B. 2D Unsteady Transport
Define Problem:

2D homogeneous convection equation with initial condition and homogeneous Dirichlet
conditions on the inlet boundary

U(X, 0) = 0.25 * (1 + cos mX1)(1 + cos mX2) If X12+ X22<1

Ux,0)=0

Introduction:
The numerical solution has been computed using following finite element schemes:

i. Lax-Wendroff + Galerkin (and with lumped mass matrix);

Ii. Crank-Nicolson +Galerkin (and lumped mass matrix);

iii. The third-order explicit Taylor-Galerkin scheme (TG3);

Iv. Two-step third order Taylor-Galerkin-2S method (TG3-2S);
v. Two-step fourth order method (TG4-2S).

>> Term Represented in the supplied code:

a) Lax-Wendroff Method:

F, - A 5 <) - - F, f \
% =—aVu®+ ;;.il_'a.?':-u" + s 4 Shgn a2 Vs™)

The weak form for the Lax-Wendroff method can be written as considering s =0 and h = 0:

(uw, i—f} = (a.Vw,u" — 2(a.V)u") — ((an)w,u™ — & (a.V)u")pout

In the supplied code : A = M represents the term (w, Au);
In, B =dt + (C — (dt/2) « K — Mo+ (dt/2) «+ Co); C represents the term (a.Vu| u™)
K represents the term (a.Vw)(a.Vu")
Mo represents ((a.n)w, u™)pout

Co represents ((a.n)w, (8.V )u™ )pout



b. Crank Nicolson Method:

4ty HaV)Au=—aVu"
The weak form for the CN method can be written as considering s = 0 and h = O
(w, %j = %(Tmeaﬁu} + é[[a.n}w._ﬁu}puu: = (Vw,au™) — ((a.n)w, u”}pnlm
In the supplied code for the Galerkin formulation 4+ Crank-Nicolson with consistent mass matrix:
In A = M—(dt/2)=C+(dt/2)+Mo: M represents the term (w, Au),C represents the term (Vw, aAu)and
Mo represents ((an)w, Au)pou ;
In. B=dt+C —di + Mo: C represents the term (a.Vw, u™)
Mo represents ((an)w, u™)pow
Co represents ((a.n)w, (a.V )u" )pou

As s=0; it is not required to deseribe the terms in f = dt + v1;

c. Third Order Taylor Galerkin Method (TG3):

(1-2%(a V)24t — —aVu" + 4(a.V)2u
The weak form for the TG3 method can be written as considering s = 0 and b =
(w,5%) 4 A8 (a Vu, (a.V4Y) — 22 ((an)w, (a.VEY))pou
= (a.Vuw,u" — §(a.V)u") — ((an)w, u" — 5(a.V)u")pou:
In the supplied code :
In A= M+(dt?/6)+(K—Co): M represents the term (w, Au),K represents the term (a.Vw)(a.VAu)and
Co represents ((a.n)w, (a.¥)Au)pou ;
In, B=dt=(C— (dt/2) = K — Mo+ (dt/2) = Co) : C represents the term (a.Vw,u")
K represents the term (a.Vw)(a.Vu®)
Mo represents ((an)w, u™)pou
Co represents ((a.n)w, (8. ¥ )u")pout

As s=0; it is not required to describe the terms in f = dt « ((dt/2) = (v2 — vo) + v1);



d. Two Step Third Order Taylor Galerkin Method (TG3-2S):

The weak form of the TG3-25 scheme can be expressed as with a = 1/9:

(w, 558 = {(a.Vu,u") — a(At)(a.Vw,a. Vu") + aAt)((an)w, (a.V)u")pou

(w, =) = (a.Vw, u") — 4t (a.Vw,a.Va") + 4t((an)w, (a.V)@")pou
In the supplied code for the TG3-25:

In A1=M: M represents the term (w, @™ — u") :

In, Bl = —(dt/3) + C' — alpha = dt* + (K — Co) : —C' represents the term (a.Vw, u")
K represents (a.Vw,a.Vu™)

Co represents ((a.n)w, (8. V)u™ )pou:
In A2 = M: M represents the term (w,u"*! —u") ;

In, B2 = —dt « C" : =" represents the term (a.Vw, u™)
In C2 = —(dt?/2) = (K — Co); K represents (a.Vw,a.Vi™)

Co represents ((a.n)w, (8. V" ) pou:



Graphs: Implication of finite element schemes , Convection of cosine hill in pure rotation

velocity field.
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Codes:

if meth ==
A = M;
B = dt*(C - (dt/2)*K - Mo + (dt/2) *Co);

f = dt*x (vl + (dt/2)* (v2-vo));

elseif meth ==

Md = diag(M*ones (numnp,1));

Mod = diag(Mo*ones (numnp,1l));

A = Md;

B dt*(C - (dt/2)*K - Mod + (dt/2)*Co);
f = dt*x(vl + (dt/2)* (v2-vo));

elseif meth ==

A M +(dt*2/6)* (K - Co);

B dt*(C - (dt/2)*K - Mo + (dt/2)*Co);
f = dt*((dt/2)*(v2 - vo) +vl);

elseif meth ==

A =M- (dt/2)*C + (dt/2) *Mo;
B = dt*C - dt*Mo;
f = dt*vl;

elseif meth ==

Md = diag (M*ones (numnp,1));

Mod = diag(Mo*ones (numnp, 1)) ;

A =Md - (dt/2)*C + (dt/2) *Mod;

B = dt*C - dt*Mod;

f dt*vl;

elseif meth ==

A =M+ (dt/2)*(C + C') + (dt"*2/4)*K ;

B = -dt*(C' + (dt/2) *K);

f = dt*vl + (dt"2/2)*v2;

elseif meth == $TG3-23

alpha = 1/9;

Al = M;

Bl = —-(dt/3)*C'- alpha*dt"2* (K - Co);
fl1 = (dt/3)*vl + alpha*dt”"2*(v2 - vo);
A2 = M;

B2 = —-dt*C';

C2 = - (dt"2/2)* (K-Co);

f2 = dt*vl - (dt"2/2)*(v2 - vo);
elseif meth == $TG4-283

alpha = 1/12;

Al = M;

Bl = —-(dt/3)*C'- alpha*dt"2* (K - Co);
fl = (dt/3)*vl + alpha*dt”2*(v2 - vo);
A2 = M;

B2 = —-dt*C';

C2 = - (dt"2/2)* (K-Co);

£f2 = dt*vl - (dt"2/2)*(v2 - vo);

else

error ('Unavailable method')
end



