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We consider the pertubed Burgers’ equation with strong form

Ut + ULy = EUgy for (x,t) € [-1,1] x [0, T
u(z,0) = up(x) for z € [-1,1]
u(=1,t) =u(l,t) =0 for T € [0,T)

SO f(u) = %2 — €Uy and a(u) = of = u.

1 One-step Taylor-Galerkin method

Considering u™ := u™(z) = u(x, nAt),

u"t = u™ — Atf(u") + (A;)Z (a(u") fz(u"))s
= u" — At(u"uy — euly,) + (A;)2 (u™ - (u"uy — eugy))s

1.1 Weak form
Consider w € H ([-1,1]) = {v € H*([-1,1]) : v(=1) = v(1) = 0},

1 1
/ u"Mwdr = / (u" — At(u"ul — eul,) +
—1 -1

() — eull,)),wda

1 1 (At)2 1
= / u"wdr — At/ (u"uly — eul, )wdz + T/ (u” - (uuy — euy,))wdz
—1 —1 —1

Considering the integration by part formula,

/_1fx(un)wd$ = [f(un(l))W(l)—f(un(—l))W(—l)]—/_1f(u")wzdw
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1

Kl(a(u")fz(un))wwdx = [a(u"(l))fz(un(l))w(l)—a(u"(—l))fz(un(—l))w(—l)]—/ (a(u") fo(u"))wedz

—1

1
= —/ (u" - (u"uy — eul,))wydx
-1

1



Thus, the weak form of the pertubed Burgers’ equation is:

Find u"*! € H'([-1,1]) such that

1 1 1, m2 Ap2 1
/ u”“wdxz/ u”wdx—i—At/ ((u2) —eu;’)wxd:v—( ;) / (u" - (u"ul — eul, ) wzdx (1)

-1 -1 —1 -1

Vw e H§([—1,1]).

1.2 FE Discretization

We consider the set of basis functions {N;(z)}i=1,...m of H'([-1,1]), we suppose x1 = —1 and z,, = 1. We
define as our approximate solutions u(z, (n + 1)At) ~ ul(z, (n + 1)At) = 70 u! "' N;(z) where u't! =
u(z;, (n + 1)At). We also consider w = Z?igl w;N;(z) since w € HE([-1,1]), so w(—=1) = w; = 0 and
w(l) = wpm =0.

Thus, substituting in equation 1, we have,

w? (M)i:2,.,,,mfl,j:1,...,m Ut = w’ (F)izl,...m
where W = (wa,...,wp_1)T, U" = (uf™ . )T, f_ (r)dz is the mas matrix and
Fy = [, unNi(a)de + At [ (U5 — eun) (N (@) der - “’ f (u ux—eum»( Ni)s (w)da.

As the weak form has to be accomplished Vw € H{([—1,1]), we can eliminate it from our equation. From
the Dirichlet boundary conditions, we know u} = u(—1,nAt) = 0 and u”, = u(1,nAt) = 0. So at each time

iteration we have to solve the following system:

n+1 _
Mij=2,...m—1UiZy 1 = Fiz2 . im—1

2 Two-step Taylor-Galerkin method

In this case we will use he following scheme:

n n At n
u +1/2 _ u — 7][‘1(“ )
un—i—l - "= Atfw(u”+1/2)

2.1 Weak form

As in the One-step method, we compute the weak form of the problem for both equations,

1 1
/ w1 20de = / u"wdr — —/ fo(u™wdz
1 _

1 1
/ u"Mwde = / u"wdr — At/ fo (") wdx
-1

-1 -1



Using the interation by parts formula,

(u")?

| getrds = [ )e0) = f0)e-0] = [ faeds = - [ G - aonds

1 (un+1/2)2

1
/ f$(u”+1/2)wdx = f/ (#feugﬂﬂ)wrdz
-1

-1

So the weak form of each equation will be:

Find u"**, u"*+/2 € H'([-1,1]) such that

1 1 At 1
/ u" TV 20de = / uwdr + — 5 / — euy )wydx
—1 — 1

1 1 n+1/2
/ uThpdr = / updx + At / —eugﬂ/z)wxdx

-1 1

VYw, v € HY([-1,1]).

2.2 FE Discretization

As we did in the One-step method, we discretize our domain and we end with a linear system to solve for
each equation:
+1/2
Mijesm1 U2 = Gicaoma (2)
Mi,jzlm,mflUanl,_._, = Hi—..m—1 (3)

n+1/2)2

where G; = f_ll u"N;(z)dx + 5t _11((“;)2 — eu)(N;),(z)dz and H; = f_ll u™N;(z)dz + Atf
eu;LH/Q)(Ni)z(m)d:c.
So at each time iteration we will have to compute the solution of equation 2 to evaluate H and find the

solution of 3.



