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Problem 5.1

Consider a three-node bar element referred to the natural coordinate £. The two end nodes and the
mid node are identified as 1, 2 and 3 respectively. The natural coordinates of nodes 1, 2 and 3 are
£ =-1,&=1and £ =0, respectively. The variation of the shape functions N;(§), No(€) and N3(&)
is sketched in the figure below. These functions must be quadratic polynomials in &:

N{(€) = ap + ar1€ + asé? N5 (€) = by + b€ + boé? N£(E) = o+ 1€ + ea€?

(a) Determine the coefficients a0, ..., ¢2 using the node value conditions depicted in figure. For
example Ny = 1 for £ = 1 and 0 for the rest of natural coordinates. The rest of the nodes
follow the same scheme.

Nf(—l):ag—a1+a2:1 N;(—l)zbg—b1+b2 =0 N;(-l):CO—Cl—FCQ:O

N{i(O):(IQ:O N§(0)260:0 N§(0)200:1
Nf(+1):a0+a1+a2:0 N;(—{—l):bo—Fbl—{—bQ:l N§(+1):Cg+61+0220

Solving the linear system we can know the values for a0, ..., c2:

Ni©)=360-6 N =3£0+8)  N©=1-¢

(b) Verify that their sum is identically one.
1 1 1 1
Ni+Ny+Ng=6— 6+ -8+ 8- +1=1
2 2 2 2
(c) Calculate their derivatives respect to the natural coordinates.

oM,
23

ON, 1 ONj3

1
25—5 8_£:£+§ 8—5225

Problem 5.2

A five node quadrilateral element has the nodal configuration shown if the figure with two perspective
views of Ny and N{. Find five shape functions N{,¢ = 1,...,5 that satisfy compatibility and also
verify that their sum is unity.

- First of all, the shape function Ns is obtained by construction as:
N5 =Cs Ly Loz Lgs Ly = Cs5(1 =&)L —n)(1+E(1+n)

- Substituting the coordinates (0,0) corresponding with Ns location; the value of Cs is found as 1,
arising the final shape-function:

Ns = (1-&)(1 -7
- The given shape-functions for the corner nodes are the following:

1

No=0-00-n)  NM=10+O0-n)  N=0+O0+tn  Ne=t(1-91+n)
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- It is obtained a general shape function for all the nodes of the element:
1
N; = Z(l + &) (1 +nmi) + aNs

- The value of a can be found substituting the coordinates of node 5 (0,0) into any of the shape
functions and equalize to zero. For instance, substitution of & =n =0 in Ny yields:

Ni = (1= (1 =) +all — €)1 — ) )
1 1
ZZ—l—a:O - OJZ—Z—L (2)

- In addition, the summation of all shape functions is equal to 1:

N -

1 1 1
:>Z(1—§—n+€77)+ (1+§—77—€n)+Z(1+5+77+€77)+Z(1—§+77—§n)—N5+N5=1

Problem 5.3

Which minimum integration rules of Gauss-product type gives a rank sufficient stiffness matrix for
these elements:

Before start computing the gauss points we are going to define the following values, taking account
we are in 3D space.

ng =3n number of element DoF (3)
ng =6  number of independent rigid body modes (4)
ng =6 order of E stress — strain matrix (5)
ng = number of Gauss points in integration rule for K (6)

r= actual rank stif fness matriz (7)

1. the 8-node hexahedron

Tin = 18 d=20 with 3 Gauss points

2. the 20-node hexahedron

Tmin = D4 d=20 with 9 Gauss points

3. the 27-node hexahedron

Tonin = (D d=20 with 13 Gauss points

4. the 64-node hexahedron

Trmin = 186 d=0 with 31 Gauss points
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