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Exercise 1
The local strong form of the problem is, find g, and u; for each i = 1,--- ,ne such that
V . qZ =S in in
q;,+V-(kVu;) =0 in Q,
U; = Up on 0Q; NT'p,
u; = U on 09, N (Ty UTR)

The global strong form of the problem is to solve for the hybrid variable @

[un] =0 on T,
[n-q] =0 on T,
n-q=—t on ['y,

—n-gq+yu=g onlp
The definition of the numerical flux is useful for the weak form

" = n;-q; + 7i(u; —up) on 0Q; NT'p,
= n; - q; +7i(u; — ) elsewhere

The weak form is derived from the strong form, after integrating by parts and using the nu-
merical flux. Although the local weak form has exactly the same formulae as for the only dirichlet
boundary ploblem on the slides of the class (09-HDG-Wide, slide 12) except that the viscosity
parameter k is present

—(w,ql)o, + (V- w,ul)a, = K (Ne-w,up) a0 \p, + £ (e w, @) (1)

The global weak form of the problem is written

Nel Nel
Z (<@>ne ' qg>3§zﬂ\rD + (9, Te“g>a§zﬂ\rD — (@, Teﬁh>8QE\FD) = Z (<@7t>aszmm + (0,9 + 7ﬁ2>aﬂeﬂFR)
e=1 e=1

(2)

The part <@,7a’g> 5. g should be on the left hand side due to the fact that is is expressed by

the term 112 Taking the matrix notation introduced in the slides 13,15 and 16 of the course, the
previous equation could be expressed in matrix form

Nel Nel

S {1l Ll (3) + AT =018, ®

i=1 i=1

The terms [Azu]l and [f;], are slightly different. The first one is subject to the Robin boundary
condition and the second is subject to Robin and Neumann boundary condition.
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Exercise 2

In order to implement Neumann and Robin boundary condition in the code, there are multiple
sides to take care of.

e the boundary condition has to be represented in the code in form of a list containing the
sides for Robin and Neumann. The structure of the variable extFaces has been recycled.
After passing a test checking that coordinates of the nodes of the faces are on the Neumann
or Robin boundary, they are saved in the respective variable extNFaces or extRFaces.

o the files analyticalPoisson and sourcePoisson had to be modified to stick with the func-
tion given. Two similar files for the Robin and Neumann boundary conditions were added,
the expressions of the functions are given in the third exercise.

e the Neumann and Robin contribution had to be added in the elemental matrices computed
inside the function hdgMatrixPoisson. Their contribution is added accordingly to the ex-
pression of the weak form equation (2).

e the viscosity parameter x needs to be implemented in the function HDGpostprocess to com-
pute the value of u*. The Ls-norm of the g needs to be added in a similar way than the
error of u is computed. Since the variable is a vector, there are two components per node,
the error is computed using the same principles as for the error of u.

Exercise 3

Using the Matlab tools for symbolic calculus, considering the function u(x,y) given, the analytic
expression of up, t and g were computed using the equations of the description of the problems.
They are expressed in as the following

u(z,y) = log(acos®(brz) + k) + y(z + ¢)® (4)
9(x,y) = (log(r + acos?(br)) + 7(c + 2)*) (5)

2a b cos(brx) sin(brx
Hw,y) = -k (37(0 ) - K+ a(cos2)(b7rx() )>

Exercise 4

The final modified code to run the solution of the HDG problem can be done with multiple pa-
rameters such as the refinement of the mesh and the degree of the element. The refinement of
the results can be seen on the following figure showing the solution for degree 2 element with
configuration mesh 1 and 3.

The solutions for the third mesh is much more delicate. Due to very coarse mesh, the values of
the solution are much higher than for the finer mesh. Discontinuities are always apparent in the
solution U due to the discontinuous nature of HDG but they tend to dissappear with the solution
U* with finner meshes.
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HDG solution: u HDG solution; u*
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Figure 1: Mesh 1 solution U Figure 2: Mesh 1 solution U*
HDG solution: u HDG solution: u*
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Figure 3: Mesh 3 solution U Figure 4: Mesh 3 solution U*

The correctness of the method is performed by checking the convergence rate and comparing
them between the variables of v and u*, as done in the last exercise. Although, the good functioning
of the code can be tested by checking the convergence of nodes towards the exact values of the
solution. The values of the solution u has been extracted for each mesh and degrees for the
coordinate (0,0), i.e. node (1,1) in each mesh. The exact value for the solution is u = 0.395. The
values of w is oscillating towards the exact value.
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Figure 5: Value of U for node 1
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Exercise 5

The log of the Ly error is given in the following figure. The flux variable g has been added,
although it has the same convergence rate as u, as it can be seen on the figure. Convergence of
order p+1 for q and u is achieved and super-convergence p+2 is obtained for the solution u*. =
Rate of converge p+1 for u and q and p+2 for the variable u*.
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Figure 6: Convergence over mesh parameters



