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1 Problem statement
Consider the domain © = [0, 1]? such that 6Q = I'p UTx UT' g with
1. Tx == {(z,y) € R? : y = 0},
2. Tr:={(z,y) e R?*: y =1},
3. Iy :={(z,y) eR?:2=0and z = 1}.
The following second-order linear scalar partial differential equation is defined

-V (kVu) =s in Q
U =up onI'p
n-(kVu) =t on 'y
n-(kVu)+~yu=g onTpg
where k and v are the diffusion and convection coefficients, repectively, n is the outward unit normal vector

to the boundary, s is a volumetric source term and up, ¢t and g are the Dirichlet, Neumann and Robin data

imposed on the corresponding portions of the boundary 6€2.



2 HDG formulation of the problem

STRONG FORM

We consider © = U, Q. a partition of the domain and I" = [U]¢} 6] — 6Q. Thus we can write the strong

form of the broken computational domain as

-V - (kVu) =s inQ; fori=1,.. ng
U =up onI'p
n-(kVu) =t onI'y
n-(kVu)+~yu=g onTpg
[un] =0 onTl
[Vun] =0 onT
And introducing a mixed variable q = —kVu the system can be written as
V-q=s inQ; fori=1,..,ng
q+xkVu=20 inQ; fori=1,...,n¢g
U =up onl'p
n-q=-—t on I'y
—n-q+yu=g onlgpg
[un] =0 onT
[a-n]=0 onT
Thus, we can state the local problem as, find ¢; and wu; for each i = 1,...,n¢

V-qi=s in €;

q; + kVu; =0 in €;

U =1UuUp

u="1u

on (SQZ ﬁFD
on 592 —FD

for 4 € Lo(T UT y) given. Thus, we will have to solve the global problem for the mixed variable

[a-n]=0 onTl

n-q=-—t on 'y

n-.q=vit—g onlpg



WEAK FORM:
Considering w in the same space as q; ( [H!(€2)]"s¢) and v in the same space as u (H!(2)), and using the
divergence theorem we end with

—/ Vv~qidQ+/ vn-gidll = / vsdf)

i

/ w-qidQ—/ V- wkudQ) = —/ n-wmuDdF—/ n - wrudl
Q; Q; 5QiﬁFD Q;—Tp

i

where the flux d; is defined as

n-q;+ 7(u; —up) ondQ;NTp
n~qi+ﬂ-(ui—ﬁ) on 591‘71_‘[)

being 7; a local stabilization parameter.
And subtituting in it we get

—/ Vv-qidQ—i—/ vTiuidF—l—/ vn-qidl = / vsdQ—i—/ vTiuDdF—i—/ vradl
Q; 60 6Q; Q; Q;NC'p 6Q;—I'p

i i

/ w-qidQ—/ V- wkrudQ) = —/ n-wmuDdF—/ n - wradl
Qi Qi 50N p 5Q;—Tp

i

Since 6% = (6 NTp)U (6 NT ) U(0Q; NTR)U(6NT), the weak form of the local problem is: find (g;, u;)
such that

- Vo - qidQ + / vru;dl

= / vsdS) —|—/ vTiuDdF—i—/ vT;adl —|—/ vtdl —/ v(yt — g)dl
Q; 5Q;NI'p Q;—I'p 0NN (5Q,’,QFR

/ w~QidQ—/ V-wﬁusz—/ II'wKUDdF—/ n - wrtdl
Q. Q; 6Q;NC'p 6Q;—I'p

i

for all v and w.

Considering now the global problem and integrating along all the partitions
Nel Nel Nel
z{/ ﬁn-(jidF}+Z{/ @n.qi+tdr}+2{/ @n-qi+gvﬂdf} =0
i=1 6Q; —0Q2 i=1 60NN i=1 60,

where © belongs to the same space as @, that is V*(I' UT'y UT'R).

Using the expression of n - §; in each integral,

{/ on - qidF + / ’lA)TluzdF - / @Tlﬁdr}
60 —6Q 6Q;—6Q 602, —6Q
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Nel Ne

i=1 =1

{/ on - qidl + / oTudl — / o adl + / ﬁtdF}
00NN 0Ny 600Ny 00NN

> {/ m-di+g— vadF} = {/ om - qdll + / oriudl — / o(7; + y)adl + / ﬁng}
6(27;01‘13 SQiﬂFR 5QiﬂFR 5Q7jﬂFR 697;01‘3



Thus, we end with: find @ such that

Nel Nel

> { / om - qudl + / oryudl — / @nadr} => { / otdl — / dgdl + / fryadr}
i=1 0Q;—I'p 60Q;—I'p 0Q;—T'p i=1 0NN 60Q;NI'Rr 0Q;NI'r

for all ©.



