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4+ Assignment 4.1 :
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Solution:
1)

The Shape functions for 1D bar element with 3 nodes are:

N, = 5(52—1) . N, = €(€2+1)’ Ny=1- 52
x = Ny (E)x; + Np(§)xy + N3 (§)x3
_ E _ dN1
S0, J =% T & 1+d€ 2+d€

- O+(%+E>l—2€(%+a)l
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0+ (§+f)l—25(§+0{)l
l
= (5) + &l — &l —2¢8al
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J= (- 2a)!
e In order to show that if _Tl <a< % then ] > 0 over the whole element-1<¢ <1,
We substitute the limits in the above equation of /, which gives us,
-1 1 -1 l
Fora=—: J= (5-26()) =1 +9);
1 1 1 l
Fora=1: J= (3-20)l =1-9:
As in both the above cases we observe that, the value of | always be greater than zero.

. L1
e And, in the other case when a = 0, the value of Jis 3

2 ]= (3-26)1 =1
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2)

The strain displacement matrix is given by;

_ 4N _ ;14N
B= dx =J dé

_ 1 dN; dN, dN3
B= (5-2¢a): [d€ ¢ d§

B= oy (60 (6+3) 2]

+ Assignment 4.2 :

T‘1=0, rn=r3=a, Zl=ZZ=0, Z3=b

10 0 0
010 0 0
E=Elp 0 1 o] b=[_g]
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2
Solution:
1)
z
A
\ gf (a/b)
i = Y
[0,03 (alo)

The stiffness Ke for the given plane stress triangle is given by:

K¢ = 2nBTEBTA

Where,
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a; + bir + ¢;z
L 24
a; = 1iZm + "7, b; = z; — zp,, Ci= Tim —Tj
- nit+rn+n, 2a _ zZit+ zj+ zyn b
r=—= —, 7I= = =
3 3 3 3

The area of triangle is given by,

Z1 Zz Z3
1 1 1
A==0 a a
0 0 b
A= ab
2
ai=ab, az=0, a3=0
b1=-b, b2=b, b3=0
C1=0, C2=-a, C3:O
So,
_a1+b1r+ 012_1 r aNl_ 1 6N1_0
1= 5 4 @b T a or a 0z
*—
2
a,+ byr+ cz r oz dN; 1 ON, 1
N, = =27 b or a oz b
2 *@ a b or @ 0z b
2
az+ bsr+ czz _ z ON3 oNs _ 1
N; = ~ b o 0 9z b
2 *@ b or o ’
2
_aNl aNz 6N3 T
or 0 or 0 ar 0
N oN N
0 —> 0 —* 0 =*
The B matrix becomes, B = | z N g N ’
= 0 =2 0 =0
T r r
ONi 0Ny ON; ON; 0Nz 0N
-9z or 9z Or 9z  Or-

1 1 7
—— 0 - 0 0 O
a a
0 0 0 1 0 1
B = b b
— 0 l_i 0 Zz 0
roa a rb rb
0 1 1 1 0
a b a b .
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2a b
Evaluating this matrix at the centroidal point (? '3 )

- 1 1 -
—— 0 — 0 0 O
a a
0 0 0 1 0 1
B = b b
! 0 ! 0 ! 0
2a 2a 2a
1 1 1 1 0
a b a b .
The stiffness matrix then becomes,
K = 2nBTEB7A
K 2nBTEB 2a _ab
= X — Kk —
r 32
0 1 0 -
a 2a
1 1 7
0 0 0 — - 0 2 0 0 O
R R N R | T R P
2wa’b | 5 5, - T
_ a 2a blelo o 1 o b b
3 0 ! 0 ! 1|2 0 ! 0 ! 0
b a 0 0 0 P 2a 2a 2a
0 0 1 1 0 1 1 1 0
2a b L a b a b .
1
0 — 0 0
| b ]
5b 0 b 0 b 0
6 2 6
0 b a b a 0
3 3 3 3
b a 2a® + 5b? a —2a® + b? 0
K = nE 2 3 6b 3 6b
- 0 b a 2a® + b? a —2a?
3 3 3b 3 3b
b a —2a?®+ b? a 2a® + b? 0
6 3 6b 3 6b
0 0 0 —2a? 0 2a?
L 3h 3bh
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2)

From the above matrix, we can make 2 observations as, first, the sum of rows and columns
1, 3 & 5 does not become 0, while the sum of rows and columns 2, 4 & 6 is balanced and
becomes 0. The odd number of rows and columns represent r - direction of the structure
and the even rows and columns represent the z - direction of structure.

The summation of columns 1, 3 & 5 is shown below which does not vanish.

_ b - — b -

— 2 —_ 2 6 _2 -
6 a _a 2
0 3 3 0

b 2a?+5b? —-2a%+b? b
2 + 6b + 6b =12
0 a a 0
b 3 3 b
6 —2a2+b2 2a2+b2 2
L (0 - 6b 6b L
L o L 0
The summation of columns 2, 4 & 6 is shown below which vanishes.
) 0 7
0 b - 0
b —= P
3 a
a —= 0 0
- 3 5 O
3b + |2a%+p2| + |24 =
_? b 3b 0
a a 0 0
-3 3 2a? n
| 0 ] _2a2 - 3b
3p

The same can be observed for the summation of the rows.

The sum of rows and columns becoming 0 implies that rigid body motion is possible in
that direction. Whereas, if the summation of the rows and columns is not zero, it indicates
that there would be no rigid body motion in that particular direction in which the sum of
rows and columns is not balanced.

3)
The consistent force vector for gravity forces is computed as,
fé= f NTbr dA
_N1 0 -
0 N
. _T*xab [N, 0 [ 0 ]
2 0 Ny|l-g
N; O
L0 N3
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Calculating at the centroidal point,

_1 -
3 0
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=5 0]
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o L
[~ 3.
_0_
1
‘fe__azbgo
9
1
0
1.

+ Discussions:

In the first task, isoparametric representation of 1D bar element with 3 nodes was
studied which involved finding the Jacobian and the strain displacement matrix. The
main idea of the Jacobian is that, it relates the natural co-ordinates of a geometry with
the computational co-ordinates.

In the second task, the stiffness and consistent force vector of an axis-symmetric
triangle were calculated using centroidal co-ordinates to ease off the calculation
complexities. The structures of revolution are rotationally symmetric and stresses
and strains are independent of the circumferential co-ordinates. In this case, it was
observed that the summation of rows and columns in direction of symmetry axis is
zero thus allowing rigid body motion in that direction. While, summation of rows and
columns along the radial direction was unbalanced due to stresses and strains acting
in that direction and hence did not reduce to zero.




