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- If J>0, then l
2 [1− 4ξα]>0 ξα < 1/4

Consider, -1/4<ξ < 1/4. If α = −1/4, ξ > −1 and α = 1/4 signifies ξ < 1

Therefore,-1<ξ < 1 for J>0 and -1/4<ξ < 1/4

-For α = 0, J = l
2 (1− 4ξα) = l
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2
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1. As first approximation,

[K] = 2π

∫
BTEBrdrdz

[K] = 2πr̃A[B̃]T[Ẽ][B̃]
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Centroidal coordinates (,) are
r̃ = (r1 + r2 + r3)/3 = 2a/3 z̃ = (z1 + z2 + z3)/3 = b/3

ε = Bae = [B1, B2, B3]a
e

[B1] =


∂N1/∂r 0

0 ∂N1/∂z
N1/r̃ 0
∂N1/∂z ∂N1/∂r

 =


β1 0
0 γ1

α1

r̃ + β1 +
γ1z̃
r̃ 0

γ1 β1


Similarly, we can calculate [B2]and[B3].
α1 = r2z3 − z3r2 = ab α2 = r3z1 − z1r3 = 0 α3 = r1z2 − z2r1 = 0
β1 = z2 − z3 = −b β2 = z3 − z1 = b β3 = z1 − z2 = 0
γ1 = r2 − r3 = 0 γ2 = r3 − r1 = −a γ3 = r1 − r2 = a

[B̃] =
1

2|A|


β1 0 β2 0 β3 0
0 γ1 0 γ2 0 γ3

α1

r̃ + β1 +
γ1z̃
r̃ 0 α2

r̃ + β2 +
γ2z̃
r̃ 0 α3

r̃ + β3 +
γ3z̃
r̃ 0

γ1 β1 γ2 β2 γ3 β3



|A| = 1

2

∣∣∣∣∣∣
1 r1 z1
1 r2 z2
1 r2 z3

∣∣∣∣∣∣ = ab

2

[B̃] =
1

ab


−b 0 b 0 0 0
0 0 0 −a 0 a
b/2 0 b/2 0 b/2 0
0 −b/2 −a/2 b/2 a/2 0



[̃BT ][E][B̃] =
E

a2b2


5b2/4 0 −3b2/4 0 b2/4 0
0 b2/2 ab/2 −b2/2 −ab/2 0

−3b2/4 ab/2 (a2/2) + (5b2/4) −ab/2 (b2/4)− (a2/2) 0
0 −b2/2 −ab/2 (a2) + (b2/2) ab/2 −a2

b2/4 −ab/2 (b2/4)− (a2/2) ab/2 (a2/2) + (b2/4) 0
0 0 0 −a2 0 a2



[K] =
2πE

3b


5b2/4 0 −3b2/4 0 b2/4 0
0 b2/2 ab/2 −b2/2 −ab/2 0

−3b2/4 ab/2 (a2/2) + (5b2/4) −ab/2 (b2/4)− (a2/2) 0
0 −b2/2 −ab/2 (a2) + (b2/2) ab/2 −a2

b2/4 −ab/2 (b2/4)− (a2/2) ab/2 (a2/2) + (b2/4) 0
0 0 0 −a2 0 a2



2. Now, adding 1st, 3rd and 5th columns(or rows) produces a non-zero matrix. This signifies sum of
displacement and force vector along radial direction is non-zero. Therefore, there is a non-equilibrium state.

2πE

3b


5b2/4
0

−3b2/4
0

b2/4
0

+
2πE

3b


−3b2/4
ab/2

a2/2 + 5b2/4
−ab/2

b2/4− a2/2
0

+
2πE

3b


b2/4
−ab/2

b2/4− a2/2
ab/2

a2/2 + b2/4
0

 =
πE

2


1
0
1
0
1
0


Adding 2nd, 4th and 6th column (or rows) produces a zero matrix. There is a equilibrium in z- direction
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and sum of displacements and force vector along z-axis is zero.

2πE

3b


0

b2/2
ab/2
−b2/2
−ab/2

0

+
2πE

3b


0

−b2/2
−ab/2

a2 + b2/2
ab/2
−a2

+
2πE

3b


0
0
0
−a2
0
a2

 =
πE

2


0
0
0
0
0
0



3.
N1 =

α1 + β1r + γ1z

2A
=

1

3
N2 =

α2 + β2r + γ2z

2A
=

1

3
N3 =

α3 + β3r + γ3z

2A
=

1

3

Using first approximation,

fe = 2π

∫
NT [b]rdrdz = 2πNT [b]r̃A = 2π


1/3 0
0 1/3
1/3 0
0 1/3
1/3 0
0 1/3


(

0
−g

)
2a

3

ab

2
=

2πa2b

9


0
−g
0
−g
0
−g

 =
2πa2bg

9


0
−1
0
−1
0
−1


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