As3-Benjaminsson:

Author:
Daniel Benjaminsson
Date:
2019-02-16
3.1:
Given:
Plane stress:
Ox 1 v O Exx
E
o — v 1 0 €
ayy] - 0 o0 v Lgy] (1.2)
Xy 2 xy
Plane strain:
O 1—v % 0 Exx
E
. e T
[O-xy (1+v)(1-2v) 0 0 122v ZExy
Solution:
a)

By using the fictious variables E = E*, v = v* the following system is recieved from (1.1)
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o . V" 0 €
> E* lveo1 0 ||
Oyy|=—— 1— v || 5 | (1.3)
1—v* 4
. 0 0 5 2€xy

Xy

To also hold the requirements for plane strain, each element in (1.3) must match the
corresponding element in (1.2). So by setting equal matrix element A,, of (1.3) to A4,, of
(1.2) it follows

E* E(1-v)
1—v2 (1+v)(1-2v)
_E1-v)(1—-v*?

= . 1.4
1+v)(1—-2v) (14)
Further setting A35 in (1.3) equal to A35 in (1.2) it follows
E* _ E
2(1+v*)  2(1+v)
E(1+vY)
fm—— 1.5
1+v) (1:5)

Substituting the value of E* from equation (1.5) into (1.4) gives



E(1+v) EQ-v)A—-v*’

1+v)  (A+v)(1-2v)
1 1-v)

1—-v* (1-2v)
v = (1.6)

Inserting v* from equation (1.6) into equation (1.5) yields

E

EY=——.
1—v2

(1.7)

b)
The same procedure is done, starting this time from plain strain

Oy £ 1—v v 0 Exx
[ny] _ vV 1—-v 0 [ €y ]
on) VA=) o o 1=,

Replacing with fictious modulus E* and Poissons ratio v* the equation becomes

*

1—v

v* 0
Oxx * Exx
E AN B 0 [ ]
Oyy| = " - o] | Evy | (1.8)
ny] aA+vHa-am| 0 1 ZZV 2.,

For plane stress to be present, each element of the constitutive matrix in equation (1.8)
must be equal to the corresponding element in (1.2).

For element A4,, it must hold

E*(1—-v") B E*(1—v) B E*(1—v*) B E*
1+v)1=-2v) 1—-v*—v? (A—-v)A+v)—v* 1+v*_1z*1/*
__E 1.9
and for Az
L1 =2V
E"— _E 1-v
1+vHA-2v") 1-v2 2
E* E
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14+v*
E*=E

= 1.10
1+v ( )



Substituting E* from equation (1.10) into equation (1.9) gives

14+v* .
E1+v(1_v) E

1+v)(1-2v) 1-1v2

1 )

1+v(1_v)_ 1
(1-2v)  1-—v2
1-v) 1
1-2v) 1-v
Vv _
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v

* = 1.11).
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Substituting v* from equation (1.11) into equation (1.10) gives

- 1+ 2v 112
RN (112)
3.2:
Given:
A= Ev 2.1
T (1+v(1-2v) 21
U= G = m (2.2)
Solution:
a)

Using equation (2.1) and equation (2.2) the term E can be isolated as follows

B A1 +v)(1 - 2v)

E
v
E=21+v)u (2.3)
giving
A1 +v)(1 —2v
( )v( ) =2(14+v)u
2vA+p)=42
A
=—, 2.4
v 20+ ) 24)
Substituting v from equation (2.4) into equation (2.3) gives
34+ 2u
= u (2.5)

A+u



b)
The elastic matrix for plane stress is

1 v 0
E v 1 o0
0

1 — 2 1—-v|

2
Using equation (2.4) and equation (2.5) the matrix is rewritten as

A

1 e 0
1 v 0 31+ 24 4 2+
E v 1 0 T+u *_L 1 0 B
1-v2f, o 1=V 1 \2|2A+w) =
1- (57— A
3 (505 ) A
A+ w 1 AT
0 0
2
1 A 0
31+ 2u 24+ p)
A1+ H A 1 0 _
A+ w2 - 22120+ B
4(4+ p)? 0 0 A+2u
4(A+ )l
1 A 0
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B BA+ 24+ p) A 1 0 B
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0 A+2u
| 4(A+ )l
1 A 0
24+ )
41+ ) A
= 1 0 2.6
G+ |20+ 0 (2.6)
0 A+2u
4(A+ p)d
The elastic matrix for plane strain is
1—v v 0
E v 1-v 0
1+na-2v| , 0 1—221/'

Using (2.4) and (2.5) the elastic matrix is rewritten as



1+v)(1-2v)

30+ 2u

A+u H

0

A

_2(/1+u)
A

el

1+

1-2

31+ 2u

1 20+ )

2+ )

0
[ A+ 2u
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(@)
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The elastic matrix can be split up as

which gives

d)
Remembering
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0 u
=1 A O]
0 0 O
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2u O].
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it follows that

PR - P { B
AT A+v)A-2v) 0 (210)
2 0 0
E, =———— 2.11).
u 2(1+v)8 3 (1’ (2.11)
3.3:
Given:
a=h=1
V=
Solution:
a)

Global coordinates are set giving the nodes the following coordinates
1: x,=0,y,=0

Z:XZ = 1,y2 =0
3:x3=0,y; = 1.

1 1 1
X1 Xy x3]=1

Yi Y2 V3

The area for the triangles are

24 = det =

~
Il
N =

The stress-strain matrix for plane stress is

1 v 0 1 0 0

E v 1 0 01 0
1-v?g o 12V _{V=O}=E0 0 =
2 2

Turner

The stiffness matrix for a Turner triangle is

K¢ = j hBTEBdQ = BTEB | hdQ = {B, E constant over 4, h constant} =
oe ne
V23 0 X337

0 X2 Yas| g B, E

0 vy 0 vy 0

h Y23 31 12

= ﬂ 3’(3)1 xO ;13 Eyv Eyy Exs|| 0 X3 0 X3 0 x|
13 31 E31 Esp Essllxsy; Yo Xi3 Y31 X210 Y12

Y12 0 x4
L0 X317 Y12

where
xjk = X] — Xk



YVik =Y — Yk

Using
1: x,=0,y,=0
2:x,=1,y, =0
3ix3=0,y3=1
the coordinate terms in the equation become

Y23 =—1
X3z = —1
Y31 =1
x13=0
Y12 =10
XZ1=1
resulting in the final expression
—1 0 -1
h 0O -1 -—-1/1 0 O 1 0 1.0 0 0
1 0 offo 1 O
KTurner=a 0 0 1 1 0 -1 0 0 0 1=
0 0 1 0 0 > -1 -1 0 1 1 0
L0 1 0 -
3 1 1 1 1 0
2 2 2 2
1 3 1 1
= - - —-= -1
2 2 2 2
_El-1 0 1 0o o0 o
2] 1 1 0 1 1 0'
2 2 2 2
1 1 0 1 1 0
2 2 2 2
0o -1 0 0

Bar elements
Given:



(3)

Observing the problem as three members the element stiffness matrix is expressed

c? sc —c? -—sc
e pe
Ke — E°A°| s¢  s2 —sc —s?
le |—c?> —-sc c? sc |
—sc —s? sc  s?

where
c =cosp,s = sing

and ¢ is the angle between the local and global coordinate axis. We assume E is constant
over the element.

For element (1) we have ¢ = g, 1D =g =1,and AV = 4; which gives

0O 0 0 O
w=saly 3o
0 -1 0 1

For element (2) we have ¢ = 0, [® = a = 1,and A® = 4, = A, which gives

-1

1
K® =EA, _0
0

o O O O
o = O
o O OO

For element (3) we have ¢ = %, 13 =+/2,and A®) = A3 which gives

0.5 05 —05 -05
EAs{ 05 05 -05 -05
V2 |-05 -05 05 05

-05 —05 05 0.5

K(g) =



Expanding the element matrices and assembling results in

[ Ay 0
0 A;
_Al
Kpars = E 0
0 0
O —

b)
We have
Kivrner = E
Aq 0
0 Aq
_Al
Kpars = E 0 0
0 0
O _A1

—A, 0 0 0
0 0 0 —A,
Aj Aj Aj Aj
A1 + - -
242 2V2 242 242
Az Az Az Az
242 242 2V2 242
As Aj Aj Az
242 242 2\2 242
Az Az Az Az
2V2 W2 22 22
-3 1 1 1 1 .
4 4 2 4
1 3 1 1 1
— — 0 -  — —
4 4 4
L 0 1 0 0 0
2 2
1 1 . 1 1 .
4 4 4 4
1 1 . 1 1 .
4 4 4 4
0 L 0 0 0 1
| 2 2 |
—4, 0 0 0
0 0 0 —A,
Aj Aj Aj As
Al + - -
242 2V2 242 242
Az Az Az Az
242 22 2V2 242
Aj Az Aj Aj
242 242 2\2 242
Az Az Az Az
2V2 22 24z U vz




Comparing the matrices it is obvious that there are no values of A; and A5 that will make all
% will make most of the diagonal elements the

same which is the best possible choice of areas.

elements equal. Choosing A; = z and A; =

c)

The stiffness matrices are not equal due to the fact that the Turner triangle is a 2D element
while the bar members are 1D elements. Due to the fact that the bar member is 1D the
element only offers resistance in one direction, parallell to its length. The Turner triangle is a
2D element and considers resistance in 2D between the nodes.

d)
With v # 0 the elastic matrix become
1 v 0
E v 1 o0
) 1—v
1—v 0 0 .
and the Turner stiffness matrix becomes
—1 0 —17
0 -1 -—-1|[1 v 0
Kppr = — 2 [ 10 oflvor o (FE S0 Tl
Turner — 3 _ _9NAA 1—v - -
(1-v2)44] 0 0 1 a _
0 0 1 0 0 > 1 1 01 1 0
L0 1 0 -
—1 0 -1
0o -1 -1| —1 —-v 1 0 0 v
_Erf1 0 ol -1 v 0 0o 1| _
44l 0 0 11lv—-1 v-1 1-v 1—-v 0 -
0 0 1 2 2 2 2
L 0 1 0 -
3—v 1+4+v 1 v—1 v-—-1 0‘
2 2 2 2
1+4v 3—v v—1 v-—-1 1
2 2 Vo 2
_El -1 v 1 0 0 v
2lv—1 v—-1 0 1—-v 1—v 0
2 2 2 2
v—1 v-1 0 1—-v 1—v 0
2 2 2 2
—v -1 v 0 0 1

The stiffness matrix for the three bar elements remains the same.



