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1 Problem statement

On “Variational Formulation”:

1. Derive the stiffness matrix for a tapered bar element in which the cross section area
varies linearly along the element length:

A=A4(1-8+ A€

where A; and A; are the areas at the end nodes, and £ is the natural dimensionless
coordinate for a bar member. Show that yields to the same answer that of a stiffness
of a constant area bar with cross section A = 3(4; + A;).

2. Find the consistent load vector f¢ for a bar of constant area A subject to a force
q = pgA(&) in which A(§) varies according to question (1) and p,g are constants.
Check the cases A; = A;, and A; = 0.

3. Find the consistent load vector f€ if the bar is subjected to a concentrated axial force
@ at a distance x = a from its left end. Consider ¢(z) = Qd(z—a) in which §(z—a) is
the onedimensional Dirac’s delta function at x = a. Check the results for the relevant
cases of (1).
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1.1 Solution 1

A A+(dA/dx)dx

N<d—  —£N+(dN/dx)dx

qdx

-]

dN
—N+ N+ —dzr+qdx =0
dx

dN
—dr 4+ qdx =0
dx

Where:

Therefore:

Substituting:

0
d A doA
oA+ % x)da:+qu:0
dx

daA+ _0
dz 1=
do dA

Where:
oc=¢ck
_du
S

Therefore: p y Ju dA
L ED Y =0
dx

%) + dx dx
Integrating the differential equation:

d  _du du dA

A
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Where, the approximation of u(x):

u(z) & up(z) =Y Nj(z)u,

And:
Wi =N;
Therefore: AN dN AN
EA "2 4y = | Nygdax + [EAN,—]%
/dm dx o / adr + | dx]x"
Therefore the stiffness matrix is defined as follows:
2 dN; dN;
! /I1 dr dz v
E [! dN; dN;
K = — A;(1 — A )
Where the shape functions are defined as follows:
dN;
Ny=1-¢ => —l—-_1
1 § > dé
dN,
N = = _— = 1
2 =¢ > dé
Thus: B A A
. i+A; 11 =1
R =3 {—1 1 ]
For a constant area A = [A“;Aj L.
A; + A;] [ dN; dN;
KZ]:E[ 'L+ ]]/dld Jdl_
2 o dr dx
Where the shape functions are:
To — X dN1 —1
N, — — h
LA Z dr Ok
r — T dN2 1
N, — — 2 -
2= Z dr h

Therefore:

1.2 Solution 2

The force vector is defined as follows:

x2
fi= / Nigda
1

fi= Pgh/O [Ai(1 = &) + Aj§IN;dE
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Therefore:

When A = Az = AJ

_ pghA |1
=25
And when A; = 0:
_ pghA; |2
r=2 ]

1.3 Solution 3

Given:
q(x) = Qo(z — a)

The force vector is defined as:

fi= Q/ 2 Ni(z)é(x — a)dx

Where: 2
/ flx)d(x —a)dr = fla) 1 <a < xg
Therefore: .
£ =0 / Ni(2)3(x — a)dz = QNi(a)
Where: a
Nl - 1 - E
a
Ny = 7
Therefore:
1—¢a
-of'7]
h
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