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1 Problem 1

On " The Direct Stifflness Method":

Consider the truss problem defined in the Figure. All geometric and material properties: L, a,
E and A, as well as the applied forces P and H, are to be kept as variables. This truss has 8
degrees of freedom, with six of them removable by the fixed-displacement conditions at nodes
2, 3 and 4. This structure is statically indeterminate as long as « # 0.

E and 4 same for
all three bars

(a) Figure 1.1. Truss structure and geo-
metric data

2 Answer 1

(a) Show that the master stiffness equations are:

2¢s” 0 —cs® s 0 0 —est —ctsT| [ H

1423 & - 0 -1 —c%s = Uy -P

cs= —cs 0 0 0 0 Uyo 0

EA4 Pt 0 0 0 0 yy | 0
A 0 0 0 0 us | = o
1 0 0 U3 0
cs? s o 0

| symm d JL Uy | L 0

in which ¢ = cos @ and s = sin «. Explain from physics why the 57" row and column contain
only zeros.



On the first step we discretize the model in 3 elements shown. On each node we have local
coordinates from node 1 to the direction of the other nodes in the x direction and the y
direction perpendicular in the right hand rule direction. Considering the global coordinate
system of our problem we can see that the elements should be transferred to the global
coordinate, element (1) with a 90 + « , element (2) 90 and element (3) 90 - o transformation.
Because of the 8 degrees of freedom each node has 2 displacements, one in the x and one in
the y direction and two reaction forces in those directions.

For finding the global stiffness matrix we first have to develop the global stiffness matrices for
each element and to assemble them after.

For elements (1) (3) we instead of using the degrees 90 + o and 90 - « we use the cos 90 +
a = sina and sin 90 + a = - cos a and cos 90 - o = sin o and sin 90 - o = cos o and
because LyandLsyareL cos aacos awillbemultipliedinthestif fnessmatrices.
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Assembling the three matrices we reach the main stiffness matrix given by the problem.
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The reason that the 57" row and column of the main stiffness matrix are all zeros is that this
row and column represent the = direction character of the third node and because the second
element is a vertical truss so it does not have any numbers indicating its movements in the z
direction. In case node number 1 was not a joint and it contained only to element 2 then the
first row and column of the stiffness matrix would have been zero to.

(b) Apply the BCs and show the 2-equation modified stiffness system. Considering the fixed

condition of nodes 2,3 and 4 so 2 = y2 = 3 = y3 = £4 = y4 = 0 and at node 1 the external
forces at node 1 are F;1 = H and Fj;; = —P. So canceling the rows and columns with the zero

displacements the main equation will reduce into:

H\ 2cs? 0 Uyl
(%) = () ()

(c) Solve for the displacements u,juy1. Check that the solution makes physical sense for the
limit cases @« — 0 and o — 7/2. Why does uz1 "blow up" if H # 0 and a — 0.
Solving the above equations we will have:

Ugp1 = H/2cs*

uy = —P/2c* + 1

The answers found have physical meaning for the asked limit cases. For the case of @ — 0 all
the trusses in the structure will be vertical so the structure will not be able to resist any forces
applied in z direction and it will fail. For the case of & — /2 because the length of the trusses
depend on L cos « so in this case the cosa — 0 so the EA/L of the trusses will be zero.

For the case of why the answer "blows up" if H # 0 and a — 0, from the above solution we
can see that u,1 depends inversely to the cosa and sin’a so in case o — 0 the answer is
divided by very small number and that is why it blows up.



(d) Recover the axial forces in the three members. Partial answer:
F®) = —H/(25) 4+ P?/(1 4 2¢%). why do F()) and F®) "blow up" if H # 0 and o — 0?

Solving the system for the reaction forces we will have:

Fup=—H/2 — Pc*s/(2¢% + 1)

Fys = He/2s+ P /(2¢3 + 1)

Fy3=P/(2c¢3 +1)

F3=0

Fpy = —H/2+ P?s/(2¢® +1)

Fy = —Hc/2s+ Pc®/(2¢® +1)

Computing the forces in the axial direction we will have:

FO = H/25 + Pc/(2¢° + 1)

F® = P/2¢® +1)

F® = _H/2s + P?/(2¢° + 1)

We can see that because the first term of F(!) and F®) both depend inversely with the sina
then if « — 0 and H # 0 then the answer will blow up because it is being divided by a very
small number.



3 Problem 2

Dr. Who proposes "improving" the result for the example truss of the 1% lesson by putting
one extra node, 4 at the midpoint of member (3) 1-3, so that it is subdivided in two different
members: (3) 1-4 and (4) 3-4. His "reasoning" is that more is better. Try Dr.Whos suggestion
by hand computations and verify that the solution "blows up" because the modified master
stiffness is singular. Explain physically.
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4 Answer 2

For this case we have to build the stiffness matrices for each of the elements. The stiffness
matrices of elements (1) and (2) will be the same as before and the matrices of elements (3)
and (4) will be the same because both elements have the same size and geometric
characteristics.
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Assembling the matrices for the global stiffness matrix and writing the equation with
considering the boundary conditions of u;1 = uy1 = uy2 =0 and F;3 =2, Fi3 =1, F;4 =0
and Fy4 = 0 we will have:

Fu 7 4 -2 0 0 0 -4 —4\ /0
Fy 4 4 0 0 0 0 —4 —4|]o0
Fao 2 0 2 0 0 0 0 0| |um
Fp|l_ [0 0 0 -1 0 -1 0 offo
2 0 0 0 0 4 4 —4 —4|]|ums
1 0 0 0 —1 4 5 —4 —4]|]|us
0 4 —4 0 0 -4 —4 8 8 ||um
0 4 -4 0 0 -4 -4 8 8) \uy

When we reduce the system and cancel the rows and columns associated with the zero
displacements, the stiffness matrix reduces to:

Fyo 2 0 0 0 O U2
2 0 4 4 —4 —4] | us
1 5[0 4 5 —4 —4] | ugs
0 0 4 -4 8 8 Uz
0 0 -4 —4 8 8 Uy

We can see that even in the reduced equation system because there are two rows exactly the
same so they are linearly dependent and the stiffness matrix is singular so the solution blows
up. In physical terms adding an element to the system in this case does not help to the
solution and it adds unknowns to the problem without giving any new information to the
problem thus it makes the problem unsolvable.
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