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1. Kirchhoff Saint-Venant material model
1.1. Stress tensor

This Isotropic linear elastic can be derived from balance of linear momentum, the linearized strain
displacement relation, and the stored elastic energy function

8=%(VU+VUT)

A 2 A 2
W(g)za('[l’e) +tr (e ):E(gii) T HE €

Using the linear elastic expression o =C:gswritten as o = A(tre)l+2ue we can write the
previous formula as:
o A,
O ZE(E (gkk) +1ugijgij) = ﬂ*gkké‘ij + Zﬂgij

ij
1.2. Isotropic verification

The definition of isotropic model is that any isotropic strain energy function can be written in terms
of the principal invariants of C.

W(C) = W(l, (C),1, (C),1,(C)
With

1,(C)=traceC, 1,(C)= %[(traceC)2 —traceC?], 1,(C)=detCc=)?

We here assume the material is isotropic and we could write the energy equation W in terms of the
principal invariants of C.

W _ oW al, _aw al, aw dl,
oC ol, oC  al, oC  al, oC

2—Vc\:/:cll +c,(1,(Cl -C"))+cI,C™

Grouping different terms

oW
N pl+pC +p,CT
= Pl +PCT+p,

with C* =C™(I,C,C?) continually, we group the last equation again,

oW
— =p,l +pC"+p,C*
2C Pl + Py P,
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As we know that the PK-2 stress tensor(S) can be yielded from above equation as

S=2 —W =2(p I+p CT +p C2 )
(9C ° ! ?
On the other I|a||d, the isotropic Cauchy stress tensor has the form

o =2p(s,| +5,B+5,B?)
with B as a right Cauchy-Green deformation tensor. We can compare the last two equations sharing

the same form, thereby concluding that the original model is isotropic. Actually, on the other hand,
we could write

w(l, 1,)=
1 1 1 1
= 5(/1+ 2#)[501 =3r —Zu[z(—le +1,+3)]= g(/1+ 2u)(1, - 3)° —g(—le +1,+3)
We again prove that the model is isotropic model!
1.3. Second Piola-Kirchhoff stress

The second Piola-Kirchhoff stress follows the next equation:

oW

S=—
ok

And after differentiating the energy equation we obtain
S=Atr(E)1+ 2uE

1.4. Nominal stress P(A\)

According to the known condition, we could compute F

A 0O
F=<|0 1 0
0 01

With the definition of 2nd Piola-Kirchhoff stress: S = F'P. We can compute the nominal normal
stress P=FS. Especially, the xX component of the first Piola-Kirchhoff stress and the stretch ratio A
,as is shown is Figure 1.

A-1 0
eXFE-n= o o
2 2

0 0

o O O

P=A A(trE) + 2AuE
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And the first nominal stress is given by:

A(A2-1)
un- (A+ ,u)
2
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Figure 1: The nominal normal stress P with respect to the stretch ratio

1.5. Monotonic verification

The relation P(A) is not monotonic as is shown in Figurel. When A < 0.5, P(A) shows a
decreasing trends while later it increase to zero and then goes up monotonically. With the last

equation, we could compute the derivative of P with respect to A
dP 3A*-1
dA 2

Hence, the point fails with zeros stiffness which does not dependent on the elastic constant,

(A+u)=0

1
Acrit = T
3
We know that J=detF= A . When J— 0" ,meaning that A — 0", we could obtain the expression W
interms of A

1 1.1
W==(trE)* + trE* == (= +
5 (E)" + 41 AT

When A —>0° ,W—)%(%—F,u)
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1.6. Modifed Kirchhoff Saint-Venant material model

With the modified Kirchhoff Saint-Venant material model:

W(E)=%(|n\])2 + utr(E?)

and noting that J=+/det E , especially in 1D case, J=~/detC =det(2E +1),
2 2 . 1 2
tr(E°)=E° with E=§(A -1

It endowed as —> W(E) = g (In2E +1))* + 1E*
The second Piola-Kirchhoff stress is:

% :i In(2E +1) +2uE :im_A+‘u(A2 -1
o 8 2E+1 8 A
Thus the nominal normal stress is

P(A) = FS =§|nA+yA(A2 )

can also be written in term of A

1 ]
w==(InA)* + = (A* -1)*
(nAY +4(x° -1

P(A) is monotonic. However, when A =1, P(A) = 0, which follows the actual fact that there is no

stress for undeformed configuration. On the other hand, when J — 0" the meaning that A — 07,
we have W — +00
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1.7. Implementation of Kirchhoff Saint-Venant material model

The Matlab function called KSV (Kirchhoff Saint-Venant model) has been implemented in the given
code. The function computes the following tasks:

v Green-Lagrange deformation tensor (E)
v’ Stored elastic energy (W)

v’ Piola-Kirchhoff stress tensor (S)

v Tangent elastic constitutive tensor (C)

Once the function has been implemented, the consistency test has been performed with the Check
derivatives.m function. In order to check the problem a new material was created and linked with
the KSV function. The new material has the following properties:

1 =0.9, A =150, potential =

The example run was upsetting of a block, dead load and the consistency test gave us an relative
error of 0.0098 %. Figure 2a shows the deformation shape for a linear and non-linear case. It can be
noticed how the non-linear response gets unstable. Figure 2b shows the relative error (logaritmic
scale) in term of number of iterations and it can be point out how the non-linear model converges.
From Figure 2c the non-linear behaviour is shown: it can be appreciated how the force is linear for a
small deformation and then, after almost a constant response, it increases drastically.
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Figure2a. Deformation mesh in KSV model Figure2b. Log(relative error) - iterations KSV model
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Figure2c . Force vs deformation diagram KSV model
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2. Implementation of line-search

The goal of this part is to study the effect of implementing a line-search algorithm to be used in
combination with Newton's method. This algorithm is already implemented in the code. For this, we
resort to Matlab's function fminbd, which performs 1D nonlinear minimization with bounds.
Besides, function Ener_1D is defined that evaluates the energy along the line that passes through x
in the directions (the descent search direction). Firstly we summarize the algorithm of Newton's
method with line search proceeds as:

> Solve J(X*)AX* =—r(x")

» Consider an energy-descent search direction, s“ =AX" if x*<0
and S =—AX"if r(x*)">0

> Solve the 1D minimization problem min H(Xk + OcSk)

> Update X" =x"+os"

The code with line-search method is verified with example 4 (arch, dead load at center of the arch).
The results using normal Newton's method and normal Newton's method with line search are shown
in the Figure3. It is obvious that we are unable to obtain the deformed arch with normal Newton's
method. It is thus advisable to use line-search for help. For the same tolerance, with line-search, the
solution is converged at 4 steps while that for Newton's method is 80 steps. Moreover, if the
deformed shape, Figure 3b is studied, it can be seen how buckling phenomena appears yielding a
stable equilibrium situation in which all the eigenvalues are positive. Furthermore, it is also
interesting to stress how the force-displacement curve changes due to buckling, Figure 4.

i T
o

Figure3a. Deformation mesh without line search Figure3b. Deformation mesh with line search
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3. Implementation of an anisotropic material model
3.1. Formulation

The original code implements a plane-strain finite element method for finite deformation elasticity
using a compressible isotropic Neo-Hookean material (namely, for modeling a slightly porous
rubber), whose strain energy density or hyper-elastic potential is:

w(c) = %A(ln])z —ulnj + %,u(tr C—-2)

The goal of this part is to consider an anisotropic material, more specifically, a transversely isotropic
material. For this case consider a material constitutive law for a rubber reinforced by fibers, all
aligned in the same direction. Such a model depends on the principal invariants of C, and additionally
by the fourth invariant:

w(C) = %u(tr C—2)— ulnf + k G() + co(er VA" — 1y

The last term in the strain energy function specifies the contribution to the deformation energy of
the fibers, and as typical in biological fibers, with this model these become stiffer the more
deformed they are. In this formula G(J) provides the volumetric response of the material and 14(C)
the fourth invariant.

1 . .
G(J) = ZUZ —1-2InJ) and 14(C) = NI C. NP

The orientation of the fibers is given in the reference configuration by a unit vector

fib _ [COS 0
N [sine]

So, using the main theory provided in class we may find the 1* derivative of strain energy density as
the 2nd Piola-Kirchhoff stress tensor

ey A1

s=22 _Lud-cy+icgroya N
~c9c T H 207U T D+ acne VI4
Where
a14(C 2 ip2 ; -
NTN = ag ) _ N7, NPT, NPNS®|invoigt notation

And for the 4™ order tangent elasticity tensor we will obtain 2" derivative of strain energy density

1

cc=42Y _ [M—SUZ—D](—ZE’CC_

20r-1p-1
o > >+k]C C'+

(ViE—-1)° 3 1
C——

4
+8cyc; NTN. NTNe:(VI4=1) |2 + ]
o*1 14 zm 2\/ﬁ3
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Where

ac1 1
( aC ) =~3 (Cﬁ{lcﬁl + CIZICﬁ(l)
IJKL

So, by using the prepared code (material=2), we should complete the code by providing 3 functions
for the anisotropic model, just like the already implemented isotropic model (transv_isotr_1.m,
transv_isotr_2.m, transv_isotr_3). It is worthwhile mentioning that For the main file we are using
the main_incremental_iterative.m. Moreover, all modifications which are added to model are
provided in the Appendix.

3.2. Checking derivatives

In this part using the script Check_Derivatives.m with material=2 and example=0 we have checked
the correctness (consistency test) of our implementation. This script checks the gradient of the
energy (out-of-balance forces) and the Hessian of the energy (tangent stiffness matrix) by numerical
differentiation. If any error or mistake is in the definition of the gradient or the hessian of energy
function, this code would alert lots of warnings.

Figure 5. non symmetric and strange deformed shape
for checking gradient and hessian

3.3. Numerical simulation

As a numerical simulation we have solved example=0, which is the modeling of dead load applied on
an elastic block in tension. Different representative orientations of the fibbers are considered to be
able to capture the effect and whole behavior of the model.

e 0=0 fibers aligned with the loading direction

e O=m/6

e O=n/4

e 0O=m/2 fibers aligned perpendicular to the loading direction

Figure6 is related to the numerical results of this test. The mechanical interpretation of the
numerical results is provided as the following.
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Figure 6¢. deformed shape (0 = 45 deg) Figure 6d. deformed shape (0 = 90 deg)

As it was supposed the more fibers are aligned in the direction of loading, the stiffer the behavior
would be. This fact is completely manifested in Figure6. As we the lowest deformation is regarded to
the first case in which the fibers are aligned with the loading direction. By increasing a bit the
deviation of fiber orientation from the loading directions (namely in 2" or 3" case) we may see two
effects:

e Non-symmetric deformed shape: due to the non-symmetric nature of loading and fiber
orientation in this anisotropic model (the lower corner is deformed more that the upper
corner which is completely rational).

e The higher overall deformation: due to decreased stiffness because of non-aligned fibers in
load direction.

It is also interesting to note that the final case in which the fibers are aligned perpendicular to the
loading direction, acts completely symmetric (as it was supposed to) and the deformed shape is the
most exaggerated one comparing to previous cases.
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Figure 7a. force-deflection (0 = 0)

Figure 7b. force-deflection (6 = 30 deg)
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Figure 7c. force-deflection (0 = 45 deg)

Figure 7d. force-deflection (0 = 90 deg)

As it was mentioned in previous figures, one would expect that by increasing the degree between
the direction of fiber orientation and the loading vector, the overall deformation would be higher.
This is because when the fibers are aligned exactly in the direction of load, they would increase
significantly the stiffness of the model. This fact is completely manifested in Figure7. As we the
marks on the figures show, the black line is the expected elastic behavior without any fiber. In all
cases it is fixed to a value of around 0.4. but as we may see only in the first case which (6=0), the
stiffness is improved (blue mark). But in the rest of cases (red marks) the stiffness is less than the

elastic model and as higher the deviation ratio goes the difference of the elastic and hyper elastic
results increases also.
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¢ Appendix: Code

1. transv_isotr_1

function [W]=transv_ isotr 1(C,cO0,cl, kappa,mu,N fib)
J2=C (1) *C(2)-C(3)*C(3);

J=sqrt (J2);

logJd=log (J) ;

Cmat=[C(1) C(3) ; C(3) C(2)];

GJ = 1/4* (J*2 - 1 - 2*logJd);
expp = exp(cl* (sqrt(I4C)-1)"4);

W = 1/2*mu* (C(1)+C(2)-2) - mu * logd + kappa * GJ + cO0 * (expp-1);

2. transv_isotr_2

function [W,S]=transv_isotr 2(C,c0,cl, kappa,mu,N fib)
J2=C (1) *C(2)-C(3)*C(3);

J=sqrt (J2);

logd=log (J);

Cmat=[C(1l) C(3) ; C(3) C(2)]:

GJ = 1/4* (J"2 - 1 - 2*logJd);

I4C = N fib' * Cmat * N fib; strain energy
expp = exp(cl* (sqrt(I4C)-1)"4);

W = 1/2*mu* (C(1)+C(2)-2) - mu * logJd + kappa * GJ + cO * (expp-1);

S =[1;

C inv=[C(2) C(l) -C(3)1/J2;

NTN = [N _fib(1)*N_fib(1l) , N_fib(2)*N fib(2) , N_fib(1)*N fib(2)];

S =mu*([1 1 0]-C inv) + kappa/2*(J"2-1)*C inv + ...
+ 4 * NTN * cO0 * cl * expp * (sgrt(I4C)-1)"3/sqrt(I4C);

1* derivative of strain energy
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3. transv_isotr_3

function [W,S,CC]=transv_isotr 3(C,c0,cl, kappa,mu,N fib)

J2=C (1) *C(2)-C(3)*C(3);
J=sqrt (J2);
logJd=log (J);

Cmat=[C (1) C(3) ; C(3) C(2)];
GJ 1/4% (J*2 - 1 - 2*logJd);

T4C N fib' * Cmat * N fib; strain energy
expp = exp(cl*(sqrt(I4C)-1)"4);

W = 1/2*mu* (C(1)+C(2)-2) - mu * logd + kappa * GJ + cO0 * (expp-1);

S =[]
CC=zeros (3);

C i = [C(2) C(l) -C(3)1/J2; . . .
—tnv = el i) e 1* derivative of strain energy

NTN = [N_fib(1)*N_fib(1) , N_fib(2)*N fib(2) , N_fib(1)*N fib(2)];

S =mu*([1 1 0]-C inv) + kappa/2*(J"2-1)*C inv + ...
+ 4 * NTN * c0 * cl * expp * (sqrt(I4C)-1)"3/sqrt(I4C);

II=sgrt (I4C);
nd . . .
for i=1:3 2" derivative of strain energy
for §=1:3
CC(i,Jj)= kappa * J*2 * C inv (i) * C inv(3j) + ...
( mu - kappa/2*(J*2-1) )* (C_inv (i) *C _inv(j)+C_inv (i) *C inv(J)) + ...

NTN (1) *NTN (§) * 8*cO*cl*expp* ( 2*cl/I4AC*(II-1)"6 + 1 - 3/(2*II) + 1/(2*II*3) );

end
end
CC(1,2)= kappa * J*2 * C inv(l) * C inv(2) +
( mu - kappa/2*(J"2-1) )* (C_inv(3)*C_inv(3)+C_inv (3)*C inv(3)) + ...
NTN (1) *NTN (2) * 8*cO*cl*expp * ( 2*cl/I4C* (I

CC(3,3)= kappa * J*2 * C _inv(3) * C inv(3) +
( mu - kappa/2*(J*2-1) )* (C_inv(1l)*C_inv(2)+C inv(3)*C inv(3)) + ...
NTN (3) *NTN (3) * 8*cO*cl*expp * ( 2*cl/I4C* (I

CC(2,1)=CC(1,2);
CC(3,1)=CC(1,3);
CC(3,2)=CC(2,3);

I-1)"6 + 1 - 3/(2*II) + 1/(2*II"3)

I-1)"6 + 1 - 3/(2*II) + 1/(2*II"3)

)7

)7



