
ELEFINFLUI: Finite Elements in Fluids (Due: 02/20/19)

Assignment #1

Instructor: Antonio Huerta/Pablo Saez Name: Mario Mendez Soto, Id: 03920395

Prove the identity of the conservative and non-conservative forms of the momentum conser-
vation equation

ρ
∂v

∂t
+ ρ(v · ∇)v −∇ · σ = ρb⇔ ∂(ρv)

∂t
+∇ · (ρv ⊗ v − σ) = ρb

Starting from the conservative form of the linear momentum equation, it is possible to derive the following:

∂ρv

∂t
+∇ · (ρv ⊗ v − σ) = ρb

ρ
∂v
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+ v

∂ρ

∂t
+∇ · (ρv ⊗ v)−∇ · σ = ρb

The third term can be further simplified using the following matricial expression:

∇ · (ρv ⊗ v) =
[

∂
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] ρuu ρuv ρuz
ρvu ρvv ρvz
ρwu ρwv ρww


The result of the operation will be a vector, whose x-component can be written as:

∂(ρuu)

∂x
+
∂(ρvu)

∂y
+
∂(ρwu)

∂z

ρ
∂(uu)

∂x
+ uu

∂ρ

∂x
+ ρ

∂(vu)

∂y
+ vu

∂ρ

∂y
+ ρ

∂(wu)

∂z
+ wu

∂ρ

∂z

ρ
(∂(uu)

∂x
+
∂(vu)

∂y
+
∂(wu)

∂z

)
+ u
(
u
∂ρ

∂x
+ v

∂ρ

∂y
+ w

∂ρ

∂x

)
ρ
(
u
∂u

∂x
+ u

∂u

∂x
+ u

∂v

∂y
+ v

∂u

∂y
+ u

∂w

∂z
+ w

∂u

∂z

)
+ u

[
u v w

]
·
[

∂ρ
∂x

∂ρ
∂y

∂ρ
∂z

]
ρ
(
u
(∂u
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Analogous expressions can be found for the y-component and z-component. As a result, the following identity
is satisfied:

∇ · (ρv ⊗ v) = ρ
(
v(∇ · v) + v · ∇v

)
+ v(v · ∇ρ)

Using the chain rule on the right-hand side of the equation, it yields:

ρ
(
v(∇ · v) + v · ∇v

)
+ v

(
∇ · (ρv)− ρ(∇ · v)

)
�����ρv(∇ · v) + ρv · ∇v + v∇ · (ρv)−�����ρv(∇ · v)

ρv · ∇v + v∇ · (ρv)
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Substituting into the original equation:

ρ
∂v

∂t
+ v

∂ρ

∂t
+ ρv · ∇v + v∇ · (ρv)−∇ · σ = ρb

ρ
∂v

∂t
+ ρ(v · ∇)v + v

mass continuity︷ ︸︸ ︷(∂ρ
∂t

+∇ · (ρv)
)
−∇ · σ = ρb

ρ
∂v

∂t
+ ρ(v · ∇)v −∇ · σ = ρb


