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3.1:	
Given:	
Plane	stress:	
𝜎""
𝜎##
𝜎"#

= %
&'()

1 𝜈 0
𝜈 1 0
0 0 &'(

-

𝜖""
𝜖##
2𝜖"#

		 (1.1)	

	
Plane	strain:	
𝜎""
𝜎##
𝜎"#

= %
(&1()(&'-()

1 − 𝜈 𝜈 0
𝜈 1 − 𝜈 0
0 0 &'-(

-

𝜖""
𝜖##
2𝜖"#

		 (1.2)	

	
Solution:	
a)	
By	using	the	fictious	variables	𝐸 = 𝐸∗,	𝜈 = 𝜈∗	the	following	system	is	recieved	from	(1.1)	
	

𝜎""
𝜎##
𝜎"#

=
𝐸∗

1 − 𝜈∗-

1 𝜈∗ 0
𝜈∗ 1 0

0 0
1 − 𝜈∗

2

𝜖""
𝜖##
2𝜖"#

.																					(1.3)	

	
To	also	hold	the	requirements	for	plane	strain,	each	element	in	(1.3)	must	match	the	
corresponding	element	in	(1.2).	So	by	setting	equal	matrix	element	𝐴--	of	(1.3)	to	𝐴--	of	
(1.2)	it	follows	
	

𝐸∗

1 − 𝜈∗-
=

𝐸(1 − 𝜈)
(1 + 𝜈)(1 − 2𝜈)

	

																							𝐸∗ =
𝐸(1 − 𝜈)(1 − 𝜈∗-)
(1 + 𝜈)(1 − 2𝜈)

.																			 1.4 	

	
Further	setting	𝐴==	in	(1.3)	equal	to	𝐴==		in	(1.2)	it	follows	
	

𝐸∗

2(1 + 𝜈∗)
=

𝐸
2(1 + 𝜈)

	

	

																												𝐸∗ =
𝐸(1 + 𝜈∗)
(1 + 𝜈)

.																														(1.5)	

	
Substituting	the	value	of	𝐸∗	from	equation	(1.5)	into	(1.4)	gives	
	



𝐸(1 + 𝜈∗)
(1 + 𝜈)

=
𝐸(1 − 𝜈)(1 − 𝜈∗-)
(1 + 𝜈)(1 − 2𝜈)

	

1
1 − 𝑣∗

=
1 − 𝜈
1 − 2𝜈

	

										𝑣∗ =
𝜈

1 − 𝜈
																			(1.6)	

	
	
Inserting	𝑣∗	from	equation	(1.6)	into	equation	(1.5)	yields	
	

																						𝐸∗ =
𝐸

1 − 𝜈-
.																								 1.7 	

	
b)	
The	same	procedure	is	done,	starting	this	time	from	plain	strain	
	

𝜎""
𝜎##
𝜎"#

=
𝐸

(1 + 𝜈)(1 − 2𝜈)

1 − 𝜈 𝜈 0
𝜈 1 − 𝜈 0

0 0
1 − 2𝜈
2

𝜖""
𝜖##
2𝜖"#

.	

Replacing	with	fictious	modulus	𝐸∗	and	Poissons	ratio	𝜈∗	the	equation	becomes	
	

𝜎""
𝜎##
𝜎"#

=
𝐸∗

(1 + 𝜈∗)(1 − 2𝜈∗)

1 − 𝜈∗ 𝜈∗ 0
𝜈∗ 1 − 𝜈∗ 0

0 0
1 − 2𝜈∗

2

𝜖""
𝜖##
2𝜖"#

.										(1.8)	

	
For	plane	stress	to	be	present,	each	element	of	the	constitutive	matrix	in	equation	(1.8)	
must	be	equal	to	the	corresponding	element	in	(1.2).	
	
For	element	𝐴--	it	must	hold	
	

𝐸∗(1 − 𝜈∗)
(1 + 𝜈∗)(1 − 2𝜈∗)

=
𝐸∗ 1 − 𝜈∗

1 − 𝜈∗ − 𝜈∗-
=

𝐸∗ 1 − 𝜈∗

1 − 𝜈∗ 1 + 𝑣∗ − 𝑣∗
=

𝐸∗

1 + 𝑣∗ − 𝑣∗
1 − 𝜈∗

=
𝐸

1 − 𝜈-
																																																									(1.9)	

	
and	for	𝐴==	
	

𝐸∗ 1 − 2𝜈
∗

2
(1 + 𝜈∗)(1 − 2𝜈∗)

=
𝐸

1 − 𝜈-
1 − 𝜈
2

	

𝐸∗

2(1 + 𝜈∗)
=

𝐸
2(1 + 𝜈)

	

	

																									𝐸∗ = 𝐸
1 + 𝜈∗

1 + 𝜈
																																																								(1.10)	

	



Substituting	𝐸∗	from	equation	(1.10)	into	equation	(1.9)	gives	
	

𝐸 1 + 𝜈
∗

1 + 𝜈 (1 − 𝜈
∗)

(1 + 𝜈∗)(1 − 2𝜈∗)
=

𝐸
1 − 𝜈-

		

1
1 + 𝜈 (1 − 𝜈

∗)
(1 − 2𝜈∗)

=
1

1 − 𝜈-
	

(1 − 𝜈∗)
(1 − 2𝜈∗)

=
1

1 − 𝜈
	

𝜈∗

1 − 𝜈∗
= 𝑣	

																																						𝜈∗ =
𝑣

1 + 𝑣
																													 1.11 .	

Substituting	𝜈∗	from	equation	(1.11)	into	equation	(1.10)	gives	
	

															𝐸∗ = 𝐸
1 + 2𝑣
1 + 𝑣 - .																			 1.12 	

3.2:	
Given:	
	

𝜆 =
𝐸𝜈

1 + 𝜈 1 − 2𝜈
													(2.1)	

𝜇 = 𝐺 =
𝐸

2 1 + 𝜈
																(2.2)	

	
Solution:	
a)	
Using	equation	(2.1)	and	equation	(2.2)	the	term	𝐸	can	be	isolated	as	follows	
	

𝐸 =
𝜆 1 + 𝜈 1 − 2𝜈

𝜈
	

	
														𝐸 = 2 1 + 𝜈 𝜇																				(2.3)	

giving	
	

𝜆 1 + 𝜈 1 − 2𝜈
𝜈

= 2 1 + 𝜈 𝜇	
2𝜈(𝜆 + 𝜇) = 𝜆	

	

																	𝜈 =
𝜆

2 𝜆 + 𝜇
.																			 2.4 	

Substituting	𝜈	from	equation	(2.4)	into	equation	(2.3)	gives	
	

𝐸 =
3𝜆 + 2𝜇
𝜆 + 𝜇

𝜇											(2.5)	

	



b)	
The	elastic	matrix	for	plane	stress	is	
	

𝐸
1 − 𝜈-

1 𝜈 0
𝜈 1 0

0 0
1 − 𝜈
2

.	

Using	equation	(2.4)	and	equation	(2.5)	the	matrix	is	rewritten	as	
	

𝐸
1 − 𝜈-

1 𝜈 0
𝜈 1 0

0 0
1 − 𝜈
2

=

3𝜆 + 2𝜇
𝜆 + 𝜇 𝜇	

1 − 𝜆
2 𝜆 + 𝜇

-

1
𝜆

2 𝜆 + 𝜇
0

𝜆
2 𝜆 + 𝜇

1 0

0 0
1 − 𝜆

2 𝜆 + 𝜇
2

=	

	

=

3𝜆 + 2𝜇
𝜆 + 𝜇 𝜇	

4 𝜆 + 𝜇 - − 𝜆-
4 𝜆 + 𝜇 -

1
𝜆

2 𝜆 + 𝜇
0

𝜆
2 𝜆 + 𝜇

1 0

0 0
𝜆 + 2𝜇
4 𝜆 + 𝜇

=	

=
(3𝜆 + 2𝜇)4 𝜆 + 𝜇

(2 𝜆 + 𝜇 + 𝜆)(2 𝜆 + 𝜇 − 𝜆)
𝜇

1
𝜆

2 𝜆 + 𝜇
0

𝜆
2 𝜆 + 𝜇

1 0

0 0
𝜆 + 2𝜇
4 𝜆 + 𝜇

=	

=
4 𝜆 + 𝜇
(𝜆 + 2𝜇)

𝜇

1
𝜆

2 𝜆 + 𝜇
0

𝜆
2 𝜆 + 𝜇

1 0

0 0
𝜆 + 2𝜇
4 𝜆 + 𝜇

.													(2.6)	

	
The	elastic	matrix	for	plane	strain	is	
	

𝐸
(1 + 𝜈)(1 − 2𝜈)

1 − 𝜈 𝜈 0
𝜈 1 − 𝜈 0

0 0
1 − 2𝜈
2

.	

	
Using	(2.4)	and	(2.5)	the	elastic	matrix	is	rewritten	as	
	



𝐸
(1 + 𝜈)(1 − 2𝜈)

1 − 𝜈 𝜈 0
𝜈 1 − 𝜈 0

0 0
1 − 2𝜈
2

=

=

3𝜆 + 2𝜇
𝜆 + 𝜇 𝜇

1 + 𝜆
2 𝜆 + 𝜇 1 − 2 𝜆

2 𝜆 + 𝜇

1 −
𝜆

2 𝜆 + 𝜇
𝜆

2 𝜆 + 𝜇
0

𝜆
2 𝜆 + 𝜇

1 −
𝜆

2 𝜆 + 𝜇
0

0 0
1 − 2 𝜆

2 𝜆 + 𝜇
2

=	

=

3𝜆 + 2𝜇
𝜆 + 𝜇 𝜇

3𝜆 + 2𝜇
2 𝜆 + 𝜇

𝜇
𝜆 + 𝜇

𝜆 + 2𝜇
2 𝜆 + 𝜇

𝜆
2 𝜆 + 𝜇

0

𝜆
2 𝜆 + 𝜇

𝜆 + 2𝜇
2 𝜆 + 𝜇

0

0 0
𝜇

2 𝜆 + 𝜇

	

= 2(𝜆 + 𝜇)

𝜆 + 2𝜇
2 𝜆 + 𝜇

𝜆
2 𝜆 + 𝜇

0

𝜆
2 𝜆 + 𝜇

𝜆 + 2𝜇
2 𝜆 + 𝜇

0

0 0
𝜇

2 𝜆 + 𝜇

	

=
𝜆 + 2𝜇 𝜆 0
𝜆 𝜆 + 2𝜇 0
0 0 𝜇

	(2.7)	

	
c)	
The	elastic	matrix	can	be	split	up	as	
	

𝐸 =
𝜆 + 2𝜇 𝜆 0
𝜆 𝜆 + 2𝜇 0
0 0 𝜇

= 𝐸G + 𝐸H	

which	gives	
	

											𝐸G =
𝜆 𝜆 0
𝜆 𝜆 0
0 0 0

															(2.8)	

											𝐸H =
2𝜇 0 0
0 2𝜇 0
0 0 𝜇

.									 2.9 	

	
d)	
Remembering	

𝜆 =
𝐸𝜈

1 + 𝜈 1 − 2𝜈
	(2.1)	

𝜇 =
𝐸

2 1 + 𝜈
	 2.2 ,	



	
it	follows	that	

𝐸G =
𝐸𝜈

1 + 𝜈 1 − 2𝜈

1 1 0
1 1 0
0 0 0

											(2.10)	

𝐸H =
𝐸

2 1 + 𝜈

2 0 0
0 2 0
0 0 1

																					(2.11).	

3.3:	
Given:	

𝑎 = ℎ = 1	
𝜈 = 0	

Solution:	
a)	
Global	coordinates	are	set	giving	the	nodes	the	following	coordinates	
	

1:		𝑥& = 0, 𝑦& = 0	
2:	𝑥- = 1, 𝑦- = 0	
3:	𝑥= = 0, 𝑦= = 1.	

The	area	for	the	triangles	are	
	

2𝐴 = 𝑑𝑒𝑡 =
1 1 1
𝑥& 𝑥- 𝑥=
𝑦& 𝑦- 𝑦=

= 1	

𝐴 =
1
2
.	

The	stress-strain	matrix	for	plane	stress	is	
	

𝐸
1 − 𝜈-

1 𝜈 0
𝜈 1 0

0 0
1 − 𝜈
2

= 𝜈 = 0 = 𝐸

1 0 0
0 1 0

0 0
1
2

.	

	
Turner	
	
The	stiffness	matrix	for	a	Turner	triangle	is	
	

𝐾R = ℎ𝐵T𝐸𝐵𝑑𝛺 = 𝐵T𝐸𝐵 ℎ𝑑𝛺 = 𝐵, 𝐸	constant	over	𝐴, ℎ	constant =
_`_`

	

=
ℎ
4𝐴

𝑦-= 0 𝑥=-
0 𝑥=- 𝑦-=
𝑦=& 0 𝑥&=
0 𝑥&= 𝑦=&
𝑦&- 0 𝑥-&
0 𝑥-& 𝑦&-

𝐸&& 𝐸&- 𝐸&=
𝐸-& 𝐸-- 𝐸-=
𝐸=& 𝐸=- 𝐸==

𝑦-= 0 𝑦=& 0 𝑦&- 0
0 𝑥=- 0 𝑥&= 0 𝑥-&
𝑥=- 𝑦-= 𝑥&= 𝑦=& 𝑥-& 𝑦&-

,	

	
where	

𝑥ab = 𝑥a − 𝑥b	



𝑦ab = 𝑦a − 𝑦b.	
	
Using	

1:		𝑥& = 0, 𝑦& = 0	
2:	𝑥- = 1, 𝑦- = 0	
3:	𝑥= = 0, 𝑦= = 1	

the	coordinate	terms	in	the	equation	become	
𝑦-= = −1	
𝑥=- = −1	
𝑦=& = 1	
𝑥&= = 0	
𝑦&- = 0	
𝑥-& = 1	

resulting	in	the	final	expression	
	

𝐾TcdeRd =
𝐸ℎ
4𝐴

−1 0 −1
0 −1 −1
1 0 0
0 0 1
0 0 1
0 1 0

1 0 0
0 1 0

0 0
1
2

−1 0 1 0 0 0
0 −1 0 0 0 1
−1 −1 0 1 1 0

=	

=
𝐸
2

3
2

1
2

−1 −
1
2

−
1
2

0
1
2

3
2

0 −
1
2

−
1
2

−1
−1 0 1 0 0 0

−
1
2

−
1
2

0
1
2

1
2

0

−
1
2

−
1
2

0
1
2

1
2

0
0 −1 0 0 0 1

.	

	
Bar	elements	
Given:	
	

𝐴& = 𝐴-	



	
	
Observing	the	problem	as	three	members	the	element	stiffness	matrix	is	expressed	
	

𝐾R =
𝐸R𝐴R

𝑙R

𝑐- 𝑠𝑐 −𝑐- −𝑠𝑐
𝑠𝑐 𝑠- −𝑠𝑐 −𝑠-
−𝑐- −𝑠𝑐 𝑐- 𝑠𝑐
−𝑠𝑐 −𝑠- 𝑠𝑐 𝑠-

,	

where	
𝑐 = 𝑐𝑜𝑠𝜙, 𝑠 = 𝑠𝑖𝑛𝜙		

	
and	𝜙	is	the	angle	between	the	local	and	global	coordinate	axis.	We	assume	E	is	constant	
over	the	element.	
	
For	element	(1)	we	have	𝜙 = m

-
,		𝑙(&) = 𝑎 = 1,	and	𝐴 & = 𝐴&		which	gives	

	

𝐾(&) = 𝐸𝐴&

0 0 0 0
0 1 0 −1
0 0 0 0
0 −1 0 1

.	

	
	
For	element	(2)	we	have	𝜙 = 0,		𝑙(-) = 𝑎 = 1,	and	𝐴 - = 𝐴- = 𝐴&		which	gives	
	

𝐾(-) = 𝐸𝐴&

1 0 −1 0
0 0 0 0
−1 0 1 0
0 0 0 0

.	

	
For	element	(3)	we	have	𝜙 = m

n
,		𝑙(=) = 2,	and	𝐴 = = 𝐴=		which	gives	

	

𝐾(=) =
𝐸𝐴=
2

0.5 0.5 −0.5 −0.5
0.5 0.5 −0.5 −0.5
−0.5 −0.5 0.5 0.5
−0.5 −0.5 0.5 0.5

.	



	
Expanding	the	element	matrices	and	assembling	results	in	
	
	

𝐾opdq = 𝐸

𝐴& 0 −𝐴& 0 0 0
0 𝐴& 0 0 0 −𝐴&

−𝐴& 0 𝐴& +
𝐴=
2 2

−
𝐴=
2 2

−
𝐴=
2 2

𝐴=
2 2

0 0 −
𝐴=
2 2

𝐴=
2 2

𝐴=
2 2

−
𝐴=
2 2

0 0 −
𝐴=
2 2

𝐴=
2 2

𝐴=
2 2

−
𝐴=
2 2

0 −𝐴&
𝐴=
2 2

−
𝐴=
2 2

−
𝐴=
2 2

𝐴& +
𝐴=
2 2

.	

	
	
b)	
We	have	
	

𝐾rcdeRd = 𝐸

3
4

1
4

−
1
2

−
1
4

−
1
4

0
1
4

3
4

0 −
1
4

−
1
4

−
1
2

−
1
2

0
1
2

0 0 0

−
1
4

−
1
4

0
1
4

1
4

0

−
1
4

−
1
4

0
1
4

1
4

0

0 −
1
2

0 0 0
1
2

	

	
	

𝐾opdq = 𝐸

𝐴& 0 −𝐴& 0 0 0
0 𝐴& 0 0 0 −𝐴&

−𝐴& 0 𝐴& +
𝐴=
2 2

−
𝐴=
2 2

−
𝐴=
2 2

𝐴=
2 2

0 0 −
𝐴=
2 2

𝐴=
2 2

𝐴=
2 2

−
𝐴=
2 2

0 0 −
𝐴=
2 2

𝐴=
2 2

𝐴=
2 2

−
𝐴=
2 2

0 −𝐴&
𝐴=
2 2

−
𝐴=
2 2

−
𝐴=
2 2

𝐴& +
𝐴=
2 2

	

	
	



Comparing	the	matrices	it	is	obvious	that	there	are	no	values	of	𝐴&	and	𝐴=	that	will	make	all	
elements	equal.	Choosing	𝐴& =

=
n
	and	𝐴= =

&
-
	will	make	most	of	the	diagonal	elements	the	

same	which	is	the	best	possible	choice	of	areas.	
	
c)	
The	stiffness	matrices	are	not	equal	due	to	the	fact	that	the	Turner	triangle	is	a	2D	element	
while	the	bar	members	are	1D	elements.	Due	to	the	fact	that	the	bar	member	is	1D	the	
element	only	offers	resistance	in	one	direction,	parallell	to	its	length.	The	Turner	triangle	is	a	
2D	element	and	considers	resistance	in	2D	between	the	nodes.	
	
d)	
With	𝜈 ≠ 0	the	elastic	matrix	become	
	

𝐸
1 − 𝜈-

1 𝜈 0
𝜈 1 0

0 0
1 − 𝜈
2

.	

and	the	Turner	stiffness	matrix	becomes	
	

𝐾TcdeRd =
𝐸ℎ

(1 − 𝜈-)4𝐴

−1 0 −1
0 −1 −1
1 0 0
0 0 1
0 0 1
0 1 0

1 𝜈 0
𝜈 1 0

0 0
1 − 𝜈
2

−1 0 1 0 0 0
0 −1 0 0 0 1
−1 −1 0 1 1 0

=	

=
𝐸ℎ
4𝐴

−1 0 −1
0 −1 −1
1 0 0
0 0 1
0 0 1
0 1 0

−1 −𝜈 1 0 0 𝜈
−𝜈 −1 𝜈 0 0 1
𝜈 − 1
2

𝜈 − 1
2

0
1 − 𝜈
2

1 − 𝜈
2

0
=	

	

=
𝐸
2

3 − 𝜈
2

1 + 𝜈
2

−1
𝜈 − 1
2

𝜈 − 1
2

0
1 + 𝜈
2

3 − 𝜈
2

−𝜈
𝜈 − 1
2

𝜈 − 1
2

−1
−1 −𝜈 1 0 0 𝜈
𝜈 − 1
2

𝜈 − 1
2

0
1 − 𝜈
2

1 − 𝜈
2

0
𝜈 − 1
2

𝜈 − 1
2

0
1 − 𝜈
2

1 − 𝜈
2

0
−𝜈 −1 𝜈 0 0 1

.	

	
The	stiffness	matrix	for	the	three	bar	elements	remains	the	same.	
	
	
	


