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ASSIGNMENT 1.  JORGE BALSA GONZÁLEZ  We have the truss problem with the geometric measures L and α angle and the applied forces shown in next figure:  

   It has 8 degrees of freedom, with 6 of them removable by the fixed displacement conditions at nodes 2, 3 and 4.   We follow the direct stiffness method to solve this problem.   Breakdown: In the figure is shown the idealization, and the loads and supports are also shown.  We can think in this problem as three elements, also shown in figure as (1), (2) and (3). (Disconnection and localization steps).  Member element formation:  We solve each of these three elements separately.    For each element:    ݑ௘ തതതത =ݑ௘’= ܶ௘ ݑ௘    
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′௫௝ݑ
ی′௬௝ݑ

ۊۋ = ൮
0       0     ߮ ݏ݋ܥ  ߮ ݊݅ܵ−0       0    ߮ ݊݅ܵ      ߮ ݏ݋ܥ

−     0              0                ߮ ݊݅ܵ   ߮ ݏ݋ܥ        0              0                 ߮ ݏ݋ܥ   ߮ ݊݅ܵ
൲  ൮

௬௝ݑ௫௝ݑ௬௜ݑ௫௜ݑ
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ۉ
ۇۈ

௫݂௜
௬݂௜
௫݂௝
௬݂௝ی

ۊۋ = ൮
−     ߮ ݏ݋ܥ 0       0     ߮ ݏ݋ܥ    ߮ 0ܵ݅݊       0    ߮ ݊݅ܵ

−  ߮ ݏ݋ܥ        0              0                 ߮ ݏ݋ܥ     ߮ ݊݅ܵ        0              0             ߮ ݊݅ܵ
൲  

ۉ
ۇۈ

௫݂௜′
௬݂௜′
௫݂௝′
௬݂௝′ی

 ۊۋ

 ௘ ܶ௘ܭ  ்௘=( ܶ௘)ܭ   
ଵܧ =  ଷ=Eܧ=ଶܧ
ଵܣ =         ଷ=A    Element (1):      αܣ=ܣ
߮ = గ

ଶ + α 
Cos ϕ = - Sin α = -s (for simplicity in the notation) Sin ϕ = Cos α = c (for simplicity in the notation)  ݂

௫ଵ = ݑ௫ଵ −  ௫ଶݑ 
௬݂ଵ = 0 
௫݂ଶ = −ݑ௫ଵ  ௫ଶݑ +
௬݂ଶ = 0 

  So:   
ଵܭ =  ா ஺

௅భ  ൮
1   0 − 1   00  0    0    0 −1   0   1   00     0   0   0

൲ 
 
And we substitute Cos ϕ = -s  and Sin ϕ = c in ( ܶଵ)்   and ( ܶଵ)  so we get:      
  

       ߮ 
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ଵܶଵܭ்ଵ=( ܶଵ)ܭ =  ா ஺
௅భ  ൮

− ܿ−0   0    ܿ    ݏ− −  0   00  0  ݏ −  0   0  ܿ   ݏ ܿ  − ݏ
൲ ൮

1     0 − 1   00      0      0     0−1   0   1   00     0   0   0
൲ ൮

−  ݏ− ܿ   0   0ܿ    − −  0   0 0    0     ݏ −  ݏ ܿ0   0    ܿ  − ݏ
൲ = 

ா ஺
௅భ  ൮

−    0     ݏ 0     ܿ      0    ܿ−0     ݏ   0   ݏ− −  0   ܿ 0   ݏ ܿ    0
൲  ൮

−  ݏ− ܿ   0   0ܿ       − −  0         0 0    0     ݏ −  ݏ ܿ0     0    ܿ  − ݏ
൲ 

And ܮଵ =  ௅
௖  

 Finally:  
ଵܭ = ா ஺

௅   ൮
−        ଶܿݏ ଶܿݏ     ଶ           ܿଷܿݏ− ଶܿݏ    ଶܿݏ−      ଶܿݏ     − ܿଷ  −ݏଶܿ    ܿݏଶ        ݏଶܿ   − ଶܿݏ  ଶܿݏ    − ܿଷ   − ଶ    ܿଷܿݏ

൲ (s-> -s) 
     Element (2):          ߮    Now   
߮ = గ

ଶ , so: 
Cos ϕ = c =0 (for simplicity in the notation) Sin ϕ = s= 1 (for simplicity in the notation)  ݂

௫ଵ =0 
௬݂ଵ =ݑ௬ଵ −  ௬ଷݑ 
௫݂ଷ = 0 
௬݂ଷ = − ݑ௬ଵ  ௬ଷݑ +

  So:   
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ଶܭ =  ா ஺
௅మ  ൮

0   0 0   00  1   0 − 10   0   0   00  − 1   0 1
൲ 

 
And we substitute Cos ϕ = -s =0 and Sin ϕ = c=1 in ( ܶଵ)்   and ( ܶଵ)  so we get:      
  
ଶ ܶଶܭ  ்ଶ=( ܶଶ)ܭ =  ா ஺

௅  ൮  
0    0     0    00  1  0   − 10     0    0    00   − 1      0   1

൲  
ଶܮ  =  ௅

௖ =  ܮ
  Element (3):                 
߮ = గ

ଶ - α 
Cos ϕ = Sin α = s (for simplicity in the notation) Sin ϕ = Cos α = c (for simplicity in the notation)  ݂

௫ଵ = ݑ௫ଵ −  ௫ସݑ 
௬݂ଵ = 0 
௫݂ସ = −ݑ௫ଵ  ௫ସݑ +
௬݂ସ = 0 

  So:   

߮ 

  α 
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ଷܭ =  ா ஺
௅భ  ൮

1   0 − 1   00  0   0   0−1   0   1   00   0   0    0
൲ 

 
And we substitute Cos ϕ = s  and Sin ϕ = c in ( ܶଷ)்   and ( ܶଷ)  so we get:      
  
ଷ ܶଷܭ  ்ଷ=( ܶଷ)ܭ =  ா ஺

௅భ  ൮
−  0   0  ܿ   ݏ      0   00    0      ݏ  ܿ−0   0    ܿ       ݏ ݏ  ܿ

൲ ൮
1     0 − 1   00     0      0     0−1     0   1    0   0      0    0   0

൲ ൮
−  ݏ −  ݏ       0   0 0    0     ݏ    0ܿ   0   ܿ ݏ   ܿ    0   0ܿ

൲ 
And ܮଷ =  ௅

௖ 
 Finally:  

ଷܭ = ܣ ܧ
ଷܮ  ൮

−   0      ݏ   −  0      ܿ   0       ݏ        0         ݏ− 0     ܿ         0      ܿ−0      ݏ ܿ     0
൲ ൮

−  ݏ −  ݏ       0      0   0    0     ݏ       0ܿ   0   ܿ ݏ   ܿ    0   0ܿ
൲ = 

= ா ஺
௅   ൮

−    ଶܿݏ−      ଶܿݏ          ଶܿݏ ଶ           ܿଷܿݏ ଶܿݏ        − ଶܿݏ  − ܿଷ  −ݏଶܿ   − ଶܿݏ−  ଶܿݏ    ଶܿݏ     ଶܿݏ    − ܿଷ   ܿݏଶ    ܿଷ
൲ (s -> -s) 

   Assembly:    element 1:  

ۉ
ۈۈ
ۈۈ
ۇۈ

௫݂ଵ
௬݂ଵ
௫݂ଶ
௬݂ଶ
௫݂ଷ
௬݂ଷ
௫݂ସ
௬݂ସی

ۋۋ
ۋۋ
ۊۋ

= ܣ ܧ 
ܮ

ۉ
ۈۈ
ۈۈ
ۇ

−         ଶܿݏ ଶܿݏ      − ଶܿݏ          ଶ           ܿଷܿݏ−ଶ   0    0    0   0ܿݏ    ଶܿݏ     − ܿଷ       0    0   0   0−ݏଶܿ              ܿݏଶ     ݏଶܿ        − ଶܿݏଶ  0    0    0   0ܿݏ    − ܿଷ       − یଶ            ܿଷ   0    0    0   0          0           0         0                       0           0    0   0   0 0           0                   0                      0           0    0   0   0 0           0                   0                      0           0    0   0   0 0           0                   0                      0           0    0   0   0ܿݏ
ۋۋ
ۋۋ
ۊ

  

ۉ
ۈۈ
ۈۈ
ۇ

ی௬ସݑ௫ସݑ௬ଷݑ௫ଷݑ௬ଶݑ௫ଶݑ௬ଵݑ௫ଵݑ
ۋۋ
ۋۋ
ۊ

 

 element 2:   
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ۉ
ۈۈ
ۈۈ
ۇۈ

௫݂ଵ
௬݂ଵ
௫݂ଶ
௬݂ଶ
௫݂ଷ
௬݂ଷ
௫݂ସ
௬݂ସی

ۋۋ
ۋۋ
ۊۋ

= ܣ ܧ 
ܮ

ۉ
ۈۈ
ۈۈ
ۇ

 0         0        0    0         0     0    0   0     0       1        0      0        0  − 1  0   0   0           0                   0                      0           0    0   0   0 0           0                   0                      0           0    0   0   0     0           0                   0                      0           0    0   0   0 0          − 1                   0                      0           0   1   0   0 0           0                   0                      0           0    0   0   0 0           0                   0                      0           0    0   0   0 ی
ۋۋ
ۋۋ
ۊ

  

ۉ
ۈۈ
ۈۈ
ۇ

ی௬ସݑ௫ସݑ௬ଷݑ௫ଷݑ௬ଶݑ௫ଶݑ௬ଵݑ௫ଵݑ
ۋۋ
ۋۋ
ۊ

 

 element 3:  

ۉ
ۈۈ
ۈۈ
ۇۈ

௫݂ଵ
௬݂ଵ
௫݂ଶ
௬݂ଶ
௫݂ଷ
௬݂ଷ
௫݂ସ
௬݂ସی

ۋۋ
ۋۋ
ۊۋ

= ܣ ܧ
ܮ  

ۉ
ۈۈ
ۇۈ

−    ଶܿݏ−    ଶ        0    0    0   0ܿݏ          ଶܿݏ ଶܿݏ
−   ଶܿݏ        ଶ           ܿଷ              0     0    0   0ܿݏ ܿଷ 0              0                 0     0   0   0         0           00              0                 0     0   0   0         0           00              0                 0     0   0   0         0           0  −ݏଶ            − ଶܿݏ    ଶܿݏ         ଶ              0     0  0   0ܿݏ
ଶܿݏ −        − ܿଷ                0    0   0     0       ܿݏଶ    ܿଷ ی

ۋۋ
  ۊۋ

ۉ
ۈۈ
ۈۈ
ۇ

ی௬ସݑ௫ସݑ௬ଷݑ௫ଷݑ௬ଶݑ௫ଶݑ௬ଵݑ௫ଵݑ
ۋۋ
ۋۋ
ۊ

 

     
݂ =  ݂(ଵ) + ݂(ଶ) +  ݂(ଷ) = ൫ ܭ(ଵ)  + (ଶ)ܭ  + ݑ൯  (ଷ)ܭ  =  ݑ ܭ
 

ۉ
ۈۈ
ۈۈ
ۇ

0ܲ00000−ܪ ی
ۋۋ
ۋۋ
ۊ

= ܣ ܧ
ܮ  

ۉ
ۈۈ
ۈۈ
ۇ

ଶݏܿ−    ଶ   0   0ܿݏ    ଶݏܿ−      ଶܿ          0ݏ2         − ଶܿݏ
     0      1 + 2ܿଷ   ܿݏଶ  − ܿଷ    0  − 1  − −  ଶܿݏ  ܿଷ

−      ଶܿݏ     ଶܿݏ     ଶܿݏ−               ܿଶ       0       0      0        0                    …                                    ܿଷ         0          0       0        0                                                       0           0        0      0                                                                  1        0       0                                                                         −ܿݏଶ   ܿݏଶ
ی  ଷܿ                                                                     ݉݉ݕݏ   

ۋۋ
ۋۋ
ۊ

  

ۉ
ۈۈ
ۈۈ
ۇ

ی௬ସݑ௫ସݑ௬ଷݑ௫ଷݑ௬ଶݑ௫ଶݑ௬ଵݑ௫ଵݑ
ۋۋ
ۋۋ
ۊ
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The 5th row and column only contain zeros because they are related with the x component of the node 3, element 2, which has  not any force acting in the x direction so no x direction displacement, just  elongation in y direction.     Boundary conditions (BC):   According to the prescribed conditions, nodes 2, 3 and 4 are fixed, so:  ࢛࢞૛ = ૙࢛࢟૛ = ૙
૜࢛࢞ = ૙
૜࢛࢟ = ૙
૝࢛࢞ = ૙
૝࢛࢟ = ૙

 

 And we obtain:  ܣ ܧ
ܮ ൬ ଶܿ                 0 0               1ݏ2 + 2ܿଷ൰ ൬࢛࢞૚࢛࢟૚൰ =  ቀ   ቁࡼ−ࡴ

 reducing the stiffness system 8x8 to a 2x2 system:  ா ஺
௅ ௫ଵݑ ଶܿݏ2  =  ܪ

ா ஺
௅  (1 + 2ܿଷ)ݑ௬ଵ = −ܲ 

 So we can now solve the displacements ݑ௫ଵ ܽ݊݀ ݑ௬ଵ:  
௫ଵݑ = ܮ ܪ 

 ଶܿݏܣܧ2
 

௬ଵݑ = ܮܲ−
1)ܣܧ + 2ܿଷ) 

 Let’s check this solutions in the limit cases α →  0 and α →  π/2  
௫ଵݑ  = ு ௅

ଶா஺௦௜ మ஑ େ୭ୱ ஑  
௬ଵݑ = ܮܲ−

1)ܣܧ +  (ଶαݏ݋2ܿ
  When હ → ૙: (Cos α → 1, Sin α → ௫ଵݑ  (0 →  ∞ 
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௬ଵݑ → ܮܲ−
 ܣܧ3

 If α → 0 there is just one bar in the Y axis, so no displacement can exist along x direction. Just in y direction. So this has not physical sense. This solution, with H≠0, physically can be interpreted such as any force H (includes very small forces) applied in the x direction will cause an infinite displacement in X direction, which has no sense.  When હ → ૈ/૛: (Cos α → 0, Sin α → 1): 
௫ଵݑ →  ∞ 

௬ଵݑ → ܮܲ−
ܣܧ  

This would be the case in which the distance from node 3 to 1 or 4 would be infinite. And node 1 will be in node 2. Now there is just one bar along the X axis, so no displacement can exist along x direction. Just in y direction. So this has not physical sense, again.  So this system has not physical sense for  હ → ૙ ܌ܖ܉ હ → ૈ/૛:  For both cases should happens:  ݑ௫ଵ →  0 And (H=0):  
௬ଵݑ → ି௉

ଷா஺ (for α → 0) 
 

௬ଵݑ → ି௉௅
ா஺   (for α → π/2)  

    Axial forces:  So we have an axial force for each of the 3 elements:  
௘തതതݑ = ௘ܶݑ௘ 

݀௘ = ത௫௝௘ݑ  −  ത௫௜௘ݑ
௘ܨ = ܣܧ

ܮ · ݀௘ 
where  de  is the elongation and Fe then the axial force. 
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ଵതതതݑ =  ൮
−  0   0  ܿ   ݏ  0   00  0  ݏ ܿ−0   0    ܿ    ݏ ݏ  ܿ

൲
ۉ
ۇۈ

ு ௅
ଶா஺௦మ௖ି௉௅

ா஺(ଵାଶ௖య)00 ی
ۊۋ = ቀ ு ௅

ଶா஺௦௖ + ି௉௅௖
ா஺(ଵାଶ௖య) , ିு ௅

ଶா஺௦మ − ௉௅௦
ா஺(ଵାଶ௖య) , 0 ,0ቁ 

݀ଵ = ത௫ଶݑ  − ത௫ଵݑ = 0 −    ு ௅
ଶா஺௦௖ + ௉௅௖

ா஺(ଵାଶ௖య) = ௅
ா஺ (ିு

ଶ௦ + ௉௖
ଵାଶ௖య) 

(ଵ)ܮ =  ௅
௖,  L= ܮ(ଵ)ܿ 

 
(ଵ)ܨ = ா஺

௅ · ௅
ா஺ (ିு

ଶ௦௖ + ௉௖
ଵାଶ௖య) = ா஺

௅(భ) · ௅(భ)௖
ா஺ ቀିு

ଶ௦௖ + ௉௖
ଵାଶ௖యቁ =  ିு

ଶ௦ + ௉௖మ
ଵାଶ௖య 

 

ଶതതതݑ =  ቌ
0 1−1 0 0 00 00 00   0 0 1−1 0

ቍ
ۉ
ۇۈ

ு ௅
ଶா஺௦మ௖ି௉௅

ா஺(ଵାଶ௖య)00 ی
ۊۋ = ቀ ି௉௅

ா஺(ଵାଶ௖య) , ିு ௅
ଶா஺௦మ௖ , 0 ,0ቁ 

݀ଶ = ത௫ଶݑ  − ത௫ଵݑ = 0 −    ି௉௅
ா஺(ଵାଶ௖య) 

(ଶ)ܮ =  ܮ 
 

(ଶ)ܨ = ܣܧ
ܮ

ܮܲ
1)ܣܧ + 2ܿଷ) =  ܲ

(1 + 2ܿଷ) 
 
(ଷ)ܮ =  ௅

௖,  L= ܮ(ଷ)ܿ 

ଷതതതݑ =  ቌ
ݏ ܿ−ܿ ݏ 0 00 00 00 0

ݏ ܿ−ܿ ݏ
ቍ

ۉ
ۇۈ

ு ௅
ଶா஺௦మ௖ି௉௅

ா஺(ଵାଶ௖య)00 ی
ۊۋ = ቀ ି௉௅௖

ா஺(ଵାଶ௖య) + ு ௅
ଶா஺௦௖ , ି௉௅௦

ா஺(ଵାଶ௖య) + ு ௅
ଶா஺௦మ , 0 ,0ቁ 

 
݀ଷ = ത௫ଶݑ  − ത௫ଵݑ = 0 – ቀ ି௉௅௖

ா஺௖(ଵାଶ௖య) + ு ௅
ଶா஺௦௖ቁ = − ௅(య)௖

ா஺ ( ି௉௖
(ଵାଶ௖య) +  ு 

ଶ௦௖) 
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(ଷ)ܨ = ܣܧ
(ଷ)ܮ · (− ܿ(ଷ)ܮ

ܣܧ ) ൬ −ܲܿ
(1 + 2ܿଷ)  ܪ +

൰ܿݏ2 = ܲ ܿଶ
(1 + 2ܿଷ) −  ܪ 

 ݏ2
 
As  we  have seen ܨ(ଷ) = (ଵ)ܨ  =  ିு

ଶ௦ + ௉௖మ
ଵାଶ௖య 

If H≠0 and α -> 0: 
 s-> 0 and c-> 1 
So both ܨ(ଷ) ܽ݊݀ ܨ(ଵ) -> ∞ 
This is because in this case we have just one bar and H is perpendicular to this bar, and 
we only would have P contribution. So H must be 0 if α=0 or α≠0 if H≠0, otherwise very 
small applied forces in the x axis, would produce infinite axial forces. 
 
 
 
 
 
 
 
 


