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 Assignment 9:  

a) Describe in extension how can be applied a non-symmetric load on this formulation. 

b) Using thin beams formulation, describe the shape of the B(e) matrix and comment the 

integration rule. 

a) On this formulation, in a solid of revolution can be applied a non – symmetric load using a 

Fourier decomposition method. The non – symmetric load has to be expressed in Fourier 

series form in the circumferential direction. The expression is 

𝑓(𝜃) =
𝑎0

2
+ ∑(𝑎𝑛 cos𝑛𝜃 + 𝑏𝑛 sin 𝑛𝜃)

∞

𝑛=1

 

With 

𝑎𝑛 =
1

𝜋
∫ 𝑓(𝜃) cos𝑛𝜃 𝑑𝜃

𝜋

−𝜋

                  𝑛 = 0,1,2,… ,∞ 

𝑏𝑛 =
1

𝜋
∫ 𝑓(𝜃) sin 𝑛𝜃 𝑑𝜃

𝜋

−𝜋

                  𝑛 = 1,2, … ,∞ 

After that, the response of the structure to each harmonic term retained in the series is 

calculated, and adding the results, the global structure response is obtained. This 

superposition technique, is limited to linear problems.  

As done with the load, the displacement field also has to be expressed in the series form.  

𝑢 = ∑(𝑢𝑎𝑛
cos 𝑛𝜃 + 𝑢𝑏𝑛

sin𝑛𝜃)

∞

𝑛=1

 

𝑤 = ∑(𝑤𝑎𝑛
cos 𝑛𝜃 + 𝑤𝑏𝑛

sin𝑛𝜃)

∞

𝑛=1

 

𝜃 = ∑(𝜃𝑎𝑛
cos𝑛𝜃 + 𝜃𝑏𝑛

sin𝑛𝜃)

∞

𝑛=1

 

Now, the strain vector is redefined and the stiffness matrix for 𝑛 = 0 term and 𝑛 = 1,2, … ,∞ 

are re-defined. Also the loads vectors.  

b) With thin beam formulation the 𝐵(𝑒) matrix has the form 
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𝐵𝑖 =

[
 
 
 
 
 
 
 
 
 
 

𝜕𝑁𝑖

𝜕𝑠
𝑐𝑜𝑠𝜙

𝜕𝑁𝑖

𝜕𝑠
𝑠𝑖𝑛𝜙 0

𝑁𝑖

𝑥
0 0

0 0 −
𝜕𝑁𝑖

𝜕𝑠

0 0 −
𝑁𝑖𝑐𝑜𝑠𝜙

𝑥

−
𝜕𝑁𝑖

𝜕𝑠
𝑠𝑖𝑛𝜙

𝜕𝑁𝑖

𝜕𝑠
𝑐𝑜𝑠𝜙 −𝑁𝑖 ]

 
 
 
 
 
 
 
 
 
 

 

The first 2 rows represent the membrane behaviour of the element, the 3rd and 4th rows the 

beam behaviour and the last one the shear behaviour.   

If is used Lobatto integration rule in elements with a node in the axis of revolution are not 

going to be able to compute stiffness matrix, due the 
1

𝑥
 members in 𝐵 matrix (that would make 

terms of 𝐵𝑖  matrix tending to ∞). Using Gauss integration rule, with integration points inside 

the element, this problem is avoided. Using linear shape functions, to avoid the shear locking 

effect, it is used a single gauss integration point in the middle of the element. If we increase 

the order of the shape function, we are able to increase the number of integration gauss 

points in the element, but to avoid locking effect must to be used a sub integration using less 

number of points for the shear behaviour.  


