
Classwork 2
Computational Structural Mechanics and Dynamics

Sebastian Ares de Parga Regalado

Master in Numerical Methods in Engineering

Universitat Politècnica de Catalunya
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1 Problem statement

On “Variational Formulation”:

1. Derive the stiffness matrix for a tapered bar element in which the cross section area
varies linearly along the element length:

A = Ai(1 − ξ) + Ajξ

where Ai and Aj are the areas at the end nodes, and ξ is the natural dimensionless
coordinate for a bar member. Show that yields to the same answer that of a stiffness
of a constant area bar with cross section A = 1

2
(Ai + Aj).

2. Find the consistent load vector f e for a bar of constant area A subject to a force
q = ρgA(ξ) in which A(ξ) varies according to question (1) and ρ,g are constants.
Check the cases Ai = Aj, and Aj = 0.

3. Find the consistent load vector f e if the bar is subjected to a concentrated axial force
Q at a distance x = a from its left end. Consider q(x) = Qδ(x–a) in which δ(x–a) is
the onedimensional Dirac’s delta function at x = a. Check the results for the relevant
cases of (1).
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1.1 Solution 1

−N +N +
dN

dx
dx+ qdx = 0

dN

dx
dx+ qdx = 0

Where:

σ =
N

A

Therefore:
N = σA

Substituting:

d(σA+
�
��
�* 0

dσA
dx
dx)

dx
dx+ qdx = 0

dσA

dx
+ q = 0

A
dσ

dx
+ σ

dA

dx
+ q = 0

Where:
σ = εE

ε =
du

dx

Therefore:

A
d

dx
(E
du

dx
) + E

du

dx

dA

dx
+ q = 0

Integrating the differential equation:∫
WA

d

dx
(E
du

dx
)dx+

∫
WE

du

dx

dA

dx
dx+

∫
Wqdx = 0

EA

∫
dW

dx

du

dx
dx =

∫
Wqdx+ [EAW

du

dx
]xjxi
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Where, the approximation of u(x):

u(x) ≈ uh(x) =
∑

Nj(x)uj

And:
Wi = Ni

Therefore:

EA

∫
dNi

dx

dNj

dx
dx =

∫
Niqdx+ [EANi

dNi

dx
]xjxi

Therefore the stiffness matrix is defined as follows:

Kij = E

∫ x2

x1

A
dNi

dx

dNj

dx
dx

Kij =
E

h

∫ 1

0

[Ai(1 − ξ) + Ajξ]
dNi

dξ

dNj

dξ
dξ

Where the shape functions are defined as follows:

N1 = 1 − ξ =>
dN1

dξ
= −1

N2 = ξ =>
dN2

dξ
= 1

Thus:

Kij =
E

h

Ai + Aj
2

[
1 −1
−1 1

]
For a constant area A =

[Ai+Aj ]

2
:

Kij = E
[Ai + Aj]

2

∫ h

0

dNi

dx

dNj

dx
dx

Where the shape functions are:

N1 =
x2 − x

h
=>

dN1

dx
=

−1

h

N2 =
x− x1
h

=>
dN2

dx
=

1

h

Therefore:

Kij =
E

h

Ai + Aj
2

[
1 −1
−1 1

]

1.2 Solution 2

The force vector is defined as follows:

fi =

∫ x2

x1

Niqdx

fi = ρgh

∫ 1

0

[Ai(1 − ξ) + Ajξ]Nidξ
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Therefore:

f =
ρgh

6

[
2Ai + Aj
Ai + 2Aj

]
When A = Ai = Aj:

f =
ρghA

2

[
1
1

]
And when Aj = 0:

f =
ρghAi

6

[
2
1

]

1.3 Solution 3

Given:
q(x) = Qδ(x− a)

The force vector is defined as:

fi = Q

∫ x2

x1

Ni(x)δ(x− a)dx

Where: ∫ x2

x1

f(x)δ(x− a)dx = f(a) x1 < a < x2

Therefore:

fi = Q

∫ x2

x1

Ni(x)δ(x− a)dx = QNi(a)

Where:
N1 = 1 − a

h

N2 =
a

h

Therefore:

f = Q

[
1 − a

h
a
h

]
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