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1 Problem statement

Consider the domain Ω = [0, 1]2 such that δΩ = ΓD ∪ ΓN ∪ ΓR with

1. ΓN := {(x, y) ∈ R2 : y = 0},

2. ΓR := {(x, y) ∈ R2 : y = 1},

3. ΓN := {(x, y) ∈ R2 : x = 0 and x = 1}.

The following second-order linear scalar partial differential equation is defined

−∇ · (κ∇u) = s in Ω

u = uD on ΓD

n · (κ∇u) = t on ΓN

n · (κ∇u) + γu = g on ΓR

where κ and γ are the diffusion and convection coefficients, repectively, n is the outward unit normal vector

to the boundary, s is a volumetric source term and uD, t and g are the Dirichlet, Neumann and Robin data

imposed on the corresponding portions of the boundary δΩ.
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2 HDG formulation of the problem

STRONG FORM

We consider Ω = ∪nel
i=1Ωe a partition of the domain and Γ = [∪nel

i=1δΩe] − δΩ. Thus we can write the strong

form of the broken computational domain as

−∇ · (κ∇u) = s in Ωi for i = 1, ..., nel

u = uD on ΓD

n · (κ∇u) = t on ΓN

n · (κ∇u) + γu = g on ΓR

JunK = 0 on Γ

J∇unK = 0 on Γ

And introducing a mixed variable q = −κ∇u the system can be written as

∇ · q = s in Ωi for i = 1, ..., nel

q + κ∇u = 0 in Ωi for i = 1, ..., nel

u = uD on ΓD

n · q = −t on ΓN

−n · q + γu = g on ΓR

JunK = 0 on Γ

Jq · nK = 0 on Γ

Thus, we can state the local problem as, find qi and ui for each i = 1, ..., nel

∇ · qi = s in Ωi

qi + κ∇ui = 0 in Ωi

u = uD on δΩi ∩ ΓD

u = û on δΩi − ΓD

for û ∈ L2(Γ ∪ ΓN ) given. Thus, we will have to solve the global problem for the mixed variable û
Jq · nK = 0 on Γ

n · q = −t on ΓN

n · q = γû− g on ΓR
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WEAK FORM:

Considering ω in the same space as qi ( [H1(Ω)]nsd) and v in the same space as u (H1(Ω)), and using the

divergence theorem we end with

−
∫

Ωi

∇v · qidΩ +

∫
δΩi

vn · q̂idΓ =

∫
Ωi

vsdΩ∫
Ωi

ω · qidΩ−
∫

Ωi

∇ · ωκudΩ = −
∫
δΩi∩ΓD

n · ωκuDdΓ−
∫
δΩi−ΓD

n · ωκûdΓ

where the flux q̂i is defined as

q̂i =

 n · qi + τi(ui − uD) on δΩi ∩ ΓD

n · qi + τi(ui − û) on δΩi − ΓD

being τi a local stabilization parameter.

And subtituting in it we get

−
∫

Ωi

∇v · qidΩ +

∫
δΩi

vτiuidΓ +

∫
δΩi

vn · qidΓ =

∫
Ωi

vsdΩ +

∫
δΩi∩ΓD

vτiuDdΓ +

∫
δΩi−ΓD

vτiûdΓ∫
Ωi

ω · qidΩ−
∫

Ωi

∇ · ωκudΩ = −
∫
δΩi∩ΓD

n · ωκuDdΓ−
∫
δΩi−ΓD

n · ωκûdΓ

Since δΩi = (δΩi∩ΓD)∪ (δΩi∩ΓN )∪ (δΩi∩ΓR)∪ (δ∩Γ), the weak form of the local problem is: find (qi, ui)

such that

−
∫

Ωi

∇v · qidΩ +

∫
δΩi

vτiuidΓ

=

∫
Ωi

vsdΩ +

∫
δΩi∩ΓD

vτiuDdΓ +

∫
δΩi−ΓD

vτiûdΓ +

∫
δΩi∩ΓN

vtdΓ−
∫
δΩi∩ΓR

v(γû− g)dΓ∫
Ωi

ω · qidΩ−
∫

Ωi

∇ · ωκudΩ = −
∫
δΩi∩ΓD

n · ωκuDdΓ−
∫
δΩi−ΓD

n · ωκûdΓ

for all v and ω.

Considering now the global problem and integrating along all the partitions

nel∑
i=1

{∫
δΩi−δΩ

v̂n · q̂idΓ

}
+

nel∑
i=1

{∫
δΩi∩ΓN

v̂n · q̂i + tdΓ

}
+

nel∑
i=1

{∫
δΩi∩ΓR

v̂n · q̂i + g − γûdΓ

}
= 0

where v̂ belongs to the same space as û, that is Vh(Γ ∪ ΓN ∪ ΓR).

Using the expression of n · q̂i in each integral,

nel∑
i=1

{∫
δΩi−δΩ

v̂n · q̂idΓ

}
=

nel∑
i=1

{∫
δΩi−δΩ

v̂n · qidΓ +

∫
δΩi−δΩ

v̂τiuidΓ−
∫
δΩi−δΩ

v̂τiûdΓ

}
nel∑
i=1

{∫
δΩi∩ΓN

v̂n · q̂i + tdΓ

}
=

nel∑
i=1

{∫
δΩi∩ΓN

v̂n · qidΓ +

∫
δΩi∩ΓN

v̂τiuidΓ−
∫
δΩi∩ΓN

v̂τiûdΓ +

∫
δΩi∩ΓN

v̂tdΓ

}
nel∑
i=1

{∫
δΩi∩ΓR

v̂n · q̂i + g − γûdΓ

}
=

nel∑
i=1

{∫
δΩi∩ΓR

v̂n · qidΓ +

∫
δΩi∩ΓR

v̂τiuidΓ−
∫
δΩi∩ΓR

v̂(τi + γ)ûdΓ +

∫
δΩi∩ΓR

v̂gdΓ

}
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Thus, we end with: find û such that

nel∑
i=1

{∫
δΩi−ΓD

v̂n · qidΓ +

∫
δΩi−ΓD

v̂τiuidΓ−
∫
δΩi−ΓD

v̂τiûdΓ

}
=

nel∑
i=1

{
−
∫
δΩi∩ΓN

v̂tdΓ−
∫
δΩi∩ΓR

v̂gdΓ +

∫
δΩi∩ΓR

v̂γûdΓ

}
for all v̂.
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