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Assignment 3.2

Consider a plane triangular domain of thickness h, with horizontal and vertical edges have length a. Let’s
consider for simplicity a = h = 1. The material parameters are E,v. Initially v is set to zero. Two structural
models are considered for this problem as depicted in the figure:

& A plane linear Turner triangle with the same dimensions.
& A set of three bar elements placed over the edges of the triangular domain. The cross

sections for the bars are A1 = A2 and A3.

3 P
3)
. a (1)
| 2 1 2

a) Calculate the stiffness matrix K€ for both models.

e Turner triangle:

©00) ', [ a0

We can define the element stiffness matrix as:

K¢ = | hBTEBdQ
Qe

We assume the thickness constant, so according to this we can write the element stiffness matrix as:

Y3 0 z3

0
1 1'(:)32 323 E11 E12 E13 Y23 0 Y31 0 Y12 0
Ya1 13 Ey Eyn Ey 0 25 0 x5 0 =y

4A 0 i
13 Ysi E3 Ez Es T32 Yo3 T13 Y31 T2a1 Y12
yiz2 0 =z

0 1 w2



. jk = Xj — Xk
where the coordinates of each nodes are { N
YJk - :Vj Yk

Considering the plane stress case with v = 0, the constitutive matrix it becomes:

Ei1 Ey Esz
E = E12 Ezz E32
Eis Ejys; Esz
1 0 O
E=E 0 1 (1)
0 0 =
2

Substituting all the nodes coordinates values into the matrix:

3 1 -2 -1 -1 0
3 0 -1 -1 -2
E 2 0 0 0
Ktriangle = Z 1 1 0
0
2

Symm.

e Tree bar elements (v = 0):

(0,0) : (1,0)

We can define the stiffness K¢ matrix of each bar elements as:

2 2

c s¢c —c* —sc
K — EA¢ | s¢ s —sc —s?
T L | =2 —s¢ & sc

—s¢ —s* sc 2

s=sina
Where {
c = cosa

coordinate system.

and a = angle between the local coordinate system of the bar with respect to the global



1. Element (1) a = 90°

0 0 0 O
EA; 10 1 0 -1
1 — =41
K a 0 0 0 O
0 -1 0 1
2. Element (2) @ = 0°
1 0 -10
EA 0 0 0 O
(2 _ 2272
K a -1 0 1 O
0 0 0 O

3. Element (3) a = 135°

05 —05 —05 0.5
EA; | =05 05 05 —05
a2 | =05 05 05 —05
05 —05 —0.5 0.5

According to the fact that A; = A, = A and A; = A’ the global stiffness matrix becomes:

A0 —A 0 0 0 1
A 0 0 0 —A
K & A+ A2v2 —A')2v2 —A2vV2  AJ2V2
bar = AJ2V2  AJ2V2 —A)2V2
A2\2  —A'J2V/2
| Symm. A+ A/22 |

b) Is there any set of values for cross sections A1=A2=A and A3=A’ to make both stiffness matrix
equivalent: Kbar = Ktriangle? If not, which are these values to make them as similar as possible?

It is impossible to make off-diagonals elements match; that’s is evident because some k;; elements in the
bar are equal to zero, and the same k;; elements In the triangle are # 0. We have to check what are the
values that are k;; # 0 in both case.

kyy 0 ki3 O 0 07
0 kyy 0 0 0 ko

ks, 0 ks O 0O 0
0 0 0 kg kg O
0 0 0 ke kes O
0 ke 0 0 0 ke

We have to look the elements that are # 0, whitch are:



kll' kZZ d A == 0,75
k13, k26 4 A = 0,5

Now for those values we want to obtain the most similar numbers in all the ki]- elements involved,
SO We can use:

0,5+ 0,75
= —=10,625
2
2 A3 =A
k A+ : 0,5 A 2 thi luti [ t ibl
- —=0,0— == - LS sotutions s no ossiole
33 2\/5 2 p
A V2
kag koc ke > ——==0,25->4" =—
44,145 55 2\/5 2

!

k 4 0,5 A =+/2
> —=0VU,0- =
66 2\/5

We are going to use the second value that we obtained because with value we are able to obtain
four equal values in the matrices. According to this the other two remaining elements will not be
identical to each other, but will not differ much either.

c) Why these two stiffness matrix are not equivalent? Find a physical explanation.
We know that the stiffness matrix is a relationship between displacements and forces in the nodes.

The triangle supports both axial forces along its length and directional loads. In order for this new
adjunctive condition to be satisfied, we must introduce form functions.

If we instead analyze the 2d bar element, which is a simple 2-node finite element, it resists an internal axial
force only along its longitudinal dimension (in fact if we consider the force it can be shared by the nodes 1
and 2 but not from node 3).

in fact, the bar elements transmit only axial forces and the ability to share the force depends on the
connection of the nodes themselves; the nodes in the triangle, since they are connected, they resist forces
in a combined way.



d) Solve question considering v#0 and extract some conclusions.

if we consider, the stiffness matrix will remain unchanged. Therefore the stiffness matrix of the triangle will
be:

3—v 1+v -2 v—-1 v—-1 —2v

3—v —2v v—1 v—-1 =2

E 2 0 0 2v
4(1 — v?) 1—-v 1—-v 0
1—-v 0
2

Ktriangle =

Sym.



