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We consider the Steady transport problem with strong form
a-Vu—-V-@wVu)+ou=s in Q (1)

with Dirichlet boundary conditions © = up in 612.

1 Weak form derivation

Let w € H1(Q) such that w =0 on J§2. Then,

/Qw(a-Vu)dQ—/Qw(v.(yvu))d9+/

Qw(au)dQ:/wsdQ (2)

Q
Using that V- (w(vVu)) = Vw- (vVu)+w(V-(vVu)) and the divergence theorem ([, V-F = [;, F-ndjQ)

the diffusion term turns into,

—/Qw(V - (¥Vu))dQ = /QVw - (vVu)dQ — /m w(¥Vu) - ndéQ (3)

As we had considered that w = 0 on 612, the second term disapears.
Thus, the weak form of the problem is:

Find v € H1(Q) s.t. u = up on €, such that

/Qw(a-Vu)dQ—I—/QVw-(VVu)dQ—&—/gw(au)dQ:/QwsdQ (4)

Yw € H1(Q) s.t. w =0 on 6.

1.1 Streamline upwind (SU)

To solve convection dominated problems (Pe > 1), we add artificial diffusion 7, so we end up with the

following equation

/Qw(a~ Vu)dQ—k/QVw - (vVu)dQ + /Qw(au)dﬂ—&—/ﬂﬁ(a-Vu)(a-Vu)dQ = /QwsdQ (5)



1.2 Consistent stabilized formulations

Our PDE can be written as R(u) = 0 with
R(u)=a-Vu—-V-wVu)+ou—s=L(u)—s (6)
Another stabilization technique is to add a term that is a multiple of by this residual, i.e.
> /Q P(w)TR(u)d (7)

This new formulation gives us the same solution as the one without, so we can say that is a consistent

formulation.

1.2.1 Streamline upwind Petrov-Galerkin (SUPG)

We consider a consistent stabilized formulation using P(w) = a - Vw.

So the new weak form is

/Qw(a-Vu)dQ—i—/QVw : (VVu)dQ—&—/Qw(au)dQ

4 TZ/Q (a- Vo) (a- V) — v (a- Vo) (V- V) + o (a - Vo) u] d2
= /QwsdQ—&—Tze:/Qes(a-Vw)dQ

1.2.2 Galerkin least-squares (GLS)

Is a consistent stabilized formulation using P(w) = L(w) =a-Vw — V - (vVw) + ow.

So the new weak form is

/Qw(a-Vu)dQ—i—/QVw-(VVu)dQ—F/Qw(Uu)dQ
+ TZ/Q [(a-Vw)(a-Vu) —v(a-Vw) (V- Vu) + 0o (a- Vw) u] dQ
— TZ/Z/ (V- -Vw)(a-Vu)—v (V- -Vw) (V- -Vu) — o (Vw) - (Vu)] dQ
+ TO'Z/Q [w(a-Vu)+v(Vw) - (Vu) + owu] dQ

- Tgyze:/me [(Vw)u-n+w(Vu) - n]di2

= /QwsdQJrT;/Qes[(a~Vw)V(V.Vw)Jrcrw]dQ



2 Finite Elements Discretization

Let us define a mesh {Q¢}e=1, such that UQ. = 2, where the nodes are the points with coordinates

M Blem
{Xibim1,nnode. -

We will take as a basis functions of Hi(2) the set {IN;(x)}i=1,. .. nyoue. Such that N;(x;) = d;;. NOTE:
we would consider polynomial functions of different degrees to obtain different order approximations.

We will define the FEM approximation of our function as a linear combination of the basis functions

M Nodes
u(x) ~ u'(x) = Z u; N; (%) (8)
i=1
We will do the same for w,
N Nodes
Wi = Y wii(x) 9)
i=1
Imposing 8 and 9 to the weak form, we obtain
M Nodes M Nodes
> wiuj/ Ni(x) (a- VN;(x))dQ+v wiuj/ (VN;(x)T - VN (x)d€2
ij=1 Q ij=1 Q
M Nodes M Nodes
+ oo ) wu, / Ni(x)N;(x)d2 = Y w; / sIN;(x)dS (10)
Q=1 Q2 i=1 2

Considering the vectors W = (w1, ..., Wnypaee) s U = (U1, ey tUny,)s F = (fqsNi(x)dQ) _, .

and the matrices

L=(JoNila-VN)AR), . K = (fo (VN)"-VNjaQ) M = (J, NiNjQ), /, A=L+vK +oM

i.j i’
Using this notation we can write 10, as the following equation:
WTAU = W'F (11)

As we had imposed w = 0 on €2, we know that if z; € 62 = w; = 0. So we will discard the rows of
our system that coincide with the index of the boundary nodes. As 11 has to be accomplished Yw € H1(Q),

finding the solution is equivalent to solve the following linear system

(A)z s.t. 2, €6Q2,5=1,....nNodes U= (F)z s.t. z; €60 (12)

We also know the nodal values u; = up(x;) for x; € 6Q. Thus, we end up with the following system

(A)z st i €6Q,5 s.b. x; €60 Uj s.t. ;€60 = (F)z s.t. ;60 (A)z s.t. ¢ €60,5 s.t. ;€60 Up (13)



2.1 Discretization for the Streamline Upwind (SU) method

We add the artificial diffusion to equation 10,

Z OJiUJj/Ni(X) (a-VNj(X))dQ—I—l/ Z wiuj/ (VNZ(x))TVN7(X)dQ
ij=1 Q ij=1 Q
M Nodes M Nodes
+ oo > wy / Ni(x)N;(x)dQ+7 > wiug / (VN;(x))T VN, (x)dQ
ij=1 Q ig=1 Q
M Nodes
= ) w / sN;(x)dS (14)
i=1 Q2

So defining Asy = L+ (v + 7)K 4+ oM and applying the same that we had applied before, we end up

into having to solve the following linear system
(ASU)i s.t. x;¢0Q,5 s.t. x;¢6Q Uj st ;460 = (F)z s.t. 2, €60 (ASU)i s.t. ;€07 s.t. x; €00 Up (15)

2.2 Discretization for the Streamline Upwind Petrov-Galerkin (SUPG) method

Considering equation 8 and susbtituting w and u” we have

M Nodes M Nodes M Nodes

> vy [ NG @ N0y Y wy [ (TN N0 0 S sy [ NN (o)de
+ T ;1 w,;ujze: [||a||2/QE(VNi(x))TVNj(x)dQ V/QE (a- VN;(x))V - VNj(x)quLo/Qe(a'VNi(x))Nj(x)dQ}

= Z wi/QsNi(x)dQ—i—T Z wlZ/Q s(a- VN;(x))dQ2 (16)
i=1 i=1 e Ve

So defining B = ([,,(a- VN;(x))V - VNj(X)dQ)i.j’ G = (J,s(a-VN;(x))dQ); and Asypc = L+ (v+
7||a||?)K + oM — 7vB, and applying the same that we had applied in the Galerkin case, we end up into

having to solve the following linear system

(ASUPG)Z' st 2 €6Q,7 s.t. x;¢5Q Uj st T; 60 = (F+ TG)Z- st T g6 T (ASUPG)Z' st x;¢8Q,5 s.t. x;€5Q Up



2.3 Discretization for the Galerkin least-squares (GLS) method

Considering equation 8 and susbtituting w and u” we have

M Nodes M Nodes

22 it /Q Ni(x) (aT - VN (x)) d2 + v Z: wit; /Q (TN:(x))T - TN (x)d2 + o Z: wiy /Q Ny N; (x)d2
+ THNJZ_; Wi Z [Ilall2 /QE(VNZ‘(X))TVNJ‘(X)CZQ - V/QE (a- VN;(x))(V - VN;(x))dQ + J/QE(a : VNi(x))Nj(x)dQ]
- v ”]V;l Wi Z UQ (V- VN;(x))(a- VN;(x))dQ — V/QE (V- VN;(x))(V - VN;(x))dQ — a/ﬂe (VN,x))T - VN, (x)d
t T nN; witj Z { /Q e N;(x)(a- VN;(x))dQ + v /Q e (VN;(x))TVN;(x)dQ + o /Q e N;(x)N; (X)dg]
- o Z_ wny [ N0 mioe [ N0 - mao)

— ; wi/QsNi(x)dQ—kTm:Ejeswiz: UQ (a-VNi(X))sdQH/Q

So defining C = ([,(V - VN;(x))V - VNj(X)dQ)M, D = ([50,(VNi(x))N;(x) - nddQ)i,j, H=(J,s(V:VN;(x))dQ);

(V-VN;(x))sdQ2+ o /Qe Ni(x)sdQ}

and
Agrs = (L +70)(L+oM)+ 7oL + (v+7|a|]* + 270v)K + 7v(B — BT +vC — 0D — o D?) (18)
and applying the same that we had applied, we end up into having to solve the following linear system

(AgLs); s+, T 50,5 s.t. x;¢6Q Uj st aye00 = F+7(0F+G+vH)), z,-gém_(AGLS)i St T@805 st x;€60 Up

2.4 For a one dimensional domain

Let us consider 2 = [0,1]. We will discretize our domain using a ngje,, uniform mesh, i.e in the first
degree case the nodes are located at {2;}i=0.... ngom = {8/ Elem imo.....np1oms SO NMNodes = NElem + 1, and
the elements are defined by Q. = ((e — 1)/nEiem, €/NEiem) for € =1, ..., nNodes. In the second degree case,
the nodes are located at {@;}i=0,... npi, = {8/MElem }i=0,... 2nmem s SO MNodes = 2N Elem + 1, and the elements

are defined by Q. = ((2¢ — 2)/2ngiem, (2¢ — 1) /2nEg1em, (2€)/2nE1em)-



3 Our problems
We consider the convection-diffusion equation, i.e. (o = 0),
a-Vu—V-@wVu)=s in Q (19)
with
e Problem 1: s = 0 and boundary conditions u(0)= 0, u(1) = 1.
e Problem 3: s = sin(nz) and boundary conditions u(0)= 0, u(1) = 1.
e Problem 4: s = 10e™5% — 4¢~* and boundary conditions u(0)= 0, u(1) = 1.

Thus, to apply every method we will have to solve the following linear system

(A)i,j:2,...,nNDdES—1 Uj=27---1nNodes_1 = (F)izg - (A) o, 1)T (20)

e MNodes—1 i=2,...,nNodes— 1,7 E{1,nNodes } (
having the following matrix A and vector F for each method:

e Galerkin: A= (L+vK)and F =F.

e SU:A=L+(v+v)K and F=F.

e SUPG: A=L+ (v+7l|a]))K —7vB and F = F + 7G.

e GLS: A=L+ (v+7||a|))K + 7v(B - BT +vC) and F = F + 7G + 7vH.



Problem = 1, degree = 1,a =1, v=0.2 ; Problem = 1, degree = 1, a = 20, = 0.2
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Figure 1: Problem 1 solved with linear elements

4 Results

To solve the one dimensional system we will use linear and quadratic elements.

4.1 Linear Elements

Note that if IV; are linear functions, V- VN; = 0, so B,C = 0 and H = 0. Thus solving the problems with
linear functions using the SUPG formulation is equivalent to solve them with linear functions using the GLS
formulation as we can see in Figures 1, 2 and 3.

We can also see that oscillations appear when Pe > 1, and that they are solved for the three methods.

We can also see in Figures 2 and 3 that the SU formulation is non consitent.

4.2 Quadratic Elements

For the quadratic elements, V - VN; # 0, so SUPG and GLS formulation gave us different solutions have

different systems to solve, but as we can see in Figures 4, 5 and 6, they gave us the same approximate solution.
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Figure 2: Problem 3 solved with linear elements
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Figure 3: Problem 4 solved with linear elements



Problem = 1, degree = 2,a = 1, v =0.2 ; Problem = 1, degree = 2, a = 20, v = 0.2
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Figure 4: Problem 1 solved with quadratic elements
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Figure 5: Problem 3 solved with quadratic elements



Problem = 4, degree = 2,a =1, v =0.2 ; Problem = 4, degree = 2, a = 20, v = 0.2
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Figure 6: Problem 4 solved with quadratic elements

5 Codes

5.1 SU formulation

function [K,f] = SU_system(X,T,referenceElement,example)

% reference element information

nen = referenceElement.nen;

ngaus = referenceElement.ngaus;

wgp = referenceElement.GaussWeigths;
N = referenceElement.N;

Nxi = referenceElement.Nxi;
% example properties

a = example.a;

nu = example.nu;

tau = example.tau;

% Number of nodes and elements

10



nPt = length(X);

nElem = size(T,1);

=~
I

zeros (nPt,nPt) ;

Hh
1]

zeros (nPt,1);

% Loop on elements

for ielem = 1:nElem

Te = T(ielem,:);

Xe = X(Te);

h = Xe(end) - Xe(1);
Ke = zeros(nen);

fe = zeros(nen,1);
% Loop on Gauss points
for ig = 1l:ngaus
N_ig = N(ig,:);
Nx_ig = Nxi(ig,:)*2/h;
w_ig = wgp(ig)*h/2;
Ke = Ke + w_igx(N_ig’*a*Nx_ig + Nx_ig’*nu*Nx_ig)

+ w_igx(tauxa*Nx_ig) > *(axNx_ig) ;

x = N_ig.*Xe; 7% x-coordinate of the gauss point

s = SourceTerm(x,example) ;
fe = fe + w_igxsx(N_ig)’;

end

% Assmebly

K(Te,Te) = K(Te,Te) + Ke;

f(Te) = f(Te) + fe;

end

5.2 SUPG formulation

function [K,f] = SUPG_system(X,T,referenceElement,example)

11



% reference element information

nen = referenceElement.nen;

ngaus = referenceElement.ngaus;

wgp = referenceElement.GaussWeigths;
N = referenceElement.N;

Nxi = referenceElement.Nxi;

N2xi = referenceElement.N2xi;

% example properties
a = example.a;
nu = example.nu;

tau = example.tau;

% Number of nodes and elements
nPt = length(X);

nElem = size(T,1);

~
I

zeros (nPt,nPt) ;

Hh
]

zeros (nPt,1);

% Loop on elements

for ielem = 1:nElem

Te = T(ielem,:);

Xe = X(Te);

h = Xe(end) - Xe(1);
Ke = zeros(nen);

fe = zeros(nen,1);

% Loop on Gauss points

for ig = 1l:ngaus
N_ig = N(ig,:);
Nx_ig = Nxi(ig,:)*2/h;
N2x_ig = N2xi(ig,:)*2/h;
w_ig = wgp(ig)*h/2;

Ke = Ke + w_igx(N_ig’*a*Nx_ig + (nu + tau* norm(a) 2)*Nx_ig’*Nx_ig);

12



x = N_ig*Xe; % x-coordinate of the gauss point

s = SourceTerm(x,example) ;
fe = fe + w_igx(N_ig) ’*s
+ w_igx(tau*a*xNx_ig) ’*s;
end
% Assmebly
K(Te,Te) = K(Te,Te) + Ke;
£(Te) = £(Te) + fe;

end

5.3 GLS formulation

function [K,f] = GLS_system(X,T,referenceElement,example)

% reference element information

nen = referenceElement.nen;

ngaus = referenceElement.ngaus;

wgp = referenceElement.GaussWeigths;
N = referenceElement.N;

Nxi = referenceElement.Nxi;

N2xi = referenceElement.N2xi;

% example properties
a = example.a;
nu = example.nu;

tau = example.tau;

% Number of nodes and elements
nPt = length(X);

nElem = size(T,1);

=~
I

zeros (nPt,nPt) ;

Hh
1]

zeros (nPt,1);

% Loop on elements

13



for ielem = 1:nElem
Te = T(ielem,:);
Xe = X(Te);
h = Xe(end) - Xe(1);

Ke = zeros(nen);
fe = zeros(nen,1);
% Loop on Gauss points
for ig = 1l:ngaus
N_ig = N(ig,:);
Nx_ig = Nxi(ig,:)*2/h;
N2x_ig = N2xi(ig,:)*2/h;
w_ig = wgp(ig)*h/2;
Ke = Ke + w_ig*x(N_ig’*a*Nx_ig +(nu + taux norm(a) "2)*Nx_ig’*Nx_ig)...

+ w_igktau*nu* ((a*xNx_ig) **N2x_ig - N2x_ig’*(a*Nx_ig) + nu*N2x_ig’*N2x_ig);

x = N_ig*Xe; % x-coordinate of the gauss point

s = SourceTerm(x,example) ;
fe = fe + w_igx(N_ig)’*s ...

+ w_igk(tauxa*xNx_ig) '*s. ..
+ w_igktawknukx (N2x_ig) **s;

end

% Assmebly

K(Te,Te) = K(Te,Te) + Ke;

f(Te) = £f(Te) + fe;

end
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