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1 Problem A

Problem statement: Describe in extension how a non-symmetric load can be applied on this for-
mulation.

In the case where non-symmetric loads are applied to an axisymmetric structure, tangential dis-
placements will become non-zero and must be accounted for in the shell formulation. According
to Zienkiewicz and Taylor (see Reference 1), the problem of an axisymmetric solid subjected to
non-symmetric loads may be solved by expressing displacements, as well as force components, as
Fourier series expansions, splitting them into symmetric and antisymmetric components.

For the formulation of axisymmetric thin shells (Euler-Bernoulli formulation), the definition of
strains must also be modified to take into account displacements and force components in all three
directions. The strain vector then becomes:

ε =


εs
εθ
γsθ
χs
χθ
χsθ

 =



∂u
∂s

1
r
∂v
∂θ

+ (ucosφ− 1
r
wsinφ)

1
r
∂u
∂θ

+ ∂v
∂s

− 1
r
vcosφ

−∂2w
∂s2

− 1
r2
∂2w
∂θ2

− 1
r
∂w
∂s
cosφ+ 1

r
∂v
∂θ
sinφ

2(−1
r
∂2w
∂s∂θ

+ 1
r2
∂w
∂θ

+ 1
r
∂v
∂s

− 1
r2
vsinφcosφ)



(1)

Therefore, three membrane and three bending effects are now present in the stress vector:

σ =
[
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]′
(2)

2 Problem B

Problem statement: Using thin beams formulation, describe the shape of the B(e) matrix and
comment the integration rule.

For the Kirchhoff formulation of axisymmetric shells, shear effects are neglected and the B ma-
trix for the ith element becomes:
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Regarding the integration rule, it may be observed that several terms of matrix B contain divisions
by r. This could mean that an integration method for which it is necessary to evaluate the integrals
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at the nodes would present problems at nodes with r = 0.

The inconvenient is however solved by using a numerical integration scheme such as Gauss quadra-
tures, where the function need not be evaluated at the nodes. According to Oñate (see reference
2), results obtained with a simple reduced one-point quadrature provide sufficient precision.
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