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Problem Statement

FINITE ELEMENTS IN FLUIDS

HDG assignment #15
INSTRUCTIONS
® Read carefully the questions and answer in. a pertinent, clear and concise way.

e Report due by June 5, 2019.

" Consider the domain = [0, 1% such that 92 = [p UTy UTg with TpNTy =0, TpNTr =0
and Iy NTr = 0. More precisely, set
I'n:= {(.T,:fj) € IR2 Yy l}v
T'p:= {(.r‘.‘y)E]R2 : .7.',=1},
[p:= 00\ (TyUTLR).

The following second-order linear scalar partial differential equation is defined
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where x and ~ are the diffusion and convection coeflicients, respectively, n is the outward unit
normal vector to the boundary, s is a volumetric source term and up, ¢ and g are the Dirichlet,
Neumann and Robin data imposed on the corresponding portions of the boundary on.

1. Write the HDG formulation of the problem (P). More precisely, derive the HDG strong
and weak forms of the local and global problems. [Hint: the hybrid variable @ needs to be

introduced both on Ty and Tg.]

2. Implement in the Matlab code provided in class the corresponding HDG solver.

3. Set k=6 and y=1.6. Consider u(z,y)= cos(cos(xmy) + aexp(yz + by)), with a=—1.2 and
5=0.9. Determine the analytical expressions of the data up, ¢ and g in problem (P). [Hint:
use Matlab tools for symbolic calculus.)

4. Solve problem (P) using HDG with different meshes and polynomial degrees of approxi-
mation. Starting from the plots provided by the Matlab code, discuss the accuracy of the
obtained solution u and of the postprocessed one u*.

5. Compute the errors for 1, g and u* in the Ly-norm defined on the domain . Perform a
convergence study for the primal, u, mixed, g and postprocessed, u* variables for a polyno-
mial degree of approximation k=1,...,4. Discuss the obtained numerical results, starting
from the theoretical results on the optimal convergence rates of HDG.



1.

HDG Strong & Weak forms of Local & Global problem

The strong form of the problem (P) is written within the broken computational domain.

S 1o+ G s

Rosim boundie Condibion 0 applied  bodpher wilk
Dinidle} 91 Newmmamm boumd}-«(\ Lok H om§ .
V. Q(Vl,l) z 5 im ng‘, Amd Ya( (z L, --— Meg

Ll z UD
~m. (KVu) =t

o T,

o YN

Mo (KVYY) 4Yu 2 00 o T
{[uﬂ\j] =0 own Y
“N\.VuX\ = 0 on

Load froblae
lecad poeen with Aivinled \MWA/V( Cndithom
an C\A;mai a 9.4 -5 s
8 4 uVy =0 im S
U = do on DR N,
b = on bﬁi\(o
rﬁ‘ (zh - ey

Gorad Prblen
Gbad pilem oo dfimed 4o Aedeqnined §
where U oo Ty oed on Lt T4 e
[vg) =0 o
mg ozt on i
mg, Y& 24 om (g
T ounkion o auueeaiFeally puksdied a0z om |

o ((um)) 20 , Cond o ot fred beauws O 20 uw(.?u VRN
adioremk elgameant.



Weah [sm 8} Loced Prblen
o vgach\ *Q‘{W @Qﬂmémk

B Giem o b W
~ (W, 902 4 (Vi 09, = (v, 5)a;

- Wi, K(V-W, 009 = K¢miw upy 25207
+ K(W'w,(bbsu\(p
AK’H/\ -\N\\Q S\THA"\M% LT ?5"741. QN\A

Su\v gH\u}imv;)n N\uM\O/\:\CDLQ ,ﬂﬁu(% w itk
A im;.oy( 4_‘(;011_()9) on anﬁy

m;.a},f =
Mg v TO(Wi-),  Ssewhere

] ' , ‘\Q{V\/\
Weald L otom Cﬂm’“y i ; s
By adding fe \;Efd ki

mel

Mel A A
Zq@ M'%w o * Ei Cas > 20\ T

meld

v %Q’mi-é} SYUAG)onaf, = ©

loplocin] e dehimation 6} flece
{A i@* M .”y(>bsu\vo A <}1,sz7 W\ - <)J, Zz&?am\“\

mz1l

el

_ Q,,Y&rbmmmls - ,i {(}"oﬁwinrﬁ+(*’-*7BQ;HVNX

mzl



Ay dicrtivadion 6 locadl 2ekion | we hous

{P\uu Au‘&} Xm\ ’vu TV
hig Agy) . 9] Kgaj Jrimayﬁ\iu

Afler  Dierehiiah o 3! %\&&\Q

2 {[Aza ’\;Ya XQ/‘L\ +(Auu} i *{Auulutx‘z KK o).+ (fe }

mzi

¢ AR e apeiad o Kebin

wheve o £ Aus
\Du,wkd/ﬁ,u( W/\ﬂow 6\ e GON.@VLWV\
A = - %QVY %(Mm Cé%wwﬁé%\“’%
o
-Z : b oo f
gu m((‘\([&%it\\@%)%b‘@%)) [
Te daad s
ki =
[ ud u Aua
K = W«:u‘ \L\Yw Agu\ AT Aa)\ K X
KL\\!Q, Aa}g : \LAgy (
SRS (Ao
C\MC\ |



MatLab Code Implementation

A few changes are made to MatLab code in order to implement HDG method to work for the
flow problem. First step is to separate different boundary conditions of Neumann and Robin
because code is for solving pure dirichlet boundary conditions. So, exterior faces are created for
dirichlet, neumann & robin boundary conditions. Modifications are done in GetFaces.m and
Preprocess.m.

DoF of unknowns are added to mainPoissonal.HDG.m while in hdg_MatrixPoisson.m, the global
system of equations is solved.

In HDGPostprocess.m, viscosity is added and Matlab symbolic calculus tools are used to
determine the analytical expression of the problem given.

Analytical Expression

The analytical expression for s, up, t and g for the given data
Set k=6 and v=1.6. Consider u(z,y)=cos(cos(kmy) + aexp(yz + by)), with a=—1.2

b=0.9.
can be calculated by tollowing Matlab code.

syms a b x v kappa gamma

u = cos(cos(kappa*pi*y) + a*exp(gamma*x + b¥*y));

ddx = diff(u,x},

ddy = diff{u,v):

g = -kappa* (ddx+ddy)

%gl = -kappa*[ddx;dd¥]:

s = -kappa* (diff (ddx,x) + diff(ddy,v)):

¥5]l = -kappa* [diff (ddx, =) ;diff (ddy,v)]
t = —-kappa*ddy:;
g = kappa*ddx + gamma*u;

The expressions are given below
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So Diridnlel

Con (Gon (kY)Y + a.exp (b))
iy 2
1\ Cos (1 + aexp(fy)) @

= KX\ Gim ( Leh (KR) * t.exp (s \7)) ®--.

SWACE!
K (KR fim (KF) - a2k (T w»}

2. dim
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Results and Discussion

The results are presented below for both u and u* for same mesh for different degree of
polynomial and it can be seen that u* gives more accurate results than u for same degree of
polynomial. While the error decreases as we increase the degree of polynomial.
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Figure-1: Meshed domain
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Figure-2: Polynomial of degree 1
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Figure-3: Polynomial of degree 2
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Figure-4: Polynomial of degree 3
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Figure-5: Polynomial of degree 4

L2 Error of the variable

Degree of Polynomial Huu 1l Iu*-u"* 11
1 3.480699e+00 1.597759e-02
2 7.874257e-01 1.006809e-02
3 1.489353e-01 9.872827e-03
4 3.070532e-02 9.868543e-03

Table-1 comparison of Errors




