Class Homework 2: 1D Unsteady convection transportation

By Domingo Eugenio Cattoni Correa:

The equation to be solved correspond to the 1D unsteady convection transportation. The source
term is s=0 and there is no Neumann bc.

w + (e Viu=10 in £2x]0, T,
ufx, 0) = up(x) on{2att =0,
w=up on T x]0, 7]

Leap-Frog (LF) implementation:

The next figure shows the line of the function code called “System” where the LF method was
implemented.
After discretizing, the expression of the LF method is:

u"‘“ unvl
(‘H), m) = ('LU, m) + (‘LL', -a-Vu )

Since there is no Neumann bc it was not necessary to integrate by part.
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M stent i where
: consistent mass matrix.
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This expression corresponds {! C= j N'(aVN)dQ
to the l.h.s of the equation. o

As this method is not self-started, it was necessary to use a start method in order to obtain the first
two-time step U" and U™, The Crank-Nicholson method was used as start method.
The figure below shows the implementation of the method explained before.

if method =— 5 % first two time steps are calulated with CH

for n = 1:nS5tep
if method == 5 && n==1

method = 3

[E,Q] = System(method,M,K,C,a,dt): )

P = P(ind unk,ind unk): Crank-Nicholson for the
@ = Q(ind wnk,ind unk}; first two-time steps

Du = P\ (Q*u(ind unk,n) + £);

u(ind unk,n+l) = u(ind unk,n) + Du;

method = 5;

elseif method == 5 && n==2

Du = P\ (Q*u(ind unk,n) + £):

u(ind_unk,n+l) = u(ind unk,n) + Du;
=is= - _ - The Leap-
u_1 = A\(A*u(ind unk,n-1)-a*2*dt*B*u(ind unk,n)+f) —p
u(ind_unk,n+l) = u 1; Frog method
end




Two-step explicit Taylor-Galerkin methods (TG3-2S):

The next figure shows the line of the function code called “System” where TG3-2S method was
implemented.
It can be seen the implementation of the first step.

case & ¥ Two—step Third order Taylor-Galerkin + Galerkin
L= H'l

| B = H—[lfS]*dt*a*C—ilfQ]*a“Z*[dt“E]*Kd
methodfame = "TG3-25';

(w,d")=MU"
M: consistent mass matrix.
This expression corresponds to
the I.h.s of the 1% step. N . 1 R
eln-sotthe & step Mu” —= AtaCu" — = At*a’kU
3 9
Where

M= I N'NdQ (consistency mass matrix)
QE

C= j N'(aVN)dQ2 (convection matrix)
o

K= J. VN'VNdQ (stiffness matrix)
o

Implementation of the 2" step

elseif method ==
C = C{ind unk,ind unk):
K = K{ind unk,ind unk):
for mn = 1l:nStep
Up = BM\(B)*u(ind unk,n):
Du = A (—dt*a*C*E[ind_unk,n]—O.5*dt“2*a“2*K*Up + f];l
u(ind unk,n+l) = u(ind unk,n) + Du;

Resolution of the 1 Step
already implemented

Resolution of the 2" Step

1 N
Au=A"(—aAtCu" —EAtzaZKU")
Where

U" :Is the solution of the 1% step



Result:

According to the stability analysis, the LF method gives a stable solution when C < 0.57 and TG3-2S
gives a stable solution when C<0.866, where “C” is the Courant number whose expression is written
below.

At
C= |a —
h
Where:
h:mesh size
At: time step
t=1.5 1=0.8925
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Figure 1: Solution obtained using different methods A) LF C = 0.5 (stable solution), B) LF C = 0.6 (unstable solution), C)
TG3-2S C = 0.8 (stable solution), D) TG3-2S C = 0.88. (unstable solution).



