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Dynamics 

1. In the dynamic system of slide 6, let 𝒓(𝒕) be a constant force 𝑭. What 

is the effect of 𝑭 on the time-dependent displacement 𝒖(𝒕) and the 

natural frequency of vibration of the system? 

[Answer] 

 

Fig.1 Model 

We can depict it in Figure 1, and obtain the following equation 

𝑚𝑢̈ + 𝑘𝑢 = 𝑟 

𝑚
𝑑2𝑢

𝑑𝑡2
+ 𝑘𝑢 = 𝑟 

We assume two case to investigate the effect of 𝐹 on the time-dependent 

displacement 𝑢(𝑡) and the natural frequency of vibration of the system. 

Case 1, 𝐹 is constant: 

Assume 𝑚 = 1 𝑘 = 1 𝑟 = 𝐹 = 0 𝑢0 = 0 

Case 2, 𝐹 is natural frequency: 

Assume 𝑚 = 1 𝑘 = 1 𝑟(𝑡) = 𝐹 = sin(𝜔𝑡) 𝑢0 = 0 

Case 3, 𝐹 is constant: 

Assume 𝑚 = 1 𝑘 = 4 𝑟 = 𝐹 = 0 𝑢0 = 0 

Case 4, 𝐹 is natural frequency: 

Assume 𝑚 = 1 𝑘 = 4 𝑟(𝑡) = 𝐹 = sin(𝜔𝑡) 𝑢0 = 0 

 

Natural frequency 𝑓 =
𝜔

2𝜋
 

The period is T= 𝑓 =
1

𝑓
=

2𝜋

𝜔
 

𝑢 = 𝑢̅𝑠𝑖𝑛 sin(𝜔𝑡) 

Where 𝑢̅ is amplitude of motion and 𝜔 = √
𝑘

𝑚
 is the natural frequency of 

vibration. 

Then, we obtain the force equation as: 

𝑑2𝑢

𝑑𝑡2
+ 𝑢 = 0, 𝑖𝑛 𝑐𝑎𝑠𝑒 1 𝜔 = 1 

𝑑2𝑢

𝑑𝑡2
+ 𝑢 = sin(𝑡) , 𝑖𝑛 𝑐𝑎𝑠𝑒 2 𝜔 = 1 
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𝑑2𝑢

𝑑𝑡2
+ 4𝑢 = 0, 𝑖𝑛 𝑐𝑎𝑠𝑒 3 𝜔 = 2 

𝑑2𝑢

𝑑𝑡2
+ 4𝑢 = sin(2𝑡) , 𝑖𝑛 𝑐𝑎𝑠𝑒 4 𝜔 = 2 

 

 

Fig.2 Solution 

In conclusion, the constant force could keep the amplitude of motion while nature 

frequency force will lead to the amplitude of motion expanded. At the same time, 

the amplitude of motion will decrease while 𝜔 is increasing (the same as 

frequency increasing). 

 

2. A weight whose mass is 𝒎 is placed at the middle of uniform axial bar 

of length 𝑳 that is clamped at both ends. The mass of the bar may be 

neglected. Estimate the naturel frequency of vibration in terms of 

𝒎,𝑳, 𝑬 𝒂𝒏𝒅 𝑨. Suggestion: First determine the effective 𝒌. 

[Answer] 

From this model, the Deflection in the middle point of the bar is 

𝑢𝐿
2

=

1
2𝑚𝑔𝑙

𝐸𝐴
 

Stiffness K is: 

𝐾 =
𝑚𝑔

𝑢𝐿
2
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Then, Naturel frequency of vibration is 

𝑓𝑛 = √
𝐾

𝑚
= √

𝑚𝑔

𝑚𝑢𝐿
2

= √
𝑚𝑔𝐸𝐴

𝑚
1
2

𝑚𝑔𝑙
= √

2𝐸𝐴

𝑚𝑙
 

 

3. Use the expression on slide 18 to derive the mass matrix of slide 17. 

[Answer] 

The consistent element mass matrix is calculated as: 

𝑚 = ∫𝑁𝑇𝑁𝜌𝑑𝑉 = ∫𝑁𝑇𝑁𝜌𝐴|𝐽|𝑑𝜉 

Using the isoparametric representation of the two-node bar element: 

𝑚 = 𝜌𝐴∫ [

1

2
(1 − 𝜉)

1

2
(1 + 𝜉)

]
1

−1

[
1

2
(1 − 𝜉)

1

2
(1 + 𝜉)] |𝐽|𝑑𝜉 

=
1

4
𝜌𝐴

1

2
𝐿 ∫ [

(1 − 𝜉)2 (1 − 𝜉)(1 + 𝜉)

(1 − 𝜉)(1 + 𝜉) (1 + 𝜉)2 ]
1

−1

𝑑𝜉 

= 𝜌𝐴
1

8
𝐿 ∫ [

(1 − 𝜉)2 (1 − 𝜉)(1 + 𝜉)

(1 − 𝜉)(1 + 𝜉) (1 + 𝜉)2 ]
1

−1

𝑑𝜉 

= 𝜌𝐴
1

8
𝐿 ∫ [

1 − 2𝜉 + 𝜉2 1 − 𝜉2

1 − 𝜉2 1 − 2𝜉 + 𝜉2]
1

−1

𝑑𝜉 

= 𝜌𝐴
1

8
𝐿

[
 
 
 𝜉 − 𝜉2 +

𝜉3

3
𝜉 −

𝜉3

3

𝜉 −
𝜉3

3
𝜉 − 𝜉2 +

𝜉3

3 ]
 
 
 

−1

1

 

= 𝜌𝐴
1

8
𝐿 [

8

3

4

3
4

3

8

3

] = [

𝜌𝐴𝐿

3

𝜌𝐴𝐿

6
𝜌𝐴𝐿

6

𝜌𝐴𝐿

3

] 

 

4. Obtain also the mass matrix of a two-node, linear displacement 

element with a variable cross-sectional area that varies from 𝑨𝟏 to 𝑨𝟐. 

[Answer] 

𝐴(𝜉) = ∑𝑁𝑖(𝜉)𝐴𝑖

2

𝑖=1

=
𝐴1

2
(1 − 𝜉) +

𝐴2

2
(1 + 𝜉) 

𝑚 = ∫𝑁𝑇𝑁𝜌𝑑𝑉 = ∫𝑁𝑇𝑁𝜌𝐴|𝐽|𝑑𝜉 

=
1

4
𝜌

1

2
𝐿 ∫ [

(1 − 𝜉)2 (1 − 𝜉)(1 + 𝜉)

(1 − 𝜉)(1 + 𝜉) (1 + 𝜉)2 ]
1

−1

(
𝐴1

2
(1 − 𝜉) +

𝐴2

2
(1 + 𝜉))𝑑𝜉 

=
1

16
𝜌𝐿 ∫ (𝐴1 [

(1 − 𝜉)3 (1 − 𝜉)2(1 + 𝜉)

(1 − 𝜉)2(1 + 𝜉) (1 + 𝜉)2(1 − 𝜉)
]

1

−1

+ 𝐴2 [
(1 − 𝜉)2(1 + 𝜉) (1 − 𝜉)(1 + 𝜉)2

(1 − 𝜉)(1 + 𝜉)2 (1 + 𝜉)3 ])𝑑𝜉 
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=
1

16
𝜌𝐿 ∫ (𝐴1 [

1 − 3𝜉 + 3𝜉2 − 𝜉3 1 − 𝜉 + 𝜉2 + 𝜉3

1 − 𝜉 + 𝜉2 + 𝜉3 1 + 𝜉 − 𝜉2 − 𝜉3]
1

−1

+ 𝐴2 [
1 − 𝜉 − 𝜉2 + 𝜉3 1 + 𝜉 − 𝜉2 − 𝜉3

1 + 𝜉 − 𝜉2 − 𝜉3 1 + 3𝜉 + 3𝜉2 + 𝜉3])𝑑𝜉 

 

=
1

16
𝜌𝐿(𝐴1

[
 
 
 𝜉 −

3𝜉2

2
+ 𝜉3 −

𝜉4

4
𝜉 −

𝜉2

2
−

𝜉3

3
+

𝜉4

4

𝜉 −
𝜉2

2
−

𝜉3

3
+

𝜉4

4
𝜉 +

𝜉2

2
−

𝜉3

3
−

𝜉4

4 ]
 
 
 

−1

1

+ 𝐴2

[
 
 
 𝜉 −

𝜉2

2
−

𝜉3

3
+

𝜉4

4
𝜉 +

𝜉2

2
−

𝜉3

3
−

𝜉4

4

𝜉 +
𝜉2

2
−

𝜉3

3
−

𝜉4

4
𝜉 +

3𝜉2

2
+ 𝜉3 +

𝜉4

4 ]
 
 
 

−1

1

)𝑑𝜉 

= [

𝜌𝐿(3𝐴1 + 𝐴2)

12

𝜌𝐿(𝐴1 + 𝐴2)

12
𝜌𝐿(𝐴1 + 𝐴2)

12

𝜌𝐿(𝐴1 + 3𝐴2)

12

] 

 

5. A uniform two-node bar element is allowed to move in a 3D space. The 

nodes have only translational d.o.f. What is the diagonal mass of the 

element? 

[Answer] 

𝑚 =
 𝜌𝐴𝐿

2
𝐼6 =

 𝜌𝐴𝐿

2

[
 
 
 
 
 
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1]

 
 
 
 
 

 

 

 

 

 

 

 


