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A) 

The main equation is: 

𝑑𝜌

𝑑𝑡
 + a.∇𝜌 - ∇.(µ∇𝜌) + σ𝜌 = s 

The weak form is, 

Multiply the above equation with a test function “w” 

∫ 𝑤
𝑑𝜌
𝑑𝑡

 + ∫ wa. ∇𝜌 - ∫ w∇. (µ∇𝜌) + 𝜌 = ∫ 𝑤𝑠 

 

Integration of parts leads to the weak form of the equation, 

∫ 𝑤
𝑑𝜌
𝑑𝑡

 dꭥ+ ∫ wa. ∇𝜌 dꭥ+  ∫ ∇w. (µ∇𝜌)  dꭥ - ∫ w(µ∇𝜌) .n dſ  + ∫ wσ𝜌 dꭥ = ∫ 𝑤𝑠  dꭥ 

Test functions are chosen such that the directlet boundary conditions are automatically satisfied and 

the in this problem, the neumann conditions are 0. 

 

The Implicit method, 𝑹𝟏𝟏, 

Δ𝜌

Δ𝑡
 - W∆𝜌

𝑡
 = w𝜌

𝑡
𝑛 

Where , 

                           W=1/2 

                        w=1 

the above equation is then  multiplied with a test function “q” to get the weak form and replacing  

𝜌
𝑡
= s - a.∇𝜌 + ∇.(µ∇𝜌) - σ𝜌  

 

∫ 𝑞
Δ𝜌

Δ𝑡
 dꭥ - ∫ 𝑞W∆𝜌𝑡 dꭥ =  ∫ 𝑞w𝜌𝑡

𝑛  dꭥ 

By integration by parts, the final equation for weak form is obtained, 

 

∫ 𝑞
Δ𝜌

Δ𝑡
 dꭥ + ∫ qWa. ∇(Δ𝜌) dꭥ + ∫ ∇q. Wµ∇(Δ𝜌)  dꭥ +  ∫ qWσ(Δ𝜌) dꭥ  = ∫ q(WΔ𝑠 + 𝑤𝑠𝑛) dꭥ - 

∫ qwa. ∇(𝜌𝑛) dꭥ - ∫ ∇q. wµ∇(𝜌𝑛)  dꭥ - ∫ 𝑞w σ𝜌𝑛 dꭥ 

 



For the stabilization of the above weak form equation, stabilization term has been introduced. 

∫ 𝑞
Δ𝜌

Δ𝑡
 dꭥ + ∫ qWa. ∇(Δ𝜌) dꭥ + ∫ ∇q. Wµ∇(Δ𝜌)  dꭥ +  ∫ qWσ(Δ𝜌) dꭥ  +  ∑(𝝉𝓟(𝒒), 𝓡(𝚫𝝆)) = 

∫ q(WΔ𝑠 + 𝑤𝑠𝑛) dꭥ - ∫ qwa. ∇(𝜌𝑛) dꭥ - ∫ ∇q. wµ∇(𝜌𝑛)  dꭥ - ∫ 𝑞w σ𝜌𝑛 dꭥ 

Where, 

            ℛ(Δ𝜌) =  
Δ𝜌

Δ𝑡
 + Wℒ(Δ𝜌) – w [𝑠𝑛 −  ℒ (𝜌𝑛)] - WΔ𝑠 

            ℒ = a. ∇ - ∇. (µ∇) + σ 

 

For SUPG:   𝒫(𝑞)= W (a. ∇)q 

For GLS: 𝒫(𝑞)= 
q

Δ𝑡
 + W[(a. ∇)q – ∇. (µ∇q) + σq ]  

 

From the equation above, different Matrix and vector can be defined : 

 

Mass matrix      M =  ∫ 𝑁𝑎𝑁𝑏 dꭥ 

Convection matrix     C =  ∫ 𝑁𝑎(a. ∇𝑁
𝑏
) dꭥ 

Diffusion Matrix    D =  ∫ 𝑁𝑎(µ∇𝑁
𝑏
) dꭥ 

Reaction Matrix    R   =  ∫ 𝑁𝑎σ𝑁𝑏 dꭥ 

Stabilization Matrix   S   =  ∑(𝜏𝒫(𝑞), ℛ(Δ𝜌)) 

Source vector     SV   =  ∫ 𝑁𝑎(WΔ𝑠 + 𝑤𝑠𝑛) dꭥ 

 

The system that has to be solved is:  

 

1

Δ𝑡
 M + WC +WD + WR +S = SV – wC –wS - w σ M  

 

 

 

 



The Implicit method, 𝑹𝟐𝟐, 

Δ𝜌

Δ𝑡
 - W∆𝜌

𝑡
 = w𝜌

𝑡
𝑛 

Where , 

                                                  W   =    
1

24
[

7 −1
13 5

] 

                                    w    =     
1
2

(1
1) 

the above equation is then  multiplied with a test function “q” to get the weak form and replacing  

𝜌
𝑡
= s - a.∇𝜌 + ∇.(µ∇𝜌) - σ𝜌  

 

∫ 𝑞
Δ𝜌

Δ𝑡
 dꭥ - ∫ 𝑞W∆𝜌𝑡 dꭥ =  ∫ 𝑞w𝜌𝑡

𝑛  dꭥ 

By integration by parts, the final equation for weak form is obtained, 

 

∫ 𝑞
Δ𝜌

Δ𝑡
 dꭥ + ∫ qWa. ∇(Δ𝜌) dꭥ + ∫ ∇q. Wµ∇(Δ𝜌)  dꭥ +  ∫ qWσ(Δ𝜌) dꭥ  = ∫ q(WΔ𝑠 + 𝑤𝑠𝑛) dꭥ - 

∫ qwa. ∇(𝜌𝑛) dꭥ - ∫ ∇q. wµ∇(𝜌𝑛)  dꭥ - ∫ 𝑞w σ𝜌𝑛 dꭥ 

 

For the stabilization of the above weak form equation, stabilization term has been introduced. 

∫ 𝑞
Δ𝜌

Δ𝑡
 dꭥ + ∫ qWa. ∇(Δ𝜌) dꭥ + ∫ ∇q. Wµ∇(Δ𝜌)  dꭥ +  ∫ qWσ(Δ𝜌) dꭥ  +  ∑(𝝉𝓟(𝒒), 𝓡(𝚫𝝆)) = 

∫ q(WΔ𝑠 + 𝑤𝑠𝑛) dꭥ - ∫ qwa. ∇(𝜌𝑛) dꭥ - ∫ ∇q. wµ∇(𝜌𝑛)  dꭥ - ∫ 𝑞w σ𝜌𝑛 dꭥ 

Where, 

            ℛ(Δ𝜌) =  
Δ𝜌

Δ𝑡
 + Wℒ(Δ𝜌) – w [𝑠𝑛 −  ℒ (𝜌𝑛)] - WΔ𝑠 

            ℒ = a. ∇ - ∇. (µ∇) + σ 

 

For SUPG:   𝒫(𝑞)= W (a. ∇)q 

For GLS: 𝒫(𝑞)= 
q

Δ𝑡
 + W[(a. ∇)q – ∇. (µ∇q) + σq ]  

 

 

 



From the equation above, different Matrix and vector can be defined : 

 

Mass matrix      M =  ∫ 𝑁𝑎𝑁𝑏 dꭥ 

Convection matrix     C =  ∫ 𝑁𝑎(a. ∇𝑁
𝑏
) dꭥ 

Diffusion Matrix    D =  ∫ 𝑁𝑎(µ∇𝑁
𝑏
) dꭥ 

Reaction Matrix    R   =  ∫ 𝑁𝑎σ𝑁𝑏 dꭥ 

Stabilization Matrix   S   =  ∑(𝜏𝒫(𝑞), ℛ(Δ𝜌)) 

Source vector     SV   =  ∫ 𝑁𝑎(WΔ𝑠 + 𝑤𝑠𝑛) dꭥ 

 

The system that has to be solved is:  

 

1

Δ𝑡
 M + WC +WD + WR +S = SV – wC –wS - w σ M 

 

The Explicit method,𝑹𝟐𝟎 

 

𝜌𝑛+
1

2  =  𝜌𝑛 +  
Δ𝑡

2
𝜌𝑡

𝑛     ---------------- 1 

𝜌𝑛+
1

2  =  𝜌𝑛 +  Δ𝑡𝜌𝑡

𝑛+
1

2 -----------------2 

The above equations are then multiplied with a test function “w” to get the weak form and replacing 

𝜌
𝑡
= s - a.∇𝜌 + ∇.(µ∇𝜌) - σ𝜌  

 

From first equation, 

∫ 𝑤𝜌𝑛+
1
2  dꭥ =  ∫ w𝜌𝑛 dꭥ + ∫ 𝑤

Δ𝑡
2

𝜌𝑡
𝑛  dꭥ  

By integration by parts, the final equation for weak form is obtained, 

∫ 𝑤𝜌𝑛+
1
2  dꭥ =∫ w𝜌𝑛 dꭥ + ∫ 𝑤

Δ𝑡
2

𝑠𝑛  dꭥ -∫ 𝑤
Δ𝑡
2

a. ∇𝜌𝑛  dꭥ  + ∫ ∇𝑤.
Δ𝑡
2

(µ∇𝜌𝑛)  dꭥ  -

∫ 𝑤
Δ𝑡
2

σ𝜌𝑛 dꭥ    



For the stabilization of the above weak form equation, stabilization term has been introduced. 

∫ 𝑤𝜌𝑛+
1
2  dꭥ +  ∑(𝝉𝓟(𝒒), 𝓡(𝚫𝝆)) =∫ w𝜌𝑛 dꭥ + ∫ 𝑤

Δ𝑡
2

𝑠𝑛  dꭥ -∫ 𝑤
Δ𝑡
2

a. ∇𝜌𝑛  dꭥ  + 

∫ ∇𝑤.
Δ𝑡
2

(µ∇𝜌𝑛)  dꭥ  -∫ 𝑤
Δ𝑡
2

σ𝜌𝑛 dꭥ    

Where, 

            ℛ(Δ𝜌) =  
Δ𝜌

Δ𝑡
 + Wℒ(Δ𝜌) – w [𝑠𝑛 −  ℒ (𝜌𝑛)] - WΔ𝑠 

            ℒ = a. ∇ - ∇. (µ∇) + σ 

 

For SUPG:   𝒫(𝑞)= W (a. ∇)q 

For GLS: 𝒫(𝑞)= 
q

Δ𝑡
 + W[(a. ∇)q – ∇. (µ∇q) + σq ] 

 

From the equation above, different Matrix and vector can be defined : 

 

Mass matrix      M =  ∫ 𝑁𝑎𝑁𝑏 dꭥ 

Convection matrix     C =  ∫ 𝑁𝑎(a. ∇𝑁
𝑏
) dꭥ 

Diffusion Matrix    D =  ∫ 𝑁𝑎(µ∇𝑁
𝑏
) dꭥ 

Reaction Matrix    R   =  ∫ 𝑁𝑎σ𝑁𝑏 dꭥ 

Stabilization Matrix   S   =  ∑(𝜏𝒫(𝑞), ℛ(Δ𝜌)) 

Source vector     SV   =  ∫ 𝑁𝑎(𝑠𝑛) dꭥ 

 

 

The system that has to be solved is:  

 

M + S = M + 
Δ𝑡

2
 SV - 

 Δ𝑡

2
C + 

Δ𝑡

2
D - 

Δ𝑡

2
R  

 

 

 



From second  equation, 

∫ 𝑤𝜌𝑛+
1
2  dꭥ =  ∫ w𝜌𝑛 dꭥ + 𝑤Δ𝑡𝜌

𝑡

𝑛+1
2 

By integration by parts, the final equation for weak form is obtained, 

∫ 𝑤𝜌𝑛+
1
2  dꭥ =∫ w𝜌𝑛 dꭥ + ∫ 𝑤Δ𝑡𝑠𝑛+1

2  dꭥ -∫ 𝑤Δ𝑡a. ∇𝜌𝑛+1
2  dꭥ  + ∫ ∇𝑤. Δ𝑡(µ∇𝜌𝑛+1

2)  dꭥ  -

∫ 𝑤Δ𝑡σ𝜌𝑛+1
2 dꭥ    

For the stabilization of the above weak form equation, stabilization term has been introduced. 

∫ 𝑤𝜌𝑛+
1
2  dꭥ +  ∑(𝝉𝓟(𝒒), 𝓡(𝚫𝝆)) =∫ w𝜌𝑛 dꭥ + ∫ 𝑤Δ𝑡𝑠𝑛+1

2  dꭥ -∫ 𝑤Δ𝑡a. ∇𝜌𝑛+1
2  dꭥ  + 

∫ ∇𝑤. Δ𝑡(µ∇𝜌𝑛+1
2)  dꭥ  -∫ 𝑤Δ𝑡σ𝜌𝑛+1

2 dꭥ    

Where, 

            ℛ(Δ𝜌) =  
Δ𝜌

Δ𝑡
 + Wℒ(Δ𝜌) – w [𝑠𝑛 −  ℒ (𝜌𝑛)] - WΔ𝑠 

            ℒ = a. ∇ - ∇. (µ∇) + σ 

For SUPG:   𝒫(𝑞)= W (a. ∇)q 

For GLS: 𝒫(𝑞)= 
q

Δ𝑡
 + W[(a. ∇)q – ∇. (µ∇q) + σq ] 

 

From the equation above, different Matrix and vector can be defined : 

 

Mass matrix      M =  ∫ 𝑁𝑎𝑁𝑏 dꭥ 

Convection matrix     C =  ∫ 𝑁𝑎(a. ∇𝑁
𝑏
) dꭥ 

Diffusion Matrix    D =  ∫ 𝑁𝑎(µ∇𝑁
𝑏
) dꭥ 

Reaction Matrix    R   =  ∫ 𝑁𝑎σ𝑁𝑏 dꭥ 

Stabilization Matrix   S   =  ∑(𝜏𝒫(𝑞), ℛ(Δ𝜌)) 

Source vector     SV   =  ∫ 𝑁𝑎(𝑠𝑛) dꭥ 

 

The system that has to be solved is:  

 

M + S = M + Δ𝑡 SV - Δ𝑡C + Δ𝑡D - Δ𝑡R  



D) 

Considering the steady state case, the problem is solved with both linear and quadrilateral element 

for 3 different cases with various velocity, diffusion parameter, reaction and source. The results are 

compared with GLS and SUPG discretization and are shown below:  

First case 

 a= (-1, 0), µ =10−3, σ= 10−3 , s =0 

Using GLS 

 

Fig 1: Linear element  

 

Fig 2: Quadratic  element  



Using SUPG 

 

Fig 3: Linear element  

 

 

Fig 4: Quadratic  element  

Both GLS and SUPG showed similar results. But when compared between results using linear and 

quadratic element, it can be seen that the results obtained with linear element has more oscillation 

than the results obtained using quadratic element for both GLS and SUPG. This is due to the fact 

that, quadratic element can approximate result more accurately than linear element. 



Second case 

 a= (−10−3, 0), µ =10−3, σ= 1 , s =0 

Using GLS 

 

Fig 5: Linear element  

 

Fig 6: Quadratic  element  

 

 



Using SUPG 

 

Fig 7: Linear  element  

 

Fig 8: Quadratic  element  

For the second case as well, both GLS and SUPG showed similar results. But when compared 

between results using linear and quadratic element, the later one has much less oscillation and the 

solution is smoother compare to linear element. It was anticipated as quadratic element are better 

in approximating solutions. 

 



Third case 

 a= (−10−3, 0), µ =10−3, σ= 0 , s =1 

Using GLS 

 

Fig 9: Linear  element  

 

Fig 10: Quadratic  element  

 



Using SUPG 

 

Fig 11: Linear  element  

 

Fig 12: Quadratic  element  

For the third case, all the graphs look different than the other two cases as there is a source term 

present. Here too it can be seen that the quadratic has less oscillation than linear although the 

difference is quite small. 

 



APPENDIX 
For linear 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 



For Quadratic 

 



 



 

 

 

 

 

 



 


