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4. MATLAB implementation  
The following modifications where applied to the provided code in order to match the case of the 

implementation in hand (the code is provided in the Appendix):  

• The function GetFaces is modified in order to store the information regarding the boundary face 

types (Appendix 1). 

• The degrees of freedom are to be computed from the global face number of the Dirichlet 

boundaries (Appendix 2).   

• The face type is specified through the function hdg_preprocess, where the variable face_type 

takes the value 0 for Dirichlet, 1 for Neumann, 2 for Robin and 3 for internal faces. 

• The function hdgMatrixPoisson is modified in order to accommodate the new definition of the 

global matrices taking into account the Robin boundary condition (Appendix 4).  

• The functions defining the analytical solution, source, traction and Robin boundaries condition 

are added (Appendix 5).  
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3. Analytical solution 

The analytical solution is defined as follows where 𝜅 =  1.2;  𝛾 = 6;  a = 0.2;  b = 0.5:  

𝑢𝐷 = 𝑎 cos(𝛾𝑦𝜋(𝑏 − 𝑥)) ; for 𝑥 = 0 

𝑢𝐷 = cosh(𝜅𝑥) ; for 𝑦 = 0 

𝑡 = −𝜅(𝑎𝜅 cos(𝛾𝑦𝜋(𝑏 − 𝑥)) sinh(𝜅𝑥) + 𝑎𝛾𝑦𝜋 sin(𝛾𝑦𝜋(𝑏 − 𝑥)) cosh(𝜅𝑥)) 

𝑔 = 𝜅(𝑎𝜅 cos(𝛾𝑦𝜋(𝑏 − 𝑥)) sinh(𝜅𝑥) + 𝑎𝛾𝑦𝜋 sin(𝑔𝑎𝑚𝑚𝑎𝑦𝜋(𝑏 − 𝑥)) cosh(𝜅𝑥))

+ 𝑎𝛾𝑐𝑜𝑠(𝛾𝑦𝜋(𝑏 − 𝑥)) cosh(𝜅𝑥) 

The analytical solution of the function is plotted in the following Figure 1: 

 

Figure 1: Analytical solution of the function 

4. Results and discussion 

The results for the HDG method are shown in Figure 2. The results are obtained using the provided 

meshes which increase element density (h-refinement) and quadratic approximation. It could be seen 

that the solution becomes similar to the analytical solution starting from the fourth mesh. However, the 

effect of the discontinuity of the mesh are still observable. This is reduced as the mesh become more 

fine where the 6th mesh achieves a solution comparable to the analytical one.   
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Figure 2 HDG solution while increasing the mesh size 

Another analysis could be performed regarding the effect of the approximation's degree. For this 

analysis, the HDG solution is obtained with the 2nd mesh and degrees from 1 to 4. It could be observed in 

Figure 3 that the 4th order mesh achieve an adequate solution comparable to the analytical one. It could 

be noted that this is achieved using a relatively coarse mesh. 

                                  

                                 

Figure 3 HDG solution while increasing the approximation order 

The goal of post-processing is to allow the usage of a coarser mesh and lower degree of approximation 

thus reducing the computational cost. This is achieved through recalculating the unknowns inside the 

elements using the obtained fluxes on the edges. It could be observed from Figure 4 that the 

postprocessing method achieves a satisfactory solution that is comparable to the analytical one. Its 

advantages are seen compared to the normal method of solution where a coarse mesh with a low 

degree of approximation is used to provide a sufficient result that is wouldn’t be otherwise achieved . 
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Figure 4 Postprocessing effect on the solution 

The convergence rate plot is shown in Figure 5. This curve is conducted by plotting the error for each 

tested case compared to the analytical solution while increasing the mesh size for each of the 

approximation degrees.  Both the not post-processed and the post-processed method of solution are 

considered. It could be noted that as the degree of approximation increases, the rate of convergence 

increase.  This entails that a coarser mesh with higher degree or approximation could be used in order 

to achieve the same level of solution accuracy. Thus, it is more beneficial to increase the degree of 

approximation than to increase the fineness of the mesh. The convergence rate plot also shows the 

effect of post-processing. It could be observed that post processing achieves better convergence 

compared to the normal HDG method. Moreover, a better solution is achieved using a lower degree of 

approximation. Thus, it could be said that utilizing post-processing s more beneficial than increasing the 

degree of the polynomial. 

 

Figure 5 Convergence rate analysis 
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Appendix 

Appendix 1 
Modification to GetFace.m 

function [intFaces,extFaces] = GetFaces(X,T) 

 
for iElem=1:nElem 

    for iFace=1:nfaceel 

        if(markE(iElem,iFace)==0) 

            markE(iElem,iFace)=1; 

            nodesf = T(iElem,Efaces(iFace,:)); 

  

            jelem = FindElem(iElem,nodesf); 

  

            if(jelem~=0) 

                [jface,node1]=FindFace(nodesf,T(jelem,:),Efaces); 

                intFaces(intF,:)=[iElem,iFace,jelem,jface,node1]; 

                intF = intF +1; 

                markE(jelem,jface)=1; 

            else 

                 x = X( nodesf , 1 ) ; 

                 if x ( 1 )==0 && x ( 2 )==0  

                    extFaces ( extF , : ) =[ iElem , iFace , 1 ] ; 

                 elseif x ( 1 )==1 && x ( 2 )==1  

                    extFaces ( extF , : ) =[ iElem , iFace , 2 ] ; 

                 else  

                    extFaces ( extF , : ) =[ iElem , iFace , 0 ] ; 

                 end 

                 extF = extF + 1; 

            end 

        end 

    end 

 

Appendix 2 
Modification to mainPoissonHDG.m and convergencePoisson.m 

%Dirichlet BC 

 %Dirichlet face nodal coordinates 

 nOfFaceNodes = degree+1; 

 nOfInteriorFaces = size (infoFaces.intFaces,1) ; 

 nOfExteriorFaces = size (infoFaces.extFaces,1) ; 

 res = 1 : nOfFaceNodes ; 

 res1 = find (infoFaces.faceTypes==0) ;  

 res2 = find (infoFaces.faceTypes~=0) ;  

 nOfDirichletFaces = size (aux1,1) ; 

 nOfNonDirichletFaces = nOfExteriorFaces - nOfDirichletFaces ; 

 dofDirichlet = zeros ( nOfDirichletFaces * nOfFaceNodes , 1 ) ; 

 for i =1: size ( aux1 , 1 ) 

    dofDirichlet (1+( i-1)*nOfFaceNodes : i *nOfFaceNodes ) = ( res1(i)-

1)*nOfFaceNodes + res ; 

 end 

 dofUnknown = zeros ( ( nOfNonDirichletFaces + nOfInteriorFaces ) * nOfFaceNodes , 1 ) 

; 

 for i =1: size ( res2 , 1 ) 
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    dofUnknown(1+(i-1)*nOfFaceNodes : i*nOfFaceNodes ) = (res2(i)-1)*nOfFaceNodes+ 

aux0 ; 

 end 

  

uDirichlet = 

computeProjectionFaces(@analyticalPoisson,infoFaces.extFaces,X,T,referenceElement); 

 

Appendix 3 
Modification to hdg_preprocess.m 

for iFace = 1:nOfExteriorFaces 

    infoFace = extFaces(iFace,:); 

    F(infoFace(1),infoFace(2)) = iFace + nOfInteriorFaces; 

    faceTypes ( iFace+ nOfInteriorFaces ) = infoFace ( 3 ) ; 

end 

 

Appendix 4 
Modification to hdgMatrixPoisson.m 

%% Faces computations 

Alq = zeros(3*nOfFaceNodes,2*nOfElementNodes); 

Auu = zeros(nOfElementNodes,nOfElementNodes); 

Alu = zeros(3*nOfFaceNodes,nOfElementNodes); 

All = zeros(3*nOfFaceNodes,3*nOfFaceNodes); 

%Is it possible to remove this loop? 

for iface = 1:nOfFaces     

    tau_f = tau(iface); 

    nodes = faceNodes(iface,:); Xf = Xe(nodes,:); % Nodes in the face 

    dxdxi = Nx1d*Xf(:,1); dydxi = Nx1d*Xf(:,2); 

    dxdxiNorm = sqrt(dxdxi.^2+dydxi.^2); 

    dline = dxdxiNorm.*IPw_f'; 

    nx = dydxi./dxdxiNorm; ny=-dxdxi./dxdxiNorm; 

    %Face matrices 

    ind_face = (iface-1)*nOfFaceNodes + (1:nOfFaceNodes); 

    Alq(ind_face,2*nodes-1) = N1d'*(spdiags(dline.*nx,0,ngf,ngf)*N1d); 

    Alq(ind_face,2*nodes) = N1d'*(spdiags(dline.*ny,0,ngf,ngf)*N1d); 

    Auu_f = N1d'*(spdiags(dline,0,ngf,ngf)*N1d)*tau_f;   

    Auu(nodes,nodes) = Auu(nodes,nodes) + Auu_f; 

    Alu(ind_face,nodes) = Alu(ind_face,nodes) + Auu_f; 

    All(ind_face,ind_face) = -Auu_f; 

end 

Appendix 5 
function u = analyticalPoisson(X) 

  

% Parameters 

kappa = 1.2; 

gamma = 6; 

a = 0.2; 

b = 0.5; 

% Points 

x = X(:,1); 

y = X(:,2); 

  

% Solution 

 u = a*cosh(kappa*x).*cos(gamma*pi*y.*(x-b)) ; 
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function s = sourcePoisson(X, mu) 

  

% Parameters 

kappa = 1.2; 

gamma = 6; 

a = 0.2; 

b = 0.5; 

  

% Points 

x = X(:,1); 

y = X(:,2); 

  

% Minus Laplacian 

s = -kappa*(a*kappa^2*cos(gamma*pi*y.*(b - x)).*cosh(kappa*x) - 

a*gamma^2*pi^2*y.^2.*cos(gamma.*y.*pi.*(b - x)).*cosh(kappa.*x) - 

a.*gamma.^2.*pi.^2.*cos(gamma.*y.*pi.*(b - x)).*cosh(kappa.*x).*(b - x).^2 

+... 

    2.*a.*gamma.*kappa.*y.*pi.*sin(gamma.*y.*pi.*(b - x)).*sinh(kappa.*x)); 

 

function t = tractionPoisson(X, mu) 

  

% Parameters 

kappa = 1.2; 

gamma = 6; 

a = 0.2; 

b = 0.5; 

  

% Points 

x = X(:,1); 

y = X(:,2); 

  

% Minus Laplacian 

t = -kappa*(a*kappa*cos(gamma*pi*y.*(b - x)).*sinh(kappa*x) + 

a*gamma*pi*y.*sin(gamma*pi*y.*(b - x)).*cosh(kappa*x)); 

 

function g = RobinPoisson(X, mu) 

  

% Parameters 

kappa = 1.2; 

gamma = 6; 

a = 0.2; 

b = 0.5; 

  

% Points 

x = X(:,1); 

y = X(:,2); 

  

% Minus Laplacian 

g = kappa*(a*kappa*cos(gamma*pi*y.*(b - x)).*sinh(kappa*x) +... 

    a*gamma*pi*y.*sin(gamma*pi*y.*(b - x)).*cosh(kappa*x)) + 

a*gamma*cos(gamma*pi*y.*(b - x)).*cosh(kappa*x); 

 

 

 


