (42>

Re-writing the third term on the RHS yields:

Au 1 | N . At 9
R =5 50 Vu +2a Vu" —a-Vu 15 (a-V)°Au (43)

Gathering the 2nd and third term on the RHS yields:

Au 1 At
—s—~a-VAu—a- " _ " (a-V)A 44
N VAu—a-Vu 12(a V)“Au (44)
Re-arranging:
Au 1 At
— +-a-VAu+ —(a-VVAu=s—a - Vu" 4
A T 3@ v u+12(a V)'Au=s—a-Vu (45)

The Galerkin weak form is given by:

(0. 500+ 5 (.- T 80) + 55 (w0 9)280), = (1,5), — (w0 V)

17 (46)

Q
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Integration by parts for the third term on the LHS, and considering only Dirchlet boundary

conditions at the inlet boundary yields:

Au 1 At At
(w, At) + - (w a-VAu), — E(a Vw,a- - VAu),+ D —((a-n)w,a- VAu)
= (w, s)ﬂ - (w, a- Vu”)

Using the previous definitions given by (13), the weak form given by (47) is
discrete form as:

1 At
—MA AU - —KA
A7 U + C’ U B U+

At

2 —C,AU =v, — CU"

further simplification yields:

At At?
—C’ -

[M (K- C, )] AU = —AtCU" + Atw,

and for ease of implementation in Matlab, it is written as:

AAU = BU" + f

The corresponding part of the Matlab code is:

res(47)

0

written in
(48)
(49)

1 elseif meth ==

2 A =M +(dt/2)*xC"'" - (dt*2/12)* (K — Co);
3 B = —-dt*C';

4 f = dt*vl;

2.6 Two-step fourth-order Taylor-Galerkin (TG4-2S) + Galerkin for-

mulation

By changing the value of « in (30) to 1/12, the two-step fourth-order Taylor-Galerkin time

discretization is obtained.

1 elseif meth ==

2 alpha = 1/12;

3 Al = M;

4 Bl = —(dt/3)*C'— alphaxdt”2* (K - Co);
5 % Bl = (dt/3)«*(C-Mo)- alphaxdt"2+ (K - Co);
6 fl = (dt/3)*vl + alpha*dt”2x(v2 - vo);
7 A2 = M;

8 B2 = —dtxC';

9 % B2 = dt* (C-Mo);

10 C2 = — (dt"2/2) * (K- Co)

11 f2 = dt*xvl - (dt*2/2)*(v2 — vo);
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2.7 Numerical results of the rotating cone problem

The rotating cone problem presented in [1] is solved on a uniform mesh of 30 x 30 linear
quadrilateral elements over the unit square [3', 1] x [3!,4]. The numerical solution, using
the different methods presented earlier, is obtained after a complete revolution of the cone,
i.e. teng = 2m. For the explicit methods, 200 time steps (At = 27/200) are used, while for
the implicit Crank-Nicholson method, three increasing values of the time step are employed

(At = 27/120, 27 /60 and 27/30).

To compare the accuracy of the explicit methods (Lax-Wendroff/Lumped mass LW-FD, Lax-
Wendroff/Consistent mass TG2, TG3, TG3-2S, TG4, TG4-2S), the maximum and minimum
values of the computed solution are recorded in Table 1. Similarly, for the implicit Crank-
Nicholson method, the maximum and minimum values of the computed solution are recorded
in Table 1 using different values of time step.

It is noticed in Figure 10 that the TG2 and TG3 methods are more accurate than the
LW-FD method. However, TG2 and TG3 uses consistent mass matrices which makes them
computationally more expensive than LW-FD that has a diagonal mass matrix. The results
using TG3-2S and the fourth-order methods TG4 and TG4-2S are shown in Figure 11. The
high accuracy of the solutions is clearly apparent.

For the implicit Crank-Nicholson method which is unconditionally stable, the solutions
obtained, using different values of the time step, are shown in Figure 3d. Higher values of At
are used to check the behaviour of the method beyond the stability limit of the explicit methods.
It is noticed that the method is not dissipative. However, the accuracy of the method decreases
by increasing At which can be interpreted from the higher non-physical oscillations.

Method At Upnaz Upnin Figure

LW-FD | 27/200 | 0.818575 | -0.177432 | Figure 10 (Top)
TG2 27/200 | 0.983041 | -0.018619 | Figure 10 (Middle)
TG3 27/200 | 0.983465 | -0.014839 | Figure 10 (Bottom)
TG3-28 27/200 | 0.982845 | -0.014939 | Figure 11 (Top)
TG4 27/200 | 0.992350 | -0.017285 | Figure 11 (Middle)
TG4-2S | 27/200 | 0.982536 | -0.014973 | Figure 11 (Bottom)
CN 27/120 | 0.996931 | -0.045350 | Figure 12 (Top)
CN 27/60 | 0.969116 | -0.109591 | Figure 12 (Middle)
CN 27 /30 | 0.889308 | -0.269427 | Figure 12 (Bottom)
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Table 1: The maximum and minimum values of the computed solution after one complete
revolution using different methods.
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Figure 10: Convection of a cosine hill in a pure rotation velocity field: comparison of the
numerical solutions after a complete revolution calculated with At = 27/200 by means of
(Top): Lax-Wendroff/Lumped mass matrix (t,q; = 0.818575, Ui, = —0.177432); (Middle):
Lax-Wendroff/Consistent mass matrix (umqe = 0.983041, Uy, = —0.018619); and (Bottom):
TG3 (Umar = 0.983465, Uy, = —0.014839).
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A Developed codes

A.1 Developed codes for 2D steady transport equation
A.1.1 Modified main.m

The modifications were made to account for linear and quadratic elements, and also to account
for zero Dirchlet boundary conditions at the outlet boundary.

This program solves a convection-diffusion problem

—
o° o

2 in a square domain [0,1]1x[0,1]

3

4 clear; close all; clc

5

6 disp("' ")

7 disp('This program solves a convection-diffusion equation on [0,1]x[0,1]1")
g disp (' ")

9 disp('No source term is considered');

=
o

[

11 % PDE coefficients
12 disp('Convection velocity 1is');

13 a_magnitude = 10"-3;

14 velo = [cos(pi/6),sin(pi/6)];

15 disp(velo);

16 a = norm(velo);

17 nu = cinput('Diffusion coefficient', 0.0001);
18 sigma = cinput ('Reaction coefficient sigma', 1);
19 disp (' ")

20

21 dom = [0,1,0,1];

22

23 example.dom = dom;

24 example.velo = velo;

25 example.a = aj;

26 example.nu = nu;

27 example.sigma = sigma;

28
o

29 $ Element type
30 elem = 1; p = 1;

31 referenceElement = SetReferenceElement (elem,p);

32

33 nx = cinput ('Number of elements in each direction (multiple of 5)= "', 10);
34 ny = nx;

35 [X,T] = CreateMesh (dom, nx,ny, referenceElement);

36 PlotMesh (T, X, "b-");
37
38 h = 1/nx;

39 Pe = axh/(2%nu);

40 disp(' ")

41 disp(strcat ('Peclet number: ',num2str (Pe)))

42

43 disp (' ")

44 disp ('The following BCs at the outlet can be used:'");
45 disp (' [1] Homogeneous natural condition ');

46 disp (' [2] zero Dirchlet condition');
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47

48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81
82
83
84

85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102

disp (' [3] zero Dirchlet condition everywhere (for this
term s=1 1is used)');
iOutletBC = cinput ('Choose a BC at the outlet: ', 3);

disp(' ")

disp ('The following methods can be used:');

disp (' [0] Galerkin');

disp (' [1] Artificial diffusion');

disp (' [2] SUPG');

disp (' [3] GLS');

method = input ('Choose a method for solving the problem: ');

example.method = method;

% SYSTEM RESULTING OF DISCRETIZING THE WEAK FORM
[K,f] = FEM_system (X, T, referenceElement, example) ;

BOUNDARY CONDITIONS
Boundary conditions are imposed using Lagrange multipliers

<)
°
o)

°

nodes_x0 = find(abs(X(:,1)) < 10e-6);
nodes_x0 = nodes_x0(2:end-1);

nodes_x1 = find(abs(X(:,1)-1) < 10e-6);
nodes_x1 = nodes_x1(2: end),

nodes_y0 = find(abs (X(:,2)) < 10e-6);
nodes_yl = find(abs (X(:,2)-1) < 10e-6);
nodes_yl = nodes_yl (1l: end 1);

if iOutletBC ==
% nodes on which solution is u=1
nodesDirl = nodes_x0( X(nodes_x0,2) > 0.2 );
% nodes on which solution is u=0
nodesDir0 = [nodes_x0( X(nodes_x0,2) < 0.2 ); nodes_y0];
% Boundary condition matrix
C = [nodesDirl, ones (length(nodesDirl),1);
nodesDir0, zeros(length (nodesDir0),1)1]1;
elseif iOutletBC ==

o)

% nodes on which solution is u=1l

nodesDirl = nodes_x0( X(nodes_x0,2) > 0.2 );
% nodes on which solution is u=0
nodesDir0 = [nodes_x0( X(nodes_x0,2) < 0.2 ); nodes_y0;

nodes_yl];
% Boundary condition matrix
C [nodesDirl, ones (length(nodesDirl),1);
nodesDir0, zeros(length(nodesDir0),1)];
elseif i0OutletBC ==

o)

% nodes on which solution is u=0

nodesDir0 = [nodes_x0; nodes_y0; nodes_x1; nodes_yl];
% Boundary condition matrix
C = [nodesDir0, =zeros(length(nodesDir0),1)];

end

nDir = size(C,1);

neq = size(f,1);

A = zeros (nDir,neq);

A(:,C(:,1)) = eye(nDir);

b =C(:,2);

% SOLUTION OF THE LINEAR SYSTEM
% Entire matrix
Ktot = [K A';A zeros(nDir,nDir)];

23

a source

4

nodes_x1;




103 ftot = [f;b];

104

105 sol = Ktot\ftot;

106 Temp = sol (l:neq);

107 multip = sol (neg+l:end);

108
109 % POSTPROCESS

110 figure(2), clf

111 XX = reshape(X(:,1), p*ny+l, p*nx+l)"';
112 yy = reshape(X(:,2), p*ny+l, p*nx+1l)"';
113 sol = reshape (Temp, p*ny+l, p*nx+1l)"';

114 surface (xx,yy,sol, 'FaceColor', "interp');

set (gca, 'xTick',0:0.25:1, 'yTick',0:0.25:1,
xlabel ('x', '"FontSize',14);

ylabel ('y', '"FontSize',14);

zlabel ('u', 'FontSize',14);

119 z1lim([-0.5 1.5])

120 % z1lim ([0 27)

colormap jet

grid on; view (3)

115 'FontSize',12)
116
117

118

121
122

A.1.2 Modified ShapeFunc.m

The modifications were made to account for linear and quadratic elements. The second deriva-
tives of the shape functions are added since they are needed in GLS formulation.

1 function [N,Nxi,Neta,N2xi,N2eta,N2xieta] =
[N,Nxi,Neta] = ShapeFunc (elem, z)

N, Nxi, Neta:
Gauss points

ShapeFunc (elem, p, z)

o o°

w

matrices storing the values of the shape functions on the

4 3 of the reference element

5 % Each row concerns to a Gauss point

6 % z: coordinates of Gauss points in the reference element

7 % elem: type of element (0: quadrilatera, 1: triangles)

8 % p: interpolation degree

9

10 xi = z(:,1); eta = z(:,2); ngauss = length(z);

11 if elem == 0

12 if p ==

13 N = [(1-x1).*(l-eta)/4, (1l+xi).*(l-eta)/4, (l+xi).*(l+eta)/4,
(1-x1) .x (1+eta) /471;

14 Nxi [ (eta-1)/4, (l-eta)/4, (l+eta)/4, —(l+eta)/471;

15 Neta = [(xi-1)/4, —-(1+xi)/4, (1+x1) /4, (1-x1)/4 1;

16 N2xi = zeros(ngauss,4);

17 N2eta = zeros (ngauss, 4);

18 N2xieta = 1/4x[ones(size(x1)), —-ones(size(xi)), ones(size(xi)),
-ones (size(xi))];

19 elseif p ==

20 N = [x1.*(xi-1).*eta.x(eta-1)/4, xi.*x(xi+l).*eta.x (eta-1)/4,

21 X1.*(x1i+1).*eta.x (eta+l) /4, xi.*(xi-1).*eta.x (eta+l)/4,

22 (1-x1.72) .xeta.* (eta-1)/2, xi.x(xi+l).*(l-eta.”2)/2,

23 (1-x1.72) .*eta.x (eta+l) /2, =xi.x(xi-1).x(l-eta.”2)/2,

24 (1-x1.72) .x(1l-eta.”2)1;

25 Nxi = [(x1i-1/2).%eta.x(eta-1)/2, (xi+1/2) .xeta.* (eta-1)/2,

26 (xi4+1/2) .xeta.* (eta+l) /2, (x1-1/2) .*xeta.x (eta+l) /2,
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27
28
29
30
31
32
33
34
35
36
37
38
39
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44
45
46
47
48
49
50
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59
60
61
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68
69
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-x1i

-xi.

_2*
[xi.
xi.
(1-
(1-
(1-
[ et

et

-e

Neta

N2xi

-e

2%
N2eta = [ x
X
1
1
2

N2xieta = [

else
error ('not
end
elseif elem
if p ==
N
Nxi
Neta =
N2xi
N2eta
N2xieta
elseif p ==
N [2%
2%
4 %
=

1-
[

— =

Nxi

Neta

N2xi

N2eta

N2xieta

else
error (
end
else
error (
end

'not

.xeta.* (eta-1), (xi+1/2) .x(1l-eta.”2),
xeta.x (eta+l), (xi-1/2) .x(l-eta.”2),

xi.*x(l-eta.”2)];

*(x1i-1) .x (eta-1/2)/2 x1.x(xi+1).*(eta-1/2)/2

* (x141) .x (eta+l/2)/2 x1i.x(xi-1).*(eta+l/2)/2

xi.72) .x(eta-1/2), xi.x(xi+1) .* (—eta),

xi.72) .x(eta+l/2), X1i.x(x1i-1) .%(-eta),

x1.72) . % (-2*eta)];

a.x(eta - 1)/2, eta.*(eta - 1)/2,

a.x(eta + 1)/2, eta.*(eta + 1)/2,

ta.*(eta - 1), 1 - eta.”2,

ta.x(eta + 1), 1 - a.”2,

eta.”2 - 21;

1.x(xi - 1)/2, xi.*x(xi + 1)/2,

i.%(x1 + 1)/2, xi.x(xi - 1)/2,

- x1.72, —-xi.*(xi + 1),

- x1.72, —-xi.*x(xi - 1),

*x1.7%2 - 21;
(eta.*x(xi - 1/2))/2 + ((eta — 1).x(xi - 1/2))/2,
(eta.x(xi + 1/2))/2 + ((eta — 1).x(xi + 1/2))/2,
(eta.x(xi + 1/2))/2 + ((eta + 1).x(xi + 1/2))/2,
(eta.x(x1 - 1/2))/2 + ((eta + 1).*(xi - 1/2))/2,
- eta.*x1 - xi.x(eta - 1), —-2xeta.x(xi + 1/2),
- eta.*x1 - xi.*(eta + 1), -2xeta.x(xi - 1/2),

dxeta.*x1i];
available interpolation degree')
1

xi-eta, xi, etal;
—-ones (size(x1i)),
[-ones (size(x1)),
zeros (ngauss, 3) ;
zeros (ngauss, 3) ;

1)) 1;

ones (size (xi))

1)), zeros(size (x

i)),

ones (size (x

14
zeros (size (x 1;

= zeros (ngauss, 3);
2

(xi+eta) ."2-3% (xi+eta)+1, 2+xxi."2-x1,

eta.”2-eta, —4xxi.”2 - 4xxi.xeta+4dx*xi,

xi.xeta, -—4xeta.”2-4xxi.xeta + 4xetal;

dxeta + 4xxi - 3, d+xxi - 1, zeros (size(xi)),

4 — 8xxi1 — 4xeta, 4xeta, -—-4d+*eta];

[ dxeta + 4%xxi - 3, zeros(size(xi)), 4*eta - 1,
—-4+xi, 4+xi, 4 - 4+xi - 8+*etal];

[ 4«ones (size (x1) 4xones (size(xi)), zeros(size(xi)

), zeros(size(xi)
), 4*ones (size (x
-8*ones (size (x
)y

)
xi)),

—-8xones (size(x
[ 4%ones (size (x
zeros (size (x1)
= [ 4%ones (size(
—-4xones (size

r )
), zeros(size(x )
), zeros(size(x i)
zeros (size (x1i) i)
zeros (size (x

—-4xones (siz

), zeros(size
)), 4%ones(siz

) i)
i) i)
i) i)
) )
x1) xi
(x1 e (

'not available interpolation degree')

available element')

1i
)
)
i)
e

1i
),

(x

i))1;
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A.1.3 Modified FEMsystem.m

The GLS method is added to the code where the stabilization parameter 7 is computed in (lines
66 to 74) and the elemental matrices are computed in (lines 159 to 166). Another main addition
to this function is the mapping of the second order derivatives from the reference element to
the physical one which is added in (lines 104 to 139). The details of mapping of second order

derivatives are shown in appendix B.

~ o o os

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46

function [K,f] = FEM_system(X,T,referenceElement, example)

[K,f] = FEM_system (X, T, referenceElement, example)

Matrix K and r.h.s vector f obtained after discretizong a 2D
convection-diffusion equation

o° o

% X: nodal coordinates

% T: connectivities (elements)

% referenceElement: reference element properties (quadrature,
functions...)

o\

example: example properties

velo = example.velo;

a = example.a;

nu = example.nu;

sigma = example.sigma;
method = example.method;
ax = velo(l);

ay = velo(2);

Te = T(1,:); Xe = X(Te, :);
hx = max(Xe(:,1)) - min(Xe(:,1));
hy = max(Xe(:,2)) ;
h = (hx+hy) /2;

nen = referenceElement.nen;

ngaus = referenceElement.ngaus;

wgp = referenceElement.GaussWeights;
N = referenceElement.N;

Nxi = referenceElement .Nxi;

Neta = referenceElement.Neta;

N2xi = referenceElement.N2xi;

N2eta = referenceElement.N2eta;
N2xieta = referenceElement.N2xieta;

[

% Number of elements and number of nodes in the mesh
nElem = size(T,1);

nPt = size(X,1);
K = zeros (nPt,nPt);
f = zeros(nPt,1);
if method ==
% Galerkin
tau = 0;
elseif method == 1
% Artificial Diffusion
Pe_x = ax*h/ (2%nu);

Pe_y = ayxh/ (2xnu);
alpha_x = coth(Pe_x)-1/Pe_x;
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71
72
73
74
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101

alpha_y = coth(Pe_y)-1/Pe_y;

tau = h«*(axxalpha_x + ayxalpha_y)/2;

nubar_p = tauxax*a;

disp(strcat ('Recommended value for the artificial diffusion =
', num2str (nubar_p)));

nubar = cinput ('Artificial diffusion to be used', nubar_p);

if isempty (nubar)
nubar = nubar_p;

end
nu = nu + nubar;
tau=0;
elseif method == 2
% SUPG
Pe = axh/ (2*nu);
tau_p = hx (1 + 9/Pe”2)"(-1/2)/ (2+*a);
disp (strcat ('Recommended stabilization parameter = ',num2str (tau_p)));
tau = cinput('Stabilization parameter',6 tau_p);
if isempty (tau)
tau = tau_p;
end
elseif method ==
% GLS
Pe = axh/(2xnu);
tau_p = h*x(1 + 9/Pe”2)"(-1/2)/(2%a);
disp (strcat ('Recommended stabilization parameter = ', num2str(tau_p)));
tau = cinput ('Stabilization parameter', tau_p);

if isempty (tau)
tau = tau_p;
end

else

end

[)

for

end

error ('Unavailable method')

% Loop on elements

ielem = 1l:nElem

% Te: global number of the nodes in the current element
Te = T(ielem, :);

% Xe: coordinates of the nodes in the current element
Xe = X(Te, :);

% Element matrices

[

EleMat (Xe, nen,ngaus, wgp, N, Nxi,Neta,N2xi,N2eta,N2xieta, method, tau,velo,n
% Assemble the element matrices
K(Te, Te) = K(Te,Te) + Ke;
f(Te) = £ (Te) + fe;

function [Ke, fe] =

o\

ax
ay

Ke
fe

EleMat (Xe, nen, ngaus, wgp,N,Nxi, Neta,N2xi,N2eta,N2xieta,method, tau,velo,nu, si

= velo(1l);
= velo(2);

= zeros (nen,nen);
= zeros (nen,1);
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[

102 % Loop on Gauss points

103 for ig = l:ngaus

104 N_ig = N(ig, :);

105 Nxi_ig = Nxi(ig,:);

106 Neta_ig = Netal(ig, :);

107 N2xi_ig = N2xi(ig, :);

108 N2eta_ig = N2eta(ig, :);

109 N2xieta_ig = N2xieta(ig,:);

110

111 dxdxi = Nxi_ig*x(Xe(:,1));

112 dydxi = Nxi_igx* (X ( ,2));

113 dxdeta = Neta_igx(Xe(:,1));

114 dydeta = Neta_igx(Xe(:,2));

115 d2xdxi2 = N2xi_ig*x(Xe(:,1));

116 d2xdeta?2 = N2eta_igx(Xe(:,1));

117 d2ydxi?2 = N2xi_igx(Xe(:,2));

118 d2ydeta2 = N2eta_igx(Xe(:,2));

119 d2xdxieta = N2xieta_ig*(Xe(:,1));

120 d2ydxieta = N2xieta_igx*(Xe(:,2));

121

122 % mapping of 1lst order derivarives

123 Jacob = [dxdxi dydxi;

124 dxdeta dydetal;

125 dvolu = wgp (ig) xdet (Jacob) ;

126 res = Jacob\ [Nxi_ig;Neta_ig];

127 Nx = res(1l,:);

128 Ny = res(2,:);

129 % mapping of 2nd order derivatives

130 mappingMatrix = [dxdxi”"2 dydxi~2 2xdxdxixdydxi;

131 dxdeta”2 dydeta”?2 2xdxdetaxdydeta;

132 dxdxixdxdeta dydxi*dydeta

dxdxi*dydetatdxdetaxdydxi];

133 referenceVector = [N2xi_ig - Nxxd2xdxi2 - Ny*xd2ydxi2 ;

134 N2eta_ig - Nxxd2xdeta2 - Ny=*d2ydetal2;

135 N2xieta_ig - Nxxd2xdxieta - Nyxd2ydxietal;

136 physicalVector = mappingMatrix\referenceVector;

137 N2x = physicalVector (1, :);

138 N2y = physicalVector (2, :);

139 Nxy = physicalVector (3, :);

140 if method == 0

141 % Galerkin

142 Ke = Ke + (nux* (Nx'*Nx+Ny'xNy) + N_ig'* (axxNx+ay*Ny) +
N_ig'xsigmaxN_ig) *dvolu;

143 aux = N_igxXe;

144 f_ig = SourceTerm(aux);

145 fe = fe + N_ig'x (f_ig*dvolu);

146 elseif method == 1

147 % Artifficial diffusion

148 Ke = Ke + (nux* (Nx'*«Nx+Ny'xNy) + N_ig'x* (axxNx+tay*Ny) +
N_ig'xsigmaxN_ig) *dvolu;

149 aux = N_igxXe;

150 f_ig = SourceTerm(aux) ;

151 fe = fe + N_ig'x (f_igxdvolu);

152 elseif method ==

153 % SUPG

154 Ke = Ke + ( nux (Nx'*«Nx+Ny'xNy) + N_ig'x* (axxNx+tay*Ny) +
N_ig'xsigmaxN_ig +

155 taux (ax*Nx+ay*Ny) "+ ( (ax*Nx+ayxNy) — nux (N2x+N2y) +
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156
157
158
159
160
161

162

163

164

166

167
168

end

end

aux
f i
fe

% G
Ke

aux
f_i
fe

sigmaxN_ig) )xdvolu;

= N_igxXe;
g = SourceTerm(aux) ;

= fe + (N_ig + taux (ax*Nx+ay*Ny)) 'x (f_igxdvolu);
elseif method ==

LS

= Ke + (N_ig'~* (ax*Nx+ay*Ny)

N_ig'xsigmaxN_ig +
taux ( (ax*Nx+ay*Ny)

+ nux (Nx'*Nx+Ny'*Ny)

- nux (N2x+N2y) + sigmax*N_ig)

+

Tkl

((ax*Nx+ay*Ny) - nux* (N2x+N2y) + sigmaxN_ig))*dvolu;
= N_ig*Xe;
g = SourceTerm(aux) ;
= fe + (N_ig + taux ((ax*Nx+tay*Ny) - nux* (N2x+N2y)

)) "x (f_igxdvolu);

+ sigmaxN_ig
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A.2 Developed codes for 2D unsteady transport equation

Two higher-order methods are added to the code, which are TG4 and TG4-2S.

1 elseif meth == % TG4

2 A =M +(dt/2)*C'" - (dt"2/12)%x(K - Co);
3 B = —dt«C';

4 f = dt=*vl;

5 elseif meth == % TG4-2S

6 alpha = 1/12;

7 Al = M;

8 Bl = —(dt/3)*C'— alpha*dt”"2* (K - Co);
9 % Bl = (dt/3)«*(C-Mo)- alpha*xdt"2+ (K - Co);
10 fl1 = (dt/3)*vl + alpha*dt”2x(v2 - vo);
11 A2 = M;

12 B2 = —dtxC';

13 % B2 = dtx (C-Mo);

14 C2 = — (dt"2/2)* (K-Co);

15 £f2 = dtxvl - (dt"2/2)*(v2 — vo);
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B Mapping of second order derivatives from the reference

element to the physical one

For 2D elements, the first order derivatives of the shape functions in the reference element can

be written using chain-rule as:

a_N ON Ox N ON Oy
o~ Ox 9 ' dy o€
ON  ON Ox L ON ON 8y
87] T or 87} Jy (977

To derive an expression for a second derivative, consider for instance:

®N 0 0N
oe oo
0 <8N0$ L ON ON 8y)
85 or 06 Oy O&
8<8Nd&c &Nﬁg_%8(8N5&A+&N02
08 Ox O¢ 0§ 0 0y "0§ Oy 082
9 ON 9r 0 ON dy10x ON@x [0 ON. Or 0 ON 9y1dy
::[55<?ﬂ?)55*‘5§<7ﬁ?)55]52'+ or o 1as oy ae T o\ oy >ag]a§
_ON 0r, PN Oyor ONP +Wwaﬂw+WN@% Qﬁ@_
0x? " 0& Oyox 0 0 Ox 0&2  Oxdy 0§ O 0& dy 0&?
O*N 0z, O*N dy., O*N _0xdy, ON 0z 8N82y
=22 o) T a2 Be) T avayCacac) T or oe T oy o2

Similarly the other second order derivatives are derived, which yields:

PN 02N(@)2 82N(@)2 82N( 0_3:@) ON 0*x N ON 0%y
on2 022 “0n dy? “0n Oxdy " Ondn ox On?> Oy On?

PN  0*°N 0x0x, O0°N 0ydy. O*N 0xdy O0xdy, ON 0*x ON 0%

%%:wﬂia)

By combining the three equations (B.2), (B.3) and (B.4) into a matrix form, it yields:

'(6_95)2 (@)2 90z dy 7 (2N ()N _ ON 9*x _ ON 8%y
¢ e D€ D¢ 922 o€z o 082 0y 0E2
(Zzy2  (Ozy2 90z Oy 2N\ _ ) 2N _ ONQ*x _ IN %y
on on on On dy? on? Oz On? Oy On?
Oxdr  Oydy  dxdy 4 dxdy| | N O°N _ ON 9%z _ DN 9%y
L 9¢ on o€ on o€ on on o9& \ 9zdy ) \ O&£0n Oxr 0&0n Oy 0E0n J
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7 acon) " avay o an T anae) T ow aean T oy veon

ON 0%
dy 0€?

(B.2)

(B.3)

(B.4)

(B.5)



Therefore, the second order derivatives in the physical element are obtained using the following

mapping:
(92N ) [0z \2 Oz \2 9z Oy
B2 (85) (ag) 28§ ae
PN\ _ |02 2 Oz Oy
o7 (= (377) (877) 2877377
N Oz Oz Oy 9y 9z 0y | Oz Oy
\ 920y ) L 6¢ 9n o€ on 0§ on  9n O¢ |

171 (BN _ONPx  ON 9%y )
o2 Oz 0&2 Oy 0€2
9N _ 0N % _ ON 9%
on? Oz On? Ay on? (B6)
2N _ 9N 9%z ON 9%
\ 9£0n Ox 9E0n Oy OO )

Recalling the isoparametric mapping between the reference element and a physical element e:

&) =Dl N ).

v En) =Y yINi(Em)

(B.7)

Then, the first and second order derivatives of z(*)(¢, 1) and y(©(&,7) w.r.t £ and 7 are given

by:

9z (&, )

o3
oy (&)

23

9z9) (&, m)
on

Ay (&)

on

and

029 (&, n)
o¢?

Oy (&)
o¢2

0229 (&, )
on?

Oy (&, n)
on?

29 (&,n)
9&on

0y (&,m)

0&0n

:Zi;,;
—;y
:Zx

i

-y

)

:Zi:g;
:zi:y
:Zx

7

=>y

%

:zi:x
:zi:y
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() IN; (&, 1)
1 a&- )
() IN; (&, 1)
(A aé- )
(© IN; (&, 1)
1 877 )

(e) IN; (&, 1)
1 8/]7

(0 0*Ni(€,m)
1 852 ?
(e) 82Nz(57 77)
1 662 )
(e) aQNZ(ga 77)
i 8772 )

(e) 82NZ(§7 77)
i 07’]2 )

(6)82Ni(£7n)
i oton

(e) 82N2(57 77)
b 00n

(B.9)
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