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1 Direct Stiffness Method

Consider the truss problem defined in the Figure. All geometric and material properties:
L, a, E and A, as well as the applied forces P and H, are to be kept as variables. This truss
has 8 degrees of freedom, with six of them removable by the fixed-displacement conditions
at nodes 2, 3 and 4. This structure is statically indeterminate as long as a # 0.

E and 4 same for
all three bars

Figure 1.1: Truss Problem to be solved

1.1 Explanation for row 5 and column 5

The element 2 or the bar 2 is a vertical member of the given truss structure,So its contri-
butions to the global stiffness matrix are only in the y-direction.The contributions in the
horizontal components of stiffness by this member are thus all 0.

1.2 Computation of Master Stiffness Matrix:

In order to compute the master stiffness matrix we need to first compute the elemental
stiffness matrices.To set this problem we will first define the number of unknowns for
this truss,here we have 4 nodes with each node having a DOF of 2.The total DOF for
the system is thus 8. We can see that from the figure Below, We can see that f,; and fy;
are the nodal forces and u,; and u,; are nodal displacements with respect to the Global
Coordinate system,here (i = 1,2,3,4) where i corresponds to the node number.
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Figure 1.2: Truss - Elements(3), Nodes(4), DOF(8), Nodal Forces(fyi, fyi), Nodal Dis-
placements (g, wy;)

We will use the following notations, cos & = ¢ and sin a = s In this Truss, L(® = L and

L
by using trigonometry from figure(1.1) we can see that L) = L®®) = = The Young’s
c

Modulus E and the Cross sectional area A for all the trusses is the same.

7

Figure 1.3: Local and global coordinate system for all elements of the truss

Now we shall compute the elemental stiffness matrices with respect to the Global Coordi-
nate system.So we need to transform all the locally existing force and Nodal Displacements
to Global ones.
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Global Displacement transformation

,a/e — Te ue
where u¢is the displacement vector w.r.t Local coordinate system and u® vector is w.r.t

global coordinate system.
Global force transformation

fe — (Te)T JFe
where f¢ is the force vector w.r.t Local coordinate system and f¢ vector is w.r.t global

coordinate system.
Globalisation of Stiffness Matrix

K¢ — (TE)TKE Te
where K¢ is the elemental stiffness matrix w.r.t Local coordinate system and K¢ matrix

is w.r.t global coordinate system.
Here the matrix 7 can be defined as below:

c s 0 0
e _|—s ¢ 0 0
™= 0 0 ¢ s
0 0 —s ¢
and eventually K¢ can be written as below:
2 sc —c® —sc
E°A° E— —5°
e 302 s gc s
Le —c* —sc c sc

—s¢ —s*> sc §°

here ¢ = cos¢p and s = sing where ¢ is the angle between the global coordinate system
and the local coordinate system for each element.

1.3 Global Stiffness Matrix

In this truss we have three elements connected by 4 nodes whose connectivities are as
below:

Element No. Nodal Connectivity

1 1 2
2 1 3
3 1 4

Firstly computing the stiffness matrix for Element 1, the local coordinate system of this
element is at an angle of 90 + « with respect to global coordinate system;
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Figure 1.4: Element 1

K'= (1Y K' 1! (1.1)

where, K! is computed by taking into account the angle ¢ for that element here it is
¢ = 90 + « hence cos(90 + o) = —sina and sin(90 + «) = cosa. It is given that cos «
= c and sin @ = s. So we need to modify the entries of the elemental stiffness matrices

from cos¢ and sing to in terms of cos a and sina. We get Klasbelow :
A=A FE'=FE andL'=1L/c

s2  sc —s* sc
Kl FEAc |—sc & sc —c?
T L |—s* s¢ 2 —sc
sc —c* —sc
s’c  —sc® —s’c  sc?
K EA | —s¢2 & sc? =c
T L |—=s%¢ s? s?c —sc?
s¢? = —sc2 &

Now computing the global stiffness matrix for Element 2.the local coordinate system of
this element is at an angle of 90 with respect to global coordinate system,;
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Figure 1.5: Element 2
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K?* = (1" K*T*? (1.2)
where, K2 is computed by taking into account the angle ¢ for that element here it is
¢ = 90 hence cos(90) = 0 and sin(90) = 1. It is given that cos @ = ¢ and sin a = s. So

we need to modify the entries of the elemental stiffness matrices from cos¢ and sing to in
terms of cos o and sina.We get K? as below:

A=A E?’=F andL?>=1L

2 sc —c* —sc
FA |—s¢ s* —sc —s°
2—_
K= L |- —sc¢c & sc
—sc —82 —sc  §2
0O 0 0 0
FAl0 1 0 -1
2—_
K™= L |0 0 0 0
0 -1 0 1

Now computing the global stiffness matrix for Element 3,the local coordinate system of
this element is at an angle of 90 with respect to global coordinate system,;
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Figure 1.6: Element 1

K3 =(T)" K*1° (1.3)
where, K3 is computed by taking into account the angle ¢ for that element here it is
¢ = 90 — « hence cos(90 — o) = sina and sin(90 — ) = cosa. It is given that cos a = ¢
and sin o = s. So we need to modify the entries of the elemental stiffness matrices from

cos¢ and sing to in terms of cos o and sina.We get K2 as below:
A=A FE3=FE andL?®=1L/c

s sc —s* —sc
e EAc | s¢ & —sc¢c —c
L |-s* —s¢ s sc
—sc —c* sc

s’c  sc? —s’c —sc?

3 = EA | sc? A —s? =
T L | —s%c —sc? s?c sc?
—sc? = s2 A3

Now we will compute the global stiffness matrix from all th elemental stiffness matrix.This
is done by adding the individual matrix entries of each element in their respective positions
in the global matrix.This matrix would be a 8 X 8 matrix since the DOF of this system
is 8. This matrix when computed is as below:

[2¢52 0 —cs? s 0 0 —c*s —c%s|
142 s - 0 —1 —c?s =3
cs®> —c*s 0 0 0 0
EFA A 0 0 0 0
K== 00 0 0 (1.4)
Symm. ) 0 0
cs® s
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1.4 Global Displacement and force vectors

The global displacement vector in most cases would be our vector of unknowns for a truss
problem.Certain constraints on some nodes so as to we can solve the obtained system
of equations.The Dirichlet boundary conditions i.e. the constraints on some node or
nodes of the system on application would give us a unique solution to the problem.The
Displacement vector for this given truss is as below:

T
U = [uacl Uyl Ugz Uy2 Ugz Uy3 Ugs uyld

In this case the nodes 2, 3 and 4 are fixed i.e. they have zero displacement.We can say
that uze = uy2 = Uzz = Uyz = Uga = uya = 0 The global force vector has to be calculated
element by element by using the relation below:

fe — (Te)T fe (16)
In our case the we have forces on node 1, a force of H units in the +ve X direction and

force of P units in the -ve Y direction.Since the forces in this truss are coaxial with our
global coordinate system we can write the global force vector as below:

fr=1fn fn foo fio fos fs faa foa]

1.5 Solving the system

In general our global system for this truss will be as below:

f=KU (1.8)
[ fu1| [2c5? 0 —cs? cs® 0 0 —c?s —c?s| [ug
[ 1+2 s = 0 -1 —c*s =3 | |up
fao cs? —c*s 0 0 0 0 Uz
feo| _ EA A 0 0 0 0 | |uy (1.9)
a3 L 0 0 0 0 U3 '
fy3 Syt 1 0 0 Uy3
faa cs? s | | ug
| fya ] i A | [y

Applying the Displacement and Force Boundary conditions i.e.;
Upy = Uys = Upz = Uy3 = Ugg = Uy = 0 and fpy = H f, = —P By applying th
above conditions the equation will reduce to a 2 X 2 matrix as we can strike out rows and
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columns corresponding to node 2, 3 and 4 as they are all fixed.We have zero displacements
at these nodes.The reduced system of equations will be as below:

-5

! (1.10)
Pl Lo g 1 qg@| Lt

—PL

Solving this system of equations we get u,; = %gﬁ and uy; = AL 55

Casel: a—0

Upr — 00 and u,; = ngj

This case would be equivalent to having all 3 truss elements fixed at one node and the
two loads being applied at node 1.This would mean that the 3 bars are coincident.This

—PL
can be witnessed from the fact that u,; = SEA i.e all the three bars are contributing to

the stiffness of element 1-3. The reason why w,; ”blows up” because doing this value of
a would mean that it is a single bar rotating freely around node 3.

Case2:oz—>g

Uy — 00 and uy,; = _E—PAf“

This case would be equivalent to having all 3 truss elements fixed at one node and the

two loads being applied at node 1.This would mean that the 2 bars (element 1 and 3)
—PL

is completely fixed. The fact that u,; = ———, i.e only one bar is contributing to the

stiffness of element 1-3.The presence of the two other bars has meaning in this case. The
reason why u,; “blows up” because doing this value of o would mean that it is a single
bar rotating freely around node 3.

1.6 Computation of Axial Forces

Now we know all the unknown displacements for this structure.So by using these values
we can obtain the axial forces in all the truss members.

Element 1
' =T u' (1.11)
-s ¢ 0 0 e b
4 |—¢ —=s 0 0 ﬁ
=1y 0 —s 0 (1.12)
0 0 —c —s 0
—H —Pc
s T (142¢3)
L —H , _Ps
il = |32 T s 1.13
A | (1.13)
0

From the above displacement vector we get:

L H Pc
PR B . R (T 1.14
L= " EA (203 * (1 —1—203)) (1.14)

10
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FA
Fl== Cd,
H Pc?
Fl=|—4+———
(23 * (1 +203))
Element 2
T2 = T2 o2
0 1 0 0] 5
2 _ -1 0 0 O %
0 0 0 1 0
0 0 -1 0 0
I
(14+2¢3)
2 L —H
u = — 2cs?
FA 0
0

From the above displacement vector we get:

L P
d :—x4_—:p1:
S 7 <(1—|—203)>

EA
F?=—"14d
7 ®
5 P
(14 203)
Element 3
w =T34
s ¢ 0 0 gcﬁiﬁ
—PL
1_63 _ —C S 0 0 m
0 0 s c 0
0 0 —c s 0
H —Pc
2s T (142¢3)
—-H —Ps
EA 0
0

From the above displacement vector we get:

T N e S
’ EA\ 2cs (14 2¢3)

B FEAc

F3

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)

11
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The reactions F'!' and F? would blow up as &« — 0 because the three bars would have all
the three nodes 2 3 and 4 coincident.This would mean that all the reaction is now from a
single node.so instead of having 3 fixed nodes we will have a single fixed node taking all
the load i.e.Node 3.

12
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