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 Assignment 4.1:  

On “Structures of revolution”: 

1. Compute the entries of 𝑲𝑒 for the following axisymmetric triangle: 

𝑟1 = 0, 𝑟2 = 𝑟3 = 𝑎, 𝑧1 = 𝑧2 = 0, 𝑧3 = 𝑏 

The material is isotropic with 𝜈 = 0 for which the stress-strain matrix is 

𝑬 = 𝐸

[
 
 
 
 
1 0 0 0
0 1 0 0
0 0 1 0

0 0 0
1

2]
 
 
 
 

 

2. Show that the sum of the rows (and columns) 2, 4 and 6 of 𝑲𝑒  must vanish and explain why. 

Show as well that the sum of rows (and columns) 1, 3 and 5 does not vanish, and explain why. 

3. Compute the consistent force vector 𝒇𝑒 for gravity forces 𝒃 =  [0, – 𝑔]𝑇. 

1. The geometry results 

 

The node displacement vector results 

𝒖𝑒 =

[
 
 
 
 
 
𝑢𝑟1

𝑢𝑧1

𝑢𝑟2

𝑢𝑧2

𝑢𝑟3

𝑢𝑧3]
 
 
 
 
 

 

The shape functions are the triangular coordinates: 

𝑁𝑖 = 𝜉𝑖; 𝑖 = 1,2,3 

An iso-P element with 3 nodes is defined by 

[
 
 
 
 
1
𝑟
𝑧

𝑢𝑟 
𝑢𝑧 ]

 
 
 
 

=

[
 
 
 
 

1 1 1
𝑟1 𝑟2 𝑟3
𝑧1 𝑧2 𝑧3

𝑢𝑟1 𝑢𝑟2 𝑢𝑟3

𝑢𝑧1 𝑢𝑧2 𝑢𝑧3]
 
 
 
 

[

𝑁1
𝑒

𝑁2
𝑒

𝑁3
𝑒
] 
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The first equations define the geometry of the triangle 

[
1
𝑟
𝑧
] = [

1 1 1
𝑟1 𝑟2 𝑟3
𝑧1 𝑧2 𝑧3

] [

𝜉1

𝜉2

𝜉3

] 

Operating 

1 = 𝜉1 + 𝜉2 + 𝜉3 

𝑟 = 𝜉1𝑟1 + 𝜉2𝑟2 + 𝜉3𝑟3 

𝑧 = 𝜉1𝑧1 + 𝜉2𝑧2 + 𝜉3𝑧3 

And then 

𝜕𝑟

𝜕𝜉𝑖
= 𝑟𝑖;  

𝜕𝑧

𝜕𝜉𝑖
= 𝑧𝑖 

Multiplying by the inverse of the matrix at left on both sides of the equation 

[
1 1 1
𝑟1 𝑟2 𝑟3
𝑧1 𝑧2 𝑧3

]

−1

[
1
𝑟
𝑧
] = [

1 1 1
𝑟1 𝑟2 𝑟3
𝑧1 𝑧2 𝑧3

]

−1

[
1 1 1
𝑟1 𝑟2 𝑟3
𝑧1 𝑧2 𝑧3

] [

𝜉1

𝜉2

𝜉3

] 

Doing 

𝑟1 = 0, 𝑟2 = 𝑟3 = 𝑎, 𝑧1 = 𝑧2 = 0, 𝑧3 = 𝑏 

[

𝜉1

𝜉2

𝜉3

] = [
1 1 1
𝑟1 𝑟2 𝑟3
𝑧1 𝑧2 𝑧3

]

−1

[
1
𝑟
𝑧
] = [

1 1 1
0 𝑎 𝑎
0 0 𝑏

]

−1

[
1
𝑟
𝑧
] =

[
 
 
 
 
 1 −

1

𝑎
0

0
1

𝑎
−

1

𝑏

0 0
1

𝑏 ]
 
 
 
 
 

[
1
𝑟
𝑧
] 

Results 

𝜉1 = 1 −
𝑟

𝑎
; 𝜉2 =

𝑟

𝑎
−

𝑧

𝑏
; 𝜉3 =

𝑧

𝑏
   

And then 

𝜕𝜉1

𝜕𝑟
= −

1

𝑎
;
𝜕𝜉2

𝜕𝑟
=

1

𝑎
;
𝜕𝜉3

𝜕𝑟
= 0 

𝜕𝜉1

𝜕𝑧
= 0;

𝜕𝜉2

𝜕𝑧
= −

1

𝑏
;
𝜕𝜉3

𝜕𝑧
=

1

𝑏
 

The strain-displacement matrix is 
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𝑩 =

[
 
 
 
 
 
 
 
𝜕𝑁1

𝜕𝑟
0

𝜕𝑁2

𝜕𝑟
0

𝜕𝑁3

𝜕𝑟
0

0
𝜕𝑁1

𝜕𝑧
0

𝜕𝑁2

𝜕𝑧
0

𝜕𝑁3

𝜕𝑧
𝑁1

𝑟
0

𝑁2

𝑟
0

𝑁3

𝑟
0

𝜕𝑁1

𝜕𝑧

𝜕𝑁1

𝜕𝑟

𝜕𝑁2

𝜕𝑧

𝜕𝑁2

𝜕𝑟

𝜕𝑁3

𝜕𝑧

𝜕𝑁3

𝜕𝑟 ]
 
 
 
 
 
 
 

=

[
 
 
 
 
 
 
 −

1

𝑎
0

1

𝑎
0 0 0

0 0 0 −
1

𝑏
0

1

𝑏
1

𝑟
−

1

𝑎
0

1

𝑎
−

𝑧

𝑏 𝑟
0

𝑧

𝑏 𝑟
0

0 −
1

𝑎
−

1

𝑏

1

𝑎

1

𝑏
0]
 
 
 
 
 
 
 

 

The stiffness matrix is 

𝑲𝑒 = ∫ 𝑟𝑩𝑇𝑬𝑩𝑑Ω

Ω𝑒

= ∫ ∫ 𝑟

𝑏
𝑎
𝑟

0

𝑩𝑇𝑬𝑩𝑑𝑧𝑑𝑟
𝑎

0

 

Where 

𝑟𝑩𝑇𝑬𝑩 = 

 

The previous integral gives the exact solution.  

Making a numerically integration, using the centroid point of the triangle, calculating 

the function there and make that value constant in all the area, we obtain 

𝑭(𝑟, 𝑧) = 𝑟𝑩𝑇𝑬𝑩 

 

𝑲𝑒 = ∫ 𝑟𝑩𝑇𝑬𝑩𝑑Ω

Ω𝑒

= ∫ 𝑭(𝑟, 𝑧)𝑑Ω

Ω𝑒

≈ Ω𝑒  𝑭(𝑟 =
2𝑎

3
, 𝑧 =

𝑏

2
) =

𝑎𝑏

2
𝑭(𝑟 =

2𝑎

3
, 𝑧 =

𝑏

2
) 
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Where Es is E (escalar value) 

2. With a rigid body motion in z direction, the displacement vector is 

𝒖𝑅𝐵𝑀,𝑧 =

[
 
 
 
 
 
0
1
0
1
0
1]
 
 
 
 
 

 

Multiplying with 𝑲𝑒 must to be zero, because there are not deformation in the body, so the 

energy is zero  

𝒖𝑅𝐵𝑀,𝑧 𝑲
𝑒 =

[
 
 
 
 
 
 
 
 
 
 
 

0
1

6
𝑏𝐸 −

1

6
𝑏𝐸 + 0

1

6
𝑎𝐸 −

1

6
𝑎𝐸 + 0

−
1

6
𝑏𝐸 +

1

3

𝑎2𝐸

𝑏
+

1

6
𝑏𝐸 −

1

3

𝑎2𝐸

𝑏
 

−
1

6
𝑎𝐸 +

1

6
𝑎𝐸

−
1

3

𝑎2𝐸

𝑏
+

1

3

𝑎2𝐸

𝑏 ]
 
 
 
 
 
 
 
 
 
 
 

=

[
 
 
 
 
 
0
0
0
0
0
0]
 
 
 
 
 

 

If consider now 

𝒖𝑅𝐵𝑀,𝑟 =

[
 
 
 
 
 
1
0
1
0
1
0]
 
 
 
 
 

 

The result is  
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Now the sum doesn’t vanish. If the sum vanish implies rigid body motion, and that is not true 

in this case. Because the symmetric revolution condition of the structure, if the 3 nodes of the 

triangle moves the same value in r direction means the ring is expanding or contracting. That’s 

a deformation of the structure, not a rigid body motion as in the case of the z direction. So 

there is internal energy involved in the process, implies 

𝒖𝑅𝐵𝑀,𝑧 𝑲
𝑒 𝑚𝑢𝑠𝑡 𝑏𝑒 ≠ 0 

3. The consistent force vector is 

𝒇𝑒 = ∫ 𝑵𝑇𝒃 𝑟 𝑑Ω

Ω𝑒

 

𝑵 = [
1 −

𝑟

𝑎

𝑟

𝑎
−

𝑧

𝑏

𝑧

𝑏
0 0 0

0 0 0 1 −
𝑟

𝑎

𝑟

𝑎
−

𝑧

𝑏

𝑧

𝑏

] 

So  

𝑵𝑇𝒃 𝑟 =

[
 
 
 
 
 
 
 
 

0
0
0

−𝑔𝑟 (1 −
𝑟

𝑎
)

−𝑔𝑟 (
𝑟

𝑎
−

𝑧

𝑏
)

−
𝑔𝑟𝑧

𝑏 ]
 
 
 
 
 
 
 
 

 

Integrating 

𝒇𝑒 = ∫ ∫

[
 
 
 
 
 
 
 
 

0
0
0

−𝑔𝑟 (1 −
𝑟

𝑎
)

−𝑔𝑟 (
𝑟

𝑎
−

𝑧

𝑏
)

−
𝑔𝑟𝑧

𝑏 ]
 
 
 
 
 
 
 
 

𝑏
𝑎
𝑟

0

 𝑑𝑧𝑑𝑟
𝑎

0

=

[
 
 
 
 
 
 
 
 

0
0
0

−
1

12
𝑔𝑎2𝑏

−
1

8
𝑔𝑎2𝑏

−
1

8
𝑔𝑎2𝑏 ]

 
 
 
 
 
 
 
 

 


