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Assignment 3.1:

On “The Plane Stress Problem”:

In isotropic elastic materials (as well as in plasticity and viscoelasticity) it is convenient to use
the so-called Lamé constants A and u instead of E and v in the constitutive equations. Both A
and u have the physical dimension of stress and are related to Eand v
Ev
A arwa- T T Ay
1. Find the inverse relations for E,v in terms of A, L.

2. Express the elastic matrix for plane stress and plane strain cases in terms of A, .
3. Split the stress-strain matrix E for plane strain
E=E,+E,
in which E, and Ejcontain only p and A, respectively.
This is the Lamé {A,u} splitting of the plane strain constitutive equations, which leads to the so-
called B-bar formulation of near-incompressible finite elements.

4. Express E; and E, also in terms of E and v.

1. Operating

Substituting

1= Ev o 2u(+v)y 2wy
T A+v)1-2v) A4+v)A-2v) (1-2v)

2y (B o wt
1—2v—7v—>1—2v(z+1)—2v -

2
YT 2+ )

Backing to first equation

_ Qu+221+ )l)] _ uu+32)

A
E=2u(1+V)=2#<1+m) 2w+ wta

2. For isotropic material characterized by Young modulus (E) and Poison coefficient (v) the

elastic matrix for plane stress is

1 v 0
_E v 1 0
_1—1/2 1—v
0 0
2
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Substituting

A
1 —_— 0
2w+ A2
p(2p +/13/1) 1 et )
_ p+ — 0
E= 1 z|2(u+ A1)
1 (phr) ;
2 A — %
0 0
2
Simplifying
1 A 0
u(2p +32) 2(u+ M
L+ A A
= 1 0
E= G =72+
4(u+ A1)? 0 0 2+ -2
4(u+2)
(u+41) A 0
_ 4uCu+31)u+1) 1 | A (nw+21) 0 |
4(A+ p)? — A2 2(y+/1)l 0 0 2+ A1) —2
2
(u+2) A 0
_ 2u@uA3H) |2 (w+d 0
4(A+ p)? — A2 0 0 ,u+%
2

Taking into account the plane strain assumptions, the elastic matrix is

1 0
1—-v
=1E(1IV)2 —1VV 1 0
n — _
A+ -2v) e
| 2(1—v)
Substituting and separating terms for simplify
uu + 321) (1_ A )
EA-v) u+a 2(u+2) _
(1+v)(1—2v)_( A )( _ A )‘
BT TEY ) A T Ty
uQu +32) (2;1 + 21— /1)
WD 2(u+d uu+30)Qu + D)2 + 2)?
= = =2u+A
<2u + 21+ /1) (u +1- A) Qu+3D)u2(u + 1)>2
2(u+2) (n+4)
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A A

v 2w+d) 2w+ A
1_v_1_ A T 2u+22—21 2u+2
2(u+A4) 2(u+ A1)
1—9 A u+i1—-21
1-2v _ 2+ _ wrhH ot o
2(1—v) 2<1_ A ) 2(2,u+2/1—/1) wW+AD)QRu+1) 2u+2
2(u+ 1) 2u+ 1)
Replacing
1 A 0
. 2u+A 2u+l A0
E=2u+21 1 = A 2u+ A1 O]
0 0 s
2u+ Al

1 1 0 2 0 0
EA:All 1 O,Eﬂzulo 2 O]
0 0 O 0 0 1
4. Substituting
Ev [1 1 0]
E; = 1 1 0
1+v)(1-2v) 00 0
E 2 0 0]
E,=—|0 2 0
u
2(1+v) 00 1

Assignment 3.2:

On “The 3-node Plane Stress Triangle”:

Consider a plane triangular domain of thickness h, with horizontal and vertical edges of length
a. Let us consider for simplicity a = 1, h = 1. The material parameters are E, v. Initially v is set to

zero. Two discrete structural models are considered as depicted in the figure:
a) A plane linear Turner triangle with the same dimensions.

b) A set of three bar elements placed over the edges of the triangular domain. The cross
sections for the bars are A1 = A2 and A3.
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(3)

- 1 )

1 2

: ! a

a

1. Calculate the stiffness matrices Ktri and Kbar for both discrete models.

2. Is there any set of values for the cross sections A1=A2 and A3 to make both stiffness matrix
equivalent: Kbar = Ktri? If not, which are the values that make them more similar?

3. Why these two stiffness matrices are not equal?. Find a physical explanation.

4. Consider nowidering v# 0 and extract some conclusions.

1. For the bar elements, the stiffness matrix in local coordinates

1 0 -1 0
— EAlo o0 0 o
K=71-1 0 1 o

0 0 0 O

The displacement transformation matrix

c s 0 0
T® = _OS (C) (c) (s) where ¢ = cos@; s = sing
0 0 -s ¢

Globalization of the element stiffness matrix

Ke — (Te)TI_(eTe

o re sc —c? -—sc
Ke = E°A"l s¢ 2 —sc —s2
L |—c? —-sc c¢* sc
—-sc —s?> sc  s?
For bar (1)
c=0,s=1L=aA=4
0O 0 o0 o0
1_EAjo 1 0 -1
a |0 0 0 O
0O -1 0 1
For bar (2)
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c=1,s=0,L=aA=4,

1 0 -1 0

EA
, EAilo o o0 o
K_a—1010
0 0 0 O

For bar (3)

1 1
c=——,s=—,L=+Ja?+a?>=V2a, A=A
N g
05 -05 -05 05
k3 = E43|-05 05 05 —05
V2a|—=05 0.5 0.5 -05
05 -05 -05 05

Expanding, for the complete displacement vector

Uyq
Uyq

_ |2
=l
Uy3
[uy3J
0 0 00 0 OfF
0 1 00 0 -1
g=Fdilo 0o 000 0
al0 0 00 0 O
0 0 000 O
0 -1 00 0 1
1 0 -1 .0 0 0
0 0 0 00O
eoFAil-1 0 1 0 00
al0 0 0 0 0 0
0 0 0 00O
Lo 0 0 0 0 0
00 0 0 0 0
[0 0 0 0 0 0
;_E43lo0 0 05 -05 -05 05
"~ V2al0 0 -05 05 05 -05
0 0 -05 05 05 -05
0 0 05 —-05 -05 05

Forming the Master Stiffness Equations
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r A A
= -= 0 0 0
a a
A A
o =t 0 0 0 -1
a a
A4 A1+ As As As As
a a  2v2a 2v2a 2\2a 2\2a
Kbar_E 0 0 A3 A3 A3 A3
2v2a 2v2a 2\2a 2\2a
0 Az Az Az Az
2vV2a 2v2a 2\2a 2\2a
0 Aq Az Az Az A A3
a 2v2a 2v2a 2v2a a  2+2al
With v = 0, the Elasticity matrix is
1 v 0 1 0 O
_FE v 1 o0 _gl0 10
1= o L2Y T o L
2 2
The nodal coordinates vector is
N
| V1] |0|
|x2|= a
y21~ 1ol
el ol
Ly, 1]
With
Xjg = Xj — Xk and YVik =Yi — Yk
The element stiffness matrix is
[}’23 0 x32]
0 x
h|y31 (3)2 ziil Yoz 0 y33 0 yi2 O
Kiri = — 0 E[0 X33 0 x3 0 xq|=
4A X13 Y31 X X X
0 32 V23 13 V31 21 V12
Y12 X21
lO X21 3’12J
[—a 0 —a]
th—a—aIlOO_aOaOOO
a 0 0 0 1 0
=53] |E 1 0 —a 0 0 0 al=
22100 a0 Sl —a 0 a a 0
0 0 a 2
l0 a OJ
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1 1 1
—a? Eaz —a? —Eaz —Eaz 0
3 1 1
=a? Eaz 0 —Eaz —Eaz —a?
_E_h —a? 0 a? 0 0 0 |_
S 2a%| 1, 1, 1, 1, -
Ea E 0 Ea Ea 0
1 1 1 1
_ 42 __.2 ) -2
2a 2a 0 2a 2a 0
0 —a? 0 0 0 a?
r 3 1 1 1 1 0 1
2 2 2 2
1 3 0 1 1 1
2 2 2 2
_Ehl-1 0 1 0 o0 o0
2 1 1 0 1 1 0
2 2 2 2
1 1 0 1 1 0
2 2 2 2
L0 -1 0 0 0 1
2. Comparing both matrix
r A A
= -2 0 0 0
a a
A A
o = 0 0 0 -2
a a
Aq A1+ Az Az Az Az
a a  2\2a 2v2a 2\2a 2\2a
Kbar - E O 0 A3 A3 A3 A3
2\2a 2\2a 2\2a 2\2a
0 0 Az Az Az Az
2v2a 2v2a 2\2a 2\2a
0 Ay Az Az Az Ay Az
i a 2v2a 2vV2a  2v2a a  2+/2al
r 3 1 1 1 1 0 1
2 2 2 2
1 3 0 1 1 1
2 2 2 2
k.-Ehl-1 0 1 0 o0 o0
tri 2 1 1 0 1 1 0
2 2 2 2
1 1 0 1 1 0
2 2 2 2
L0 -1 0 0

There are many zero terms in the Kj,,- matrix which correlation value in the K;,; aren’t zero,

so there aren’t set of values of A; and A, to make both equal.
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Approximating the first 3 diagonal values

Ay 3h
a 4
3ah
A4 R TE
a 2v2a 2 a
Az 5
22a 4
Replacing in Kp,q;
— 3 O
2
0 3
2
3
En|=3 0
Kbar 7
0 0
0 0
0 3
L 2

With a virtual displacement u imposed,

Uy
[
| Ua2 _ _ _ _
U, = Uy - Ktriuv = ftri ’ Kbaruv = fbar = ftri + e
|ux3 |
luy3J
err = fbar — [eri = Kparly — Kpprily, = (Kbar - Ktri)uv
I 0 1 1 1 1 0 .
2 2 2 2
1 0 0 1 1 1
2 2 2 2
1 0 0 5 5 5
1 2 2 2 2
er=l 1 1 5 5 |*
- _Z Z 92 -2 =
2 2 2 2
1 1 5 5 5 5
2 2 2 2
0 5 5 5 5 3
2 2 2 2 :

4, =2
N [ —
17 4
As  3h  A; _h
2V2a 4 2V2a 2
5vV2a
3= h
2
3 0 0 0
2
0 0 0 3
2
1 5 5 5
2 2 2
5 5 5 5
2 2 2 2
5 5 5 5
2 2 2 2
5 5 5 4
2 2 2
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As the most values are different of zero, all the components of the force vector are going to
have an error, depending of the displacement vector applied. Probably you can adjust the
values of A; and A3 to get a minor error.

3. The matrixes are not equal because the discrete bar model doesn’t take into account the
effect of the displacement of the nodes inside the area of the triangle. The linear Turner
triangle take this into account with the shape functions. Also, bar elements are able to support

axial forces only but triangular elements are able to support shear and axial forces.

4. With v # 0, the Elasticity matrix is

1 v 0
_E v 1 o0
_1—1/2 1—v
0
2

The element stiffness matrix is

[}’23 0 xsz]

0 x
32 V23 Y3 0 ¥y 0y, O
hilyss 0 xg3
Kiri = — E[0 X33, 0 x3 0 x9|=
441 0 x93 Y31
|y12 0 x21| X32 Y23 X13 Y31 X21 Y12
0 x3 3’12J
[—a 0 —aj
0 —a -—a 1 v 0
_hlaoolEv10_a0a000_
S 22|00 al“’zool_v—oa:zgggg_
0 0 a 2
0 a 0
1 =3+v 1 1 ) 1 ) 1 v
2 G 2(-14v) o 2(v+1) 2(v+1) o
) 1 1 -34v \ ) 1 ) 1 1
2(-14v) 2 G Vo zlvl) 2(vl) o
1 v _ 1 0 0 _ \
__Eh V-1 V-1 V-1 V-1
- 1 1 1 1
2 2(v+1) 2(v+1) 0 2(v+1)  2(v+1)
1 ) 1 0 1 1 o
2(v+1) 2(v+1) 2(v+1)  2(v+1)
q\ q1 _ q\ 0 0 _ L

Comparing with de previous matrix, the main changes appears in the 3™ and 6™ rows and
column of the matrix. In the matrix with v = 0, the nodal forces horizontal in node 2 and

vertical in node 3 depends on the deformation in bar 2 and the deformation in bar 1,
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respectively. Instead, in the matrix with v # 0, appears more terms, due to the Poisson effect
in bar 3.

-3 1 ) 1 1 .
2 2 2 2
1 3 . 1 1 .
h 2 2 I
-1 0 0 010
Keri 7' il il 0 1 1 0
2 2 2 2
1 1 1 1 .
2 2 2 2
0 —-1]l0] 0o o0 1|
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