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1. Compute the entries of Ke for the following axisymmetric triangle: 

𝑟1 = 0, 𝑟2 = 𝑟3 = 𝑎, 𝑧1 = 𝑧2 = 0, 𝑧3 = 𝑏 
The material is isotropic with 𝝂 = 𝟎 for which the stress-strain matrix is, 

𝑬 = 𝐸

[
 
 
 
 
1 0 0 0
0 1 0 0
0 0 1 0

0 0 0
1

2]
 
 
 
 

 

The vector of unknowns will be considered the following: 

𝒖 =

[
 
 
 
 
 
𝑢𝑟1

𝑢𝑟2

𝑢𝑟3

𝑢𝑧1

𝑢𝑧2

𝑢𝑧3]
 
 
 
 
 

 

In case of using a different vector of unknowns, the order of rows and columns of the 

stiffness matrix have to be permutated. 

 

First, the basis functions are defined: 

𝑁1
𝑒 = 𝜉, 𝑁2

𝑒 = 𝜂, 𝑁3
𝑒 = 1 − (𝜉 + 𝜂) 

 

To compute the geometry and displacements unknowns the following linear relation 

is used: 

[
 
 
 
 
1
𝑟
𝑧
𝑢𝑟

𝑢𝑧]
 
 
 
 

=

[
 
 
 
 

1 1 1
𝑟1 𝑟2 𝑟3
𝑧1 𝑧2 𝑧3

𝑢𝑟1 𝑢𝑟2 𝑢𝑟3

𝑢𝑧1 𝑢𝑧2 𝑢𝑧3]
 
 
 
 

[

𝑁1
𝑒

𝑁2
𝑒

𝑁3
𝑒
] 

 

Now, the Jacobian is calculated: 

𝑱 =
𝜕(𝑟, 𝑧)

𝜕(𝜉, 𝜂)
=

[
 
 
 
 
𝜕𝑟

𝜕𝜉

𝜕𝑧

𝜕𝜉
𝜕𝑟

𝜕𝜂

𝜕𝑧

𝜕𝜂]
 
 
 
 

= ∑

[
 
 
 
 𝑟𝑖

𝜕𝑁𝑖
𝑒

𝜕𝜉
𝑧𝑖

𝜕𝑁𝑖
𝑒

𝜕𝜉

𝑟𝑖
𝜕𝑁𝑖

𝑒

𝜕𝜂
𝑧𝑖

𝜕𝑁𝑖
𝑒

𝜕𝜂 ]
 
 
 
 3

𝑖=1

= [
−𝑎 −𝑏
0 −𝑏

] 

𝑱−1 =
𝜕(𝜉, 𝜂)

𝜕(𝑟, 𝑧)
=

1

𝑎𝑏
[
−𝑏 𝑏
0 −𝑎

] 

  



The strain vector is: 

𝑩 = 𝑫𝑵 =

[
 
 
 
 
 
 
 
𝜕

𝜕𝑟
0

0
𝜕

𝜕𝑧
1

𝑟
0

𝜕

𝜕𝑧

𝜕

𝜕𝑟]
 
 
 
 
 
 
 

[
𝑁1

𝑒 𝑁2
𝑒 𝑁3

𝑒 0 0 0

0 0 0 𝑁1
𝑒 𝑁2

𝑒 𝑁3
𝑒] = [

𝒒𝒓 𝟎
𝟎 𝒒𝒛

𝒒𝜽 𝟎
𝒒𝒛 𝒒𝒓

] 

𝒒𝒓 = [
𝜕𝑁1

𝑒

𝜕𝑟

𝜕𝑁2
𝑒

𝜕𝑟

𝜕𝑁3
𝑒

𝜕𝑟
] = 

= [
𝜕𝑁1

𝑒

𝜕𝜉

𝜕𝜉

𝜕𝑟
+

𝜕𝑁1
𝑒

𝜕𝜂

𝜕𝜂

𝜕𝑟
 

𝜕𝑁2
𝑒

𝜕𝜉

𝜕𝜉

𝜕𝑟
+

𝜕𝑁2
𝑒

𝜕𝜂

𝜕𝜂

𝜕𝑟

𝜕𝑁3
𝑒

𝜕𝜉

𝜕𝜉

𝜕𝑟
+

𝜕𝑁3
𝑒

𝜕𝜂

𝜕𝜂

𝜕𝑟
] = 

= [−
1

𝑎

1

𝑎
0] 

𝒒𝒛 = [
𝜕𝑁1

𝑒

𝜕𝑧

𝜕𝑁2
𝑒

𝜕𝑧

𝜕𝑁3
𝑒

𝜕𝑧
] = 

= [
𝜕𝑁1

𝑒

𝜕𝜉

𝜕𝜉

𝜕𝑧
+

𝜕𝑁1
𝑒

𝜕𝜂

𝜕𝜂

𝜕𝑧
 

𝜕𝑁2
𝑒

𝜕𝜉

𝜕𝜉

𝜕𝑧
+

𝜕𝑁2
𝑒

𝜕𝜂

𝜕𝜂

𝜕𝑧

𝜕𝑁3
𝑒

𝜕𝜉

𝜕𝜉

𝜕𝑧
+

𝜕𝑁3
𝑒

𝜕𝜂

𝜕𝜂

𝜕𝑧
] = 

= [0 −
1

𝑏

1

𝑏
] 

 

𝒒𝜽 = [
𝑁1

𝑒

𝑟

𝑁2
𝑒

𝑟

𝑁3
𝑒

𝑟
] = (∑𝑟𝑖𝑁𝑖

𝑒

3

𝑖=1

)

−1

[𝑁1
𝑒 𝑁2

𝑒 𝑁3
𝑒] = 

=
1

𝑎(1 − 𝜉)
[𝜉 𝜂 1 − (𝜉 + 𝜂)] 

 

Finally, the elemental stiffness matrix computed as: 

𝑲𝑒 = ∫ ∫ 𝑮(𝜉, 𝜂)𝑑𝜂𝑑𝜉
1−𝜉

0

1

0

 

Where: 

𝑮(𝜉, 𝜂) = 𝑩𝑇(𝜉, 𝜂)𝑬𝑩(𝜉, 𝜂)𝑟(𝜉, 𝜂)𝑱(𝜉, 𝜂) = 

= [
𝒒𝒓

𝑇 𝟎 𝒒𝜽
𝑇 𝒒𝒛

𝑇

𝟎 𝒒𝒛
𝑇 𝟎 𝒒𝒓

𝑇] 𝐸

[
 
 
 
 
1 0 0 0
0 1 0 0
0 0 1 0

0 0 0
1

2]
 
 
 
 

[

𝒒𝒓 𝟎
𝟎 𝒒𝒛

𝒒𝜽 𝟎
𝒒𝒛 𝒒𝒓

] (∑𝑟𝑖𝑁𝑖
𝑒

3

𝑖=1

) |[
−𝑎 −𝑏
0 −𝑏

]| = 

= 𝐸 [
𝒒𝒓

𝑇 𝟎 𝒒𝜽
𝑇 𝒒𝒛

𝑇

𝟎 𝒒𝒛
𝑇 𝟎 𝒒𝒓

𝑇]

[
 
 
 
 

𝒒𝒓 𝟎
𝟎 𝒒𝒛

𝒒𝜽 𝟎
1

2
𝒒𝒛

1

2
𝒒𝒓]

 
 
 
 

𝑎(1 − 𝜉)𝑎𝑏 = 

= 𝐸 𝑎2𝑏(1 − 𝜉) [
𝒒𝒓

𝑇𝒒𝒓 + 𝒒𝜽
𝑇𝒒𝜽 +

1

2
𝒒𝒛

𝑇𝒒𝒛

1

2
𝒒𝒛

𝑇𝒒𝒓

1

2
𝒒𝒓

𝑇𝒒𝒛 𝒒𝒛
𝑇𝒒𝒛 +

1

2
𝒒𝒓

𝑇𝒒𝒓

] 



 

The integral of this term is computed using numerical integration. In plane state, the 

degree of the quadrature needed for this integration would be 2. However, due to the 

radius term multiplying the matrix, in revolution linear elements, a degree 3 

quadrature is needed. In this particular case, as the vectors 𝒒𝒓 and 𝒒𝒛 are constant 

and the radius term multiplying simplifies with the radius term dividing in 𝒒𝜽, a 2 

degree quadrature could be used and as the radius is dividing in some terms an open 

quadrature ha to be chosen (Gauss for example). In any case, as a rational term is 

present in 𝒒𝜽, the quadrature will not yield to exact values. 

 

2. Show that the sum of the rows (and columns) 2, 4 and 6 of 𝐊𝐞 must vanish and explain why. 

Show as well that the sum of rows (and columns) 1, 3 and 5 do not vanish, and explain why. 
In this question it has been assumed that the vector of unknowns is: 

𝒖 =

[
 
 
 
 
 
𝑢𝑟1

𝑢𝑧1

𝑢𝑟2

𝑢𝑧2

𝑢𝑟3

𝑢𝑧3]
 
 
 
 
 

 

This differs from the way the stiffness matrix was calculated in the previous point. For 

that reason, the sum of rows (and columns) 4, 5 and 6th  of 𝐊𝐞 do vanish while the rest 

not. 

This is easily seen noting that the sum of the vectors 𝒒𝒓 and 𝒒𝒛 vanish. This is due to 

the definition of the basis functions: their sum is 1 over all the points over the element. 

That is why the sum of their derivatives is 0. 

As the 4, 5 and 6 rows of the elemental stiffness matrix are composed only of tensorial 

products of this two vectors their sum is null.  

 

The 1, 2 and 3rd rows contain terms of tensorial product of 𝒒𝜽 this vector is composed 

of the shape functions divided by the radius. As both terms are positive over all the 

element, their sum will be positive over the whole element so it cannot vanish after 

the integration. 

 

As the matrix is symmetric, this same reasoning applies to the columns. 

 

The physical reason of that phenomenon is that the sum of all the columns represent 

the nodal force at each degree of freedom for unitary nodal displacements in all the 

degrees of freedom. In the z-coordinate this is translated in a simply rigid body 

translation so it does not produce any reaction. However, in the case of the r-

coordinate it is translated to a straining of the material in the azimuthal direction 

(represented in the 𝒒 𝜽 term) as the radius of circumference would increase. That is 

why there is a reaction against this action. 

  



3. Compute the consistent force vector 𝐟𝐞 for gravity forces 𝐛 = [𝟎,−𝐠]𝐓 

The consistent force vector is computed as: 

𝒇𝑒 = ∫ ∫ 𝑵𝑻𝒃𝑟𝐽𝑑𝜂𝑑𝜉
1−𝜉

0

1

0

= 

= ∫ ∫

[
 
 
 
 
 

𝜉 0
𝜂 0

1 − (𝜉 + 𝜂) 0
0 𝜉
0 𝜂

0 1 − (𝜉 + 𝜂)]
 
 
 
 
 

[
0

−𝑔
] 𝑎(1 − 𝜉) |[

−𝑎 −𝑏
0 −𝑏

]| 𝑑𝜂𝑑𝜉
1−𝜉

0

1

0

= 

= 𝑎2𝑏𝑔 ∫ ∫

[
 
 
 
 
 

0
0
0

−𝜉
−𝜂

−1 + (𝜉 + 𝜂)]
 
 
 
 
 

(1 − 𝜉)𝑑𝜂𝑑𝜉
1−𝜉

0

1

0

= 

= 𝑎2𝑏𝑔 ∫

[
 
 
 
 
 
 
 
 

0
0
0

−𝜉 · (1 − 𝜉)2

−
(1 − 𝜉)3

2

−(1 − 𝜉)2 +
(1 − 𝜉)3

2 ]
 
 
 
 
 
 
 
 

1

0

𝑑𝜉 = 

𝒇𝑒 = 𝑎2𝑏𝑔

[
 
 
 
 
 
 
 
 

0
0
0

−
1

12

−
1

8

−
5

24]
 
 
 
 
 
 
 
 

 

  



4. A five node quadrilateral element has the nodal configuration shown in the figure. 

Perspective views of 𝐍𝟏
𝐞 and 𝐍𝟓

𝐞 are shown in the figure. 

Find five shape functions 𝐍𝐢
𝐞, 𝒊 = 𝟏,… , 𝟓 that satisfy compatibility and also verify 

that their sum is unity. 

 
First, a shape function that vanishes at the boundaries is desired for the new degree 

of freedom. This bubble function is assumed to be biquadratic. Legendre 

interpolations are used: 

𝑁5
𝑒 = 𝐼1(𝜉) · 𝐼2(𝜂) = −((𝜉 + 1) · (𝜉 − 1)) · −((𝜂 + 1) · (𝜂 − 1)) = 

= (1 + 𝜉)(1 − 𝜉)(1 + 𝜂)(1 − 𝜂) 
 

As this basis function vanishes at the boundaries of the elements it can be added to 

the original 4 basis functions without affecting the compatibility of the displacements. 

So in order that the sum of the five is the unity, the new basis function will be 

subtracted to the original ones equally: 

𝑁1
𝑒 =

1

4
(1 − 𝜉)(1 − 𝜂) −

1

4
(1 + 𝜉)(1 − 𝜉)(1 + 𝜂)(1 − 𝜂)

=
1

4
(1 − 𝜉)(1 − 𝜂) (1 − ((1 + 𝜉)(1 + 𝜂))) 

𝑁2
𝑒 =

1

4
(1 + 𝜉)(1 − 𝜂) (1 − ((1 − 𝜉)(1 + 𝜂))) 

𝑁3
𝑒 =

1

4
(1 + 𝜉)(1 + 𝜂) (1 − ((1 − 𝜉)(1 − 𝜂))) 

𝑁4
𝑒 =

1

4
(1 − 𝜉)(1 + 𝜂) (1 − ((1 + 𝜉)(1 − 𝜂))) 

𝑁5
𝑒 = (1 + 𝜉)(1 − 𝜉)(1 + 𝜂)(1 − 𝜂) 

 

𝑁1
𝑒 + 𝑁2

𝑒 + 𝑁3
𝑒 + 𝑁4

𝑒 + 𝑁5
𝑒 =

1

4
((1 − 𝜉)(1 − 𝜂) + (1 + 𝜉)(1 − 𝜂) + 

+(1 + 𝜉)(1 + 𝜂) + (1 − 𝜉)(1 + 𝜂)) − (1 + 𝜉)(1 − 𝜉)(1 + 𝜂)(1 − 𝜂)

+ (1 + 𝜉)(1 − 𝜉)(1 + 𝜂)(1 − 𝜂) = 
1

4
((1 + 𝜉)(1 + 𝜂 + 1 − 𝜂) + (1 − 𝜉)(1 + 𝜂 + 1 − 𝜂)) =

1

4
(2(1 + 𝜉 + 1 − 𝜉)) = 1 


