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Assignment 4.1:

On “Structures of revolution”:

1. Compute the entries of K¢ for the following axisymmetric triangle:
n=0nrn=r=az=2,=0,2;=>0
The material is isotropic with v = 0 for which the stress-strain matrix is
1 0 00
[O 1 0 0]
E=E | 0 0 1 0}
lO 0 0 =

2. Show that the sum of the rows (and columns) 2, 4 and 6 of K¢ must vanish and explain why.
Show as well that the sum of rows (and columns) 1, 3 and 5 does not vanish, and explain why.

3. Compute the consistent force vector f¢ for gravity forces b = [0,-g]”.

The node displacement vector results

Ur1
Uz1

The shape functions are the triangular coordinates:
Ni == fi;i == 1,2,3
An iso-P element with 3 nodes is defined by
1 1 1 1
r [ o T, T3 ] N
z =1z, 2z, z3]||N¢

urJ Ur1r Uz Ups N?f
Uz Uzy  Uzz  Ugzs
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The first equations define the geometry of the triangle

Operating

And then

L2 e ol

I ——

1=&+&+&

=281+ &ry + &3

z =812y + &2, + 8323

ar
0¢;

=71y

0z
0¢;

Multiplying by the inverse of the matrix at left on both sides of the equation

Doing
1
$2
$3

Results

And then

~1 r _T
El_ alfz_a

04 __19%
or a’ or
96 _ .98 _
0z " 0z

The strain-displacement matrix is

z _ z
b’ fS_b
108
a’ or
108 1
b az )

S Q| r

1 117 1 1 171 1 1714
Lg) T3] [T] = [7"1 g) 7"3] [7”1 T 7”3] [fz]
Zy Z3 z Zy Zp Z3 zZy Zp Z3llé;

T1=0,T2=T3=a,Zl=ZZ=O,Z3=b

RN

|

1

VA

|
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or or or a a
0 JdN; 0 dN, dN3 0 0 0 1 0 1
B = 0z 0z 0z | _ b b
N, N, N3 1 1 z z
— 0 — 0 — 0 -——— 0 -=-— 0 — 0
T T T roa a br br
dN, ON; 0N, ON, ON; 0N, 0 1 1 1 0
L 0z or 0z or 0z or 4 a b a b .
The stiffness matrix is
b
a =T
a
K¢ = f rBTEBdQ = f f r BTEBdzdr
o Jo
Qe
Where
rBTEB =
[L_L\,
(& G-30) o e GRE-R) SR
: e i e
[1 - 3
1 1y/71 z VY 1 7 1 1 z ) 1 1 r a b1 1
?[T*—(i_nJ[;_b:,‘/?nb r[?“’(?_bi/ 352/‘ "2 a i[ b1 _3[,3 0
S 25 I
1 1Y 1 z ). 5
[7_?, 1 r{[?_W, ! 1 r r{ 7 1) 0
b 2 a bi 25 ) 2 a 2 2h
0 0 0 - 0 -
b b

The previous integral gives the exact solution.

Making a numerically integration, using the centroid point of the triangle, calculating
the function there and make that value constant in all the area, we obtain

F(r,z) = rB"EB

2a b ab 2a b
K¢ = JrBTEBdQ= fF(r,z)szQeF r=o.2=5 =—F|r=
ne ane
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5

5 7 1
EZ)ES 0 —HZJES 0 ?Z)Es 0
1 1
0 — bEs —akEs -—bEs -—akEs 0
6 6
T q 7 3 3
-5 bEs LGES Ln‘bEs L =+ 1,, -—akEs —a bEs i 1,, 0
24 6 3 16a~ 25 ) 16a~ 25 )
N 2
0 -%bEs -%{JES %H‘bES[ lq + 21_ %(}'ES ! ﬂbES
N N
LbEs —LH.ESL{IEZ)ES Sq - lﬂ L{?ES —a bEs gq + lq 0
8 6 3 16a° 25 ) 16a° 25 )
1 &'E | a'E
a Es a Es
0 0 0 -— 0 -
3 b 3 0b

Where Es is E (escalar value)

2. With a rigid body motion in z direction, the displacement vector is

Urem,z = | 4|
Multiplying with K€ must to be zero, because there are not deformation in the body, so the
energy is zero

0
1
0
1
0
1

— 0 -

1bE 1bE+0
6 6
1 1
—aE—gaE+0

6
2
wppm, KE=| 1, 1a%E 1
: ——bE + -——+—bE
6" 3 TG

! E+1 E
6 Te?
1a%E 1d?E

| 37 T3 |

1a’E

3 b

Il
[
coo0oo0 0O
O ———————]

If consider now

UpM,r =

—
SO rRr O FrOoOr
—_—

The result is
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1 7 1 » 17 1
—bE -—bE — E. —_—
[413 s, 0, 24b s+3abs(16a2+2b2]
—I—LazbEs 32 —% ,O,LbEs
3 16 a 2b 8
—I—LazbEs 32 —% —I—LazbEs 92
3 16 a 2b 3 16 a
+L2 0
2b

Now the sum doesn’t vanish. If the sum vanish implies rigid body motion, and that is not true

in this case. Because the symmetric revolution condition of the structure, if the 3 nodes of the

triangle moves the same value in r direction means the ring is expanding or contracting. That's

a deformation of the structure, not a rigid body motion as in the case of the z direction. So

there is internal energy involved in the process, implies
Uppy - K€ must be # 0

3. The consistent force vector is

Qe
1 rr z z 0
N = a a b b
0 0 0 1—— -
a
So
0
0
0
r
N'br = —gr(l—a)
r oz
~o7(53)
grz
b
Integrating
0
0
Y 0
a q-r r
fe = fa —gr(l—a) dzdr =
0 Jo r z
~or(G=3)
grz
b

N
SN O

o O o

_ 2
1zga b

—ggazb

| —g94°b |
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