Computational Structural Mechanics and Dynamics

HOMEWORK 3

Assignment 3.1: The plane Stress Problem

1) Find the inverse relations for E, v in terms of p, A.
E(u, A), v(u, A) are calculated solving the following system:

E=2u(1+v)
{E _ A(1+v2/(1—2v)

The first step will be calculating v(y, A),

AQ+v)(Q—2v)
v

2u(l+v) =

2uv = A(1 —2v)

A

vQRu+21)=1— = 20D

Substituting v into any of the previous equation,

A )_2/,t+2/1+l 2u+ 34

E=2 <1+ 2u =
P2+ ™ 2+ MR

2) Express the elastic matrix for plane stress and plane strain cases in terms of y, A.
A. PLAIN STRESS:

The constitutive equation for isotropic material is,

[o] =

1—v2?

1
E |v
0

S Rk <
(@)

2

Substituting E and v for the expressions calculated in the previous part,

E n(2p+ 32) u(2u + 32 Cuu+ 304w+
1-— VZ - A 2 4_(“_'_}\)2 221 4(u n )\)2 — =
+2) [1 B (2(u+A)) ] ) [ 4(u+21)? ]

_p@p+304+2D) pap+d) 4p(pt )

AP 4 BUA + 4AZ — A2 APHBIAIN® T Dy 4 )
(2u+32)

Ev  4p(u+2) 2 2ul
1—-v2  2u+2A 2(/,1+/1) 2u+ A
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2 2+ ) -2
L B 1-v_ 4+ 1= 2+ ) [ 20t | uQ@u+a)
1—v2 2 2u+ A 2 2u+ A 2u+ A

The elastic matrix for plain stress cases in terms of W, A will be defined as,

L [reEn 2 0
[El=o—=| 20  4@u+n 0
W+ 0 0 2u+A

B. PLANE STRAIN:

The constitutive equation for plain strain cases is,

\

1S 0

E(1—-v) Vv
[o] = — 1 0 [
1+v)A-2v) v
0 0 1—2v

| 2(1—w)l

The members of the new matrix depending on , A are,
2 2u+24-21

E1-v) uZp+34) (1 - 2(u+/1)) B uu+34) ( 2(u+ ) )
1+v)(1—2v) A _ A zu+3 _ Bl
( )( ) (M t /1) (1 + 2(u+l)) (1 u+/1) 2(u+A) (‘u +4 /1)

yl
up 302+ 1) (7657)
12y +34) e
E(1—-v)v _ uu + 31)4 B
1+v)(1-2v)1—v) 2 V(1-2A)
(@ +)( A=V e+ D2+ 2) (1 + z(u+/1)) (1 u+/1)

B urAQu + 32) _ pAQRu+34)

A - 3

2(u+a+)w+r-n  2u(u+?)

EA-v)1-2v) uu +31) _pp+31)
1+v)(1=-2v)1—-v) 4 B A,
(1+v)( A=) ) (14555)2 (k+a+3)2
_ uQu+31)

T 2u+3F

Substituting these new values in the elastic matrix,

[El=| 2 2u+2 0

0 0 U

2u+A A 0]
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3) Split the stress-strain matrix E for plane strain as E, + E,..

2u+A A 0
E= A 2u+2A 0
0 0 vl

:E/1+E”:

|

A A0 2u
A A of+]oO
0 0 0 0

0

2u
0

0
0

1l

|

4) Express Ej and E,, also in terms of E and v.

A A
E/'l=}\ A
0 0
_ZIJ—
E,=|0
| 0

0 1

o]=1[1

0 0
0 0
2
0 u

0 . 1 1 0
8 T lawna-2v) é (1) g
0 0 5 2 0 0
2 0]= 24) 0 2 0
0 1 0 0 1
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Assignment 3.2: The 3-node Plane Stress Triangle

1) Calculate the stiffness matrixes Ky and Ky, for both discrete models.
= A PLANE LINEAR TRIANGLE:

a 1‘-

The stiffness matrix for constant thickness plane is given by the formula,

3 0 w3
0 x3 yn
Ke— AnB'EB= 2|73 0 xs {
441 0 x13 ys
yiz 0 xp
0 xo1 vio

Ey, E, Ep; Y3 0y 0 yp O
ELE E22 E23i| { 0 X32 0 X13 0 X21 | -
E. E,, E

23 £33 X32 Va3 X13 V31 21 V12

A==
2

xjk = x]- — Xk

Yik =YVj — Yk
e [vi o [Fo©
Planestresscase:E(sz)zﬁ 1—v —[0 E 0]
0 0 0 0 E/2
Replacing the values in the matrix,
[0—1 0 0—1]
20 P53 OSHE O oqo-1 0 1-0 0 0 0
K:E 0 0 1-0 0 E 0 0 0—-1 0 0 0 1-0
0 0 E/2 — — - —
0 0 1-0 /2110-1 0—-1 0 1-0 1-0 0
0 1-0 0
3/4 1/4 —1/2 -1/4 -1/4 0
1/4 3/4 0 -1/4 —1/4 —-1/2
_E—1/2 0 1/2 0 0 0

~1/4 -1/4 0 1/4 1/4 0
~-1/4 —-1/4 0 1/4 1/4 0
0 -1/2 0 0 0o 1/2 |

= BARELEMENTS: A1 =A;#A;
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(n

The stiffness matrix for each element is defined as,

© C sc —c“ —sc
K© — A s¢ 2 —sc —s?
L —c2 —sc¢ c? sc
—sc —s® sc s2
- Barl:1->3
0O 0 0 O
ko - Aflo 10 -1
a |lO 0 0 O
0O -1 0 1
- Bar2:1->2
1 0 -1 0
K@ = AHElo 0 0 0
a|l-1 0 1 O
O 0 0 o0
- Bar3:2-3
05 -05 -0.5 0.5
KG) = A3E |—05 05 05 —05

DaZl-05 05 05 —05
05 -05 —05 0.5

The global stiffness equation is obtained substituting the data and assembling the

previous matrixes,

(€] (2) 2 3)
[ku + ki1 ki, ki3 ]
_ ) 3) 3)
K= [ ky, + ko, ka3
Symm ké? + k§33)
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A, 0 —A, 0 0 0
A 0 0 0 —A,
. A, +0354; —0354; —0.354;  0.354,
0.354; 0.354;  —0.354;
0.354;  —0.354,
0.3545 + A4 ]

2) Is there any set of values for the cross sections A1 = A2 and A3 to make both
stiffness matrix equivalent? If not, which are the values that make them more

similar?

Analyzing both matrixes no direct links could be established between them and it is impossible
to purpose any value of A; and A; that make them more similar.

r3/4  1/4 -1/2 —-1/4 -1/4 0
1/4  3/4 0 -1/4 -1/4 -1/2
Ko —g|"/2 0 1/2 0 0 0
tri ~1/4 -1/4 0 1/4 1/4 0
-1/4 -1/4 0 1/4  1/4 0
0 -1/2 0 0 0 1/2 |
A, 0 —A, 0 0 0
A, 0 0 0 —A,
K —E A; +0.35A; —0.35A; —0.35A;  0.35A,
bar = 0.35A;  0.35A; —0.35A,
0.35A;  —0.35A,
0.35A; + A,

3) Why these two stiffness matrixes are not equal? Find a physical explanation.

The stiffness matrix is different because one element is solid and the other one is hollow. They
might have similar response when the forces acting upon the element are simple. However,
when the forces are more complex, especially when they create bending or turning in the
node, the answer is quite different. The solid element imposes greater resistance to the
turning on the nodes than the bar element.

4) Consider nowidering v#0 and extract some conclusions.

The poisson’s coefficient determined the strains in the different directions of the applied
stress. The main consequence is that the strain applied in a certain direction will affect to the
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strains of the other directions. The strain suffered in the direction of the stress would be
reduced and in the other direction would be greater.

[—1 0 —1]
0 -1 -1 1 v 0
1|1 0 0| E [v1 of[ct © 1 0O0O0
K=5| | 1-v[lo -1 00 0 1=
2000 1i1=v2, NNer =1 0011 0
|lo 0 1J| 2
0 1 0
L1474+ — 1—v 1 1—v 1—v 7
vV _ vV 2 2 2 Vv
+1—v 1+1—v 1—v 1—v 1
VT 2 v 2 2
__E —1—v —v 1 0 0 1
2(1—v2) 1—v 1—v . 1—v  1-—v .
2 2 2 2
1—v 1—v 0 1—v 1—v 0
2 2 2 2
-V -1 v 0 0 \Y
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