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1 Transmission conditions

1.1 Question 1: Euler-Bernoulli beam

Given the weak form of the problem in 1D with homogeneous Dirchlet conditions (clamped

beam at both ends):
L d?sv d?v L
El | —— = J
/0 dx? dx? /0 of

dév dév
for all v such that dv(0) = dv(L) =0, %(0) = %(L) =0

(a) The space of functions for v and dv are:

d
v € H*() such that vy, = =0
dx | 5,
dv € H*(Q) such that dvl,, = o) _ 0
dr |,

where H?(12) is the space of functions that are defined in 2 such that a function plus its
first-order and second-order derivatives are square integrable, namely:

/HQ(Q)::{U:Q%R ‘/v2<oo,/\Vv|2<oo,/!Av|2<oo}
0 Q 0

The reason is that for the integral, appearing on the left-hand-side of the weak form, to be
bounded, the second-order derivatives of v and dv have to be square integrable.

dv
(b) Based on the regularity requirements, v and — have to be continuous. Therefore, the

xr
transmission conditions at point P implied by the regularity requirements are:

[v]p = 0| — 1st transmission condition - strong continuity

dv
[[d—]] p = 0| — 2nd transmission condition - strong continuity
T

where,

—Jp =lim |—(P — — (P —
[Z-1p = lim [——(P +¢) (P—e¢)]
Justification in 1D:

v
if v and T are discontinuous at P, therefore, the second-order derivative can be written
x



in terms of the variable v, near the discontinuity, as:

( d?
d_g:; r< P—c¢
d*v® 1
i 2—8<U(P+8)—22}(P)+’U(P—8)) P—e<x<P+e (1)
d2
kd_x,;) r< P+e¢

or alternatively in terms of the first-order derivative, near the discontinuity, as:

( d*v
@ r< P—c¢
RS 1 [/dv dv
(%o Yp- P-c<z<P 2
e 25(dx( +¢) dx( 5)) e<zr<P+e (2)
d*v
\@ r< P+e¢

Using the approximation given by (1), the square integral of the second-order derivative of

v 1s then evaluated as:
P+e 1 2 L d2U 2
— P — 20(P P— —
fo E(rra-2mrar-a)) + [ ()

[ ()= (&)
/OP_E (%)2 4 218<U<P+5) —2(P) + (P - 5))2 4 /Pi (%)2

(0. ¢]

e—0

2

v
This proves that if the variable v is discontinuous, then the second-order derivative e is
x

not square integrable, i.e. v & H2.

Using the approximation given by (2), the square integral of the second-order derivative of

v 1s then evaluated as:
2
Pre (1 [dv dv L7 dp\?
—(=(p _2(p— z-
[ (@ Gra-ge-a)) [ ()

L/ e\ ? P=c / 24\ ?
[ () = [ (@)
P/ 2y\? 1 /dv dv 2 L7 d2p\?
g —(Z=(p _ 2 (p_ g
[ (@) rx(@ea-ge-a) - [ (%)

0

e—0

dv
This proves that if the first-order derivative T is discontinuous, then the second-order
x
2

v .
derivative T2 is not square integrable, i.e. v & H2.
x



(c¢) Considering the strong form of the equation:

d4
EI&Y — ¢

dx?

Multiplying by a test function dv, and integrating over a domain €2 yields the following

weak form:
/ ov EI d:v 1 / ovf
Integrating by parts yields:

dov _d®v d d3v
Y il o g Br&Yy =
o dr  da? +/ dx (&) da:3) /Q(SUf

Applying divergence theorem, the second term on the LHS will be a boundary integral:

dév d3v
—E[— EI— =
/ s + /89 dv T3 = /Q(Svf (3)

For a domain 2 = € U 25 with an interface I' = €2y N s, the equation is written for each
domain as follows:

Domain €2;:

dov d*v
—E]— o EI— 1
/Ql da3 + /891 v dx?’nl /Ql vl

splitting the second term on LHS,

dov __d3v d®v d®v
_ [ DrptY 50 E1SY 50 EI1ZY 5 4
o, dv dx? +/8§2m8§2 ! dfﬁsnl—i_/ammr s /Ql v @

Domain 25:
ddv d>v
—EI— ) EI— 1)
/ d3 * 905 ! d? " Qy vf

splitting the second term on LHS,

dév . d*v d3v d*v
_ _E[—+/ ov E[—n +/ ov EI—n ov 5)
0, dx da3 8900 a3 90NT dx? 2o Q2 / ®)

Summing equations (4) and (5) should return (3), this means that the extra terms are equal

to zero, therefore:
d>v d>v
5vEl—n +/ 5vEl—n =0
/aszmr drs QNI drs

which is simply written as:

d3v d3v

3



Particularizing for the problem at hand, where the I' = P, ; = [0, P], Qy = (P, L]

and nq, = —ny = 1, yields the third transmission condition:
d3v i i o
[ET ﬁ]] p = 0| — 3rd transmission condition - weak continuity
x

Integrating (3) by parts again yields:

d*ov __d*v d dév _ _d*v d3v
El— — | —(—FI— ov EI—n= | §
/Q dx? dz? /Q dx( dx dx2) + /39 v dx?’n /Q vf
Applying divergence theorem, the second term on the LHS will be a boundary integral:
d*ov _ _d*v dov _ _d*v d3v
El— — —FI— ov EI—n= [ §
/Q T Bl /ag Bl + /m v Blo—n /ﬂ vf (6)

For a domain 2 = Q; U 5 with an interface I' = Q; N s, the equation is written for each
domain as follows:

Domain €2;:

d?ov _ d*v dév . d*v d>v
s | p? o EI S n = [ 5
/91 dx? dx? /391 drd2™ +/391 s /Ql of

splitting the second and third terms on LHS,

2 2 2 2
/ divE[d_g_/ @Eld_gnl_/ v prde,
o, dr dx oounen dr  dx x

d3
+/ ov EI—an +/ ov EI—3n1 = ovf
801N dx 80Nl dx N

Domain €25:

d*5v __d*v dév __d*v d3v
El— — —FI— 0v El—noy = )
/92 dz? dx? /892 dz dx2n2+/392 v dx3n2 /92 vf

splitting the second and third terms on LHS,

d?6 d? dd d? dd d?
/ o) ek / B, — / LRI n,
Qs de’ dl‘ 902N d.ﬁU d.ﬂU QN d.ﬁU d.ﬁU

(8)

3 3
—I—/ ov E]d—an—i—/ ov Eld—gngz ovf
802N dr 80N dx Qs

Summing equations (7) and (8) should return (6), this means that the extra terms are equal
to zero, therefore:

dsv & dsv &2 & &
—/ —UEI—an—/ —UE]—Zn2+/ 50 El—zn1+/ Sv BT —ny = 0
oour dr dx oounr dr dx ey dx 90T dx



which is simply written as:

dov dQ’U d2 d3v d3v

Noting that the second term is zero (third transmission condition), therefore:

dov d*v d*v d*v
/ - ((EI): 1=+ (ET)y el ny) =0 = [[E]@n]]p =0
Particularizing for the problem at hand, where the I' = P, ; = [0, P], Qo = (P, L]
and n; = —ny = 1, yields the fourth transmission condition:
d2

[[EI ]] p = 0| — 4th transmission condition - weak continuity




1.2 Question 2: Maxwell problem

The Maxwell problem consists in finding a vector field u :  — R? such that

vVxVxu=Ff in
V-u=0 1in{
nxu=0 on 0f

where v > 0, f is a divergence free force field and n the unit external normal. Equation
V -u = 0 is in fact redundant.

(a) To obtain the variational or weak form, pre-multiply by a vector test function du and
integrate over the domain €2

/Qau.(vavXu):/Qau.f (9)

For the integration by parts, first recall that:

V- (bu xV xu)=V-(uxw)=Vwv= gvi
T
where,
V; = (5'11, X ’lU)Z = Eijk 5Uj Wi,
Uy,
Wy, = (V X u)k = Ekim 8_xl
therefore,
0 Oy,
V(éu x V x u) = 8—%({:?@1? (5uj Eklm 3_1‘l>
— Cijk 8$Z klm 8301 ijk J &L’, kim 81‘1
_ 0y Oun i(g au_m)
— <kij 3@ klm a[El j Cjik 61’1 kim al’l
0o, Oy, 8um)

= (5kij 8_951 )(5kzlm 8_951) - (5Uj Ejik a_xi(gklm 8_951
0

)k (V X u)k — 5Uj (83'1'1@ %(V X u)k)

(V xou), (V xu),—du; (VxV xu);

(Vxou) (Vxu)—ou-(VxVxu)

(V x du

which is re-written as:

u- (VxVxu)=(Vxiu) (Vxu)—V-(JuxV xu) (10)
Using the information given by (10), integral (9) is written as:
/(Vxéu)~(uV><u)—/V~(y5uxqu):/5u-f
Q Q Q

6



Applying divergence theorem to the second term on the LHS yields:
/(deu)-(nyu)—/ n-(yéuxqu):/(Su-f (11)
Q o0 Q

Recalling the following relation for vectors:
u-(vXw)=w-(uxv)=v - (wxu)

therefore, equation (11) is written as:
/(Vxéu)~(1/V><u)—/(quu)-(nx5u)—/5u-f (12)
Q o) 0

Since n x u = 0 on I (Dirchlet boundary only on 052, i.e. n X du = 0 on 012), therefore
the weak form of the problem is written as:

/Q(VX(SU)-(I/VXU):/Q(SU-]" (13)

where the space of functions for w and du is:

u € H(Q) such that (n x u)|,, =0

du € H(Q) such that (n x du)|,, =0

where H!(Q) is the space of vector functions of dimension (d) that are defined in €2 such
that a function plus its curl are square integrable (belong to [£2(€2)]?), namely:

() = {u 0 B ) we (L), Vxue [L@)]"}

The reason is that for the integrals, appearing in the weak form (13), to be bounded, V x u,
V X du and du have to be square integrable.

The transmission conditions that satisfy the regularity requirement is obtained by consid-
ering that:
/ |V x ul? < oo
Q

[ x u]r = 0| — 1st transmission condition - strong continuity

Considering the simple schematic in Figure 1, the jump operator is:
[n x u]r = lim [n x u(z, + &) —n x u(x, — )]
e—0
Justification:
If n x w is discontinuous at I', therefore, we can define V x u as:

(VX'U, :I:EQI

1
V xu= 2—<nxu(az0—|—e)—n><u(a:0—s)) r,te<x<xT,—€E (14)
5

\VX'U, aﬁEQQ



n

u-
/ xo + € ///// Ql
'y * 7 :
€ 4L I
° -
c A A
. X
'v\ v
X, — €
o QZ

Xo = [xll X2, 0]
€ =10,¢0]

v

Figure 1: Maxwell problem interface schematic

Using the approximation given by (14), the square integral of V x w is then evaluated as:

/Q<VX“>2:/91 (VX“>+/+ (gig["x“<wo+s>—n><u<mo—e>})2+/m (wuf
/Q1 <VXu>2+%[nxu(wo+€)—nXu(mo—e)f_{_/% (qu>2

(0. ¢]

e—0

This proves that if n xw is discontinuous, then ¥V x u is not square integrable, i.e. u ¢ H".

(c) The transmission conditions by considering the fact that integrals of the weak form are
additive are obtained by writing the weak form (12) for the two domains split by the
interface I":

Domain 1:
/(VX&Q%VVXu}i/ Su- (v X ux )
(951 021NN (15)
—/ u-(rVxuxny)= [ du-f
o1Ne 941
Domain 2:

/(Vxéu)-(quu)—/ du- (v V X uxmns)
Qs 902090 (16)

—/ du- (v Vxuxng) = u- f
0QaNI’

Q2

8



By adding the two equations (15) and (16) and comparing with the weak form (12) for the
full domain 2, then the extra terms should be equal to zero, this yields:

/5u-y(V><u><n1+V><u><n2):O
r

therefore, the second transmission condition is:

[v (V xu xn)]r =0 — 2nd transmission condition - weak continuity




1.3 Question 3: Navier equations for an elastic material

(a) The Navier equations for an elastic material can be written in three different ways:

—2uV -E(u) — AV(V -u) = pb
—pAu — (A +p)V(V -u) = pb
uV x (Vxu)— (A+2u)V(V-u)=pb
where u is the displacement field, €(u) the symmetric part of Vu, A and p the Lamé

coefficients, p the density of the material and b the body forces. Let us assume that uw =0
on 6f2.

First equation:
To obtain the variational or weak form, pre-multiply by a vector test function du and
integrate over the domain €Q:

/Q(su.(—zuv-g(u))—/Q(su.W(v-u):/Q(su.pb (17)

For the integration by parts, first recall that:

V-(Eou)=0u-(V-8)+2:Viu
V-(0u(V-u)) =6u-V(V-u)+ (V- -iu)(V-u)

Using this information, the integral (17) is written as:
/Q,uV&u,:?—/ 2,uV-(§5u)—|—/ )\(V-éu)(V-u)—/ AV (0u(V-u)) = / du-pb (18)
Q Q Q Q Q
Applying divergence theorem to the second and fourth terms on the LHS yields:
/2,LLV5U:§—/ 20(Z 5u)'n+/ )\(V'éu)(Vu)—/ A6u(V-u))n = / Su-pb (19)
Q o9 Q o9 Q

Since u = 0 on 052 (Dirchlet boundary only on 99, i.e. ju = 0 on 0f2), therefore the weak
form of the problem is written as:

/gﬁ,uVéu:f—f—/ﬂA(V-éu)(V-u):/Qéu~pb (20)

— 1
Recalling that € = V*u = i(Vu—i- (Vu)T), it is seen from the integrals that Vu and V -u

have to be square integrable. Therefore, uw € H'(Q2) and u € H¥(Q). In fact, u has to be
in the less regular space.

Therefore, the space of functions for w and du is:

u € H' (Q) NH™(Q) =H Q) such that ul,, =0

du € HY(Q) NH™(Q) = H'(Q) such that dul,, =0

10



where H%" () is the space of vector functions of dimension (d) that are defined in € such

that a function plus its divergence are square integrable, namely:

1 (Q) = {u .0 — RY ‘ we [L(Q)]", Voue @(Q)}

and H'(Q) is the space of vector functions of dimension (d) that are defined in {2 such that

a function plus its gradient are square integrable, namely:

H(Q) = {u Q= RY ‘ = [52@)}{ Vuc [£2(Q)}dxd}

Second equation:

To obtain the variational or weak form, pre-multiply by a vector test function du and

integrate over the domain €Q:

/Qéu-—,uAu—/Qéu-()mLu)V(V-u):/Qéu-pb

where Au =V - Vu.
For the integration by parts, first recall that:

V- (Vu du) =déu- (V- -Vu)+ Vu: Vou =du-Au+ Vu: Viu
V-(6u(V-u)) =0u-V(V-u)+ (V- -iu)(V - u)

Using this information, the integral (21) is written as:

[ n9su: Tu— [ 9 (Fusu)s | () 95V

Q

Applying divergence theorem to the second and fourth terms on the LHS yields:

/va&u :Vu _/asz w(Vu 6u)-n+/Q()\—|—u)(V-§u)(V-u)—/ (M) (0u(V-u))n

o0N

(21)

(M) V- (0u(V-u)) :/5u-pb
(2)

= / du-pb

(23)

Since u = 0 on 02 (Dirchlet boundary only on 0€2, i.e. du = 0 on 0f2), therefore the weak

form of the problem is written as:

/Q,uV(Su:Vu+/ﬂ()\+,u)(V-5u)(V-u):/(5u-pb

Q

(24)

It is seen from the integrals that Vu and V - u have to be square integrable. Therefore,

u € H1(Q) and u € H¥(Q). In fact, u has to be in the less regular space.

Therefore, the space of functions for u and du is:

u € H' (Q) NH™(Q) =H(Q) such that ul,, =0

du € HY(Q) NH™(Q) = H'(Q) such that dul,, =0

11



where H%" () is the space of vector functions of dimension (d) that are defined in € such
that a function plus its divergence are square integrable, namely:

1 (Q) = {u .0 — R ‘ we [L()], Voue .@(Q)}

and H'(2) is the space of vector functions of dimension (d) that are defined in {2 such that
a function plus its gradient are square integrable, namely:

’HI(Q) = {u 0 — R? ‘ = [52@)}(1, Vuc [ﬁz(Qﬂdxd}

Third equation:
To obtain the variational or weak form, pre-multiply by a vector test function du and
integrate over the domain §2:

/5u-(uV><Vxu)—/5u-()\+2u)V(V-u):/5u-pb (25)
Q Q Q
For the integration by parts, first recall the proven definition given by (10):
u- (VxVxu)=(Vxiu) (Vxu)—V-(0uxV xu)

and also recall that:

V- (6u(V-u)) =0u-V(V-u)+ (V-iu)(V - u)
Therefore, using this information, the weak form given by (25) is written as:
/(Vxéu)-(,uV xu)—/V-(,u 5u><V><u)+/(/\+2u)(V-6u)(V-u)

Q Q Q

—/(A—i—Zu)V- (6u(V -u)) :/5u-pb
Q Q
Applying divergence theorem to the second and fourth terms on the LHS yields:

/Q(Vxéu)-(,uvxu)—/m(uvxu)-(n><5u)~|—/()\+2u)(V-(5u)(V-u)

Q

~ [ 2 (ou(Y ) n = [ supb
(o

Since u = 0 on 052 (Dirchlet boundary only on 99, i.e. ju = 0 on 0f2), therefore the weak
form of the problem is written as:

O+ 20)(V - 6u)(V - 1) = /Q(Su-pb (27)

\/Q(VX(SU)'(MVXU)_}'/

Q

It is seen from the integrals that V x u and V - u have to be square integrable. Therefore,
w € H(Q) and w € HY(Q). In fact, u has to be in the less regular space.

12



Therefore, the space of functions for u and dw is:

u € HUH Q) NHP™(Q) such that ul,, =0

Su € HM(Q)NH™(Q)  such that duly, =0

where H%? () is the space of vector functions of dimension (d) that are defined in € such
that a function plus its divergence are square integrable, namely:

1 (Q) = {u .0 — R ‘ we [L()], V-ue .@(Q)}

and H(Q) is the space of vector functions of dimension (d) that are defined in 2 such
that a function plus its curl are square integrable, namely:

Hewrl(Q)) = {u Qs RY ) ue [L()]", Vxue [52(9)}d}

First equation:

The transmission conditions by considering the fact that integrals of the weak form are
additive are obtained by writing the weak form (19) for the two domains ; and Q5 split
by the interface I

Domain 1:
/2uV6u:§—/ 2u(§5u)~n1—/ w(z ou) - n1+/)\V ou)(V - u)
o 801 M99 PYals o
—/ Aou(V -u)) - my —/ AMou(V-u)) -ny= [ du-pb
001N o NI Q1
(28)
Domain 2:
/ZMV(SU:?—/ 2u(§6u)-n2—/ w(z ou) - ng—l—/)\V u)(V - u)
o 99,100 20T 2

N /aggmag)\(du(v u))ma - /ammr)\((su (V- u))-ma = / et

By adding the two equations (28) and (29) and comparing with the weak form (19) for the
full domain 2, then the extra terms should be equal to zero, this yields:

/Q[M(Eéu)-nljtu(?éu)-nﬂ :OEE—T—>/2[M§n1+u§nQ]-6u
r r

— | [ € n]r = 0| — weak continuity

/ Aou(V - u)-ny +X0u(V-u) -ny =0 — / AV -u)ng + ANV -u)ny] - du

— | [MV - u)n]r = 0| — weak continuity

13



Second equation:
The transmission conditions by considering the fact that integrals of the weak form are
additive are obtained by writing the weak form (23) for the two domains €; and Qy split
by the interface I

Domain 1:
/ uVou: Vu — / w(Vu du) - w(Vu du) - ny +/ A+ p)(V - ou)(V - u)
1 021NN o N (o}
—/ A+ ) (0u(V -u)) -ny — / A+ pw)(0u(V -u)) -ng = ou - pb
021NN o Nr 0
(30)
Domain 2:
/ uVou: Vu — / w(Vu du) - u(Vu du) - ny +/ A+ p1)(V-ou)(V -u)
0 992000 2QNT 0
—/ A+ ) (0u(V -u)) -ny — / (A+u)(5u(V-u))-n2:/5u-pb
002NN 0QaNI Qo
(31)

By adding the two equations (30) and (31) and comparing with the weak form (23) for the
full domain €2, then the extra terms should be equal to zero, this yields:

/F [W(Vu du) - ny + p(Vu du) -ns] =0 — /F (1(Vu)" ny + p(Vu)" nyl - du

— | [(Vu) 'n]r = 0| — weak continuity

/F (A4 1)ou(V -w) - ny+ (A + p)ou(V - u) -ny| =0

s /F (A + 0)(V - w)r + A+ 1)V - w)na] - Su

— [ [(A+ p)(V - u)n]r = 0| — weak continuity

Third equation:
The transmission conditions by considering the fact that integrals of the weak form are
additive are obtained by writing the weak form (26) for the two domains €; and €25 split
by the interface I':

Domain 1:
/(VX(su) (1 V x u) — / ,quu)~(n1><5'u,)—/ (1Y X w) - (g x o)
(951 021NN o1Nr
+ / (A +2u)(V - 0u)(V - u) — / (A +20) (6u(V - u)) - ny
(951 021NN

/ (A +2u) (6u(V -u)) -ny = [ du-pb
o1Nr 1951
(32)

14



Domain 2:

/(Vxéu) (0 V xu)— / ,uVXu)-(ngxéu)—/ (0 V xu)-(ng x ou)
Qo 002NN OQsNI

+/Q A+ 2u)(V - 0u)(V - u) — /3 (A +20) (6u(V - w)) - ny

QNN

/ (A +2p) (6u(V - u))-ngz/ ou - pb
OQNI Qo
(33)

By adding the two equations (32) and (33) and comparing with the weak form (26) for the
full domain €2, then the extra terms should be equal to zero, this yields:

/F[(,UVXU)-(nl><5u)+(uV><u)-(n2><6u)}

H/éu(quuxnl—i—,quuxng):O
r

— | [1V X u X n]r = 0| — weak continuity

/F (A +20)6u(V - u) - ny + (A + 20)0u(V - u) - ms] =0

— /F (A +20)(V - w)ng + (A4 2u)(V - u)ns] - du

— | [(A 4+ 2u)(V - u)n]r = 0| — weak continuity

15



2 Coupling in space of homogeneous problems: Domain
decomposition methods

2.1 Question 1: Euler-Bernoulli beam

Considering the beam problem shown below, where the subdomains €2; and €2 and the over-
lapping 2,5 are defined:

b [z [i2 I
| |
| |
| 1
I I
0 L, Ly L
0y =[0,L4]
fl: = U__L]
Qy, =0 NQy = [Lg, Ly]
d4
and defining an operator T := Elﬁ
x

(a) The iteration-by-subdomain scheme based on a Schwarz additive Domain Decomposition
Method (DDM) is written as:

T'U%k:) = f n Ql T'Uék) = f n QQ
vgk) =0 on I'y vék) =0 on I'y
do® dotP

Z; =0 on I'y Z)li =0 on I'y
U§k) = vékil) on I'yo vék) = v%kil) on 'y
dvgk) dvékil) r dvék) dv%kil) r

= on = on
dz dz "2 dx dz 2!

(b) To obtain the matrix form using finite element discretization, first the domain (2 is divided
into finite element partitions (2 = U K).

The solutions of the displacement v and rotation 6 are approximated as:

v & vy, such that vyl € P,(K)

0= Z—U ~ 0y, such that 6| € P,(K)
x

where P, is the polynomial space of order p.

Furthermore, v, € C1(Q)

Up|xc is a polynomial .
= v, € C(Q
Vp, € 7‘[2(9) } vn ( )
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To achieve C!-continuity, Hermite shape functions are used in the finite element approxi-
mation [1|. For this, we define the scalar variable u which is used to approximate both the
displacement v and rotation 6.

Considering the Hermite interpolation:

( Vl )
@1
u(@) ~up(r) = (N(x) V*+ M(x) ©) = {N' M' .. N" M"}{ : » =Nv

a Vn
@n
\ /

( Nl )
Ml
du(r) = dup(x) =Y (N"(x) V'+M(x) 60°) = {§V' 60" .. 6V" 60"} ¢ : p =dv N
b N
Mn

where N*(z) and M®(z) are the Hermite shape functions defined in [1], for a = 1,...,n
The nodal values V¢, 6%, 6V°, and 60° are defined as:

Ve =uu(2%), O%=0,(z"), OV’ =7su,(ab), 60" = 60,(aP)
The discrete form of the problem is then written as:

L dQ(SUh dQUh L
EI — = 0
/0 dx?  dx? /0 un |

Substituting the Hermite interpolation yields:

L 2nT 12 L
ENT 2PN
EI - w= SNT

/0 2 dz? ° /0 /

That is denoted by:
Bv=Ff

Finally, the matrix version of the iteration-by-subdomain scheme based on a Schwarz ad-
ditive Domain Decomposition Method (DDM) considering the mesh shown in 2 is written
as:

= fl in Byol = f, in Q,

( ) on I'y vy(2(n—i) + 1) =0 on I'
v,(2)® on I'y vy(2(n —i) +2)® =0 on I'y
v1(2) — 1) = vy(2(5 — i) + )*V on Ty vy(1)®) = v (2i — 1)*D on Ty
v1(2§)®) = v,y(2(j — i) +2)* on I'jp v2(2)%) = v, (2i)* on I'y

where the vector v; contains the nodal values associated to the nodes of the domain 2,
and it is of size 2j. The vector vy contains the nodal values associated to the nodes of the
domain €y, and it is of size 2(n — i) + 2.
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Node 1 Node i Node j Node n

Figure 2: Nodes at the boundaries and interfaces
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2.2 Question 2: Maxwell problem

Recalling the Maxwell problem which consists in finding a vector field u :  — R? such that

vVxVxu=Ff in
V-u=0 inQ
nxu=0 on 0f

where v > 0, f is a divergence free force field and n the unit external normal. Equation
V -u =0 is in fact redundant.

First, an operator M which is applied to a vector u for the Maxwell problem is defined as:
Mu:=vV xV xu

Furthermore, the arbitrary domain {2 is divided into two non-overlapping subdomains §2; and
25 with boundaries 02; and 0€),, respectively. The interface I' and the boundaries I'y and I’y
are defined as:

I':.= an N 392
Pl = 8(2 N an
FQ = aQ N 892

Second, if u; := u|q,, then the Maxwell problem is written for each subdomain €; for i = 1, 2:

Mu; = f in

V-u;,=0 in

nxu; =0 onljy
[n xu] =0 onI'— 1st transmission condition - strong continuity

[v (Vxuxn)]=0 onI — 2nd transmission condition - weak continuity

(a) Next, the iteration-by-subdomain scheme based on the Dirchlet-Neumann coupling is writ-

ten as:

Mul = in Q Mul?) = f in Q,
v-ul =0 in Q v-ul =0 in Q,
nxugk)zﬂ on I'y nxugk)zo on I'y
m(Vxul” xn) =u (Vxuf ™ xn)  onT nxuy =-nxul onl

where | = k — 1 yields a Jacobi scheme which allows for parallel solve, while [ = k yields a
Gauss-Seidel scheme with sequential solve. It has been used that n =n; = —ns, on I'.

(b) To obtain the expression of the Steklov-Poincaré operator of the problem, the variable u;
is defined as:

uw, =u; +u;, fori=172

Therefore, the Maxwell problem can be split into two parts as follows:
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Mu? =f inQ Mu; =0 in €;
V-u!=0 1in V-u;,=0 1in
nxu =0 only nxua; =0 onl}
nxu =0 onl nxu,=¢ onl

The first part of the problem (to the left) can be solved independently for i = 1,2 to obtain
uf and uj.

The problem is now reduced to obtaining ¢ such that w; = u? + @; is ulg,. For this, we
must satisfy the second transmission condition given by

1 (Vxu xn)=1r (V Xus xn)
which also reads
n (Vxayxn)+uv (Vxulxn)=vy (Vxuyxn)+vy (VXxulxn)
Re-arranging yields
n (Vxay xn)—w (Vxuayxn)=—-v (Vxulxn)+uv (Vxu]xn)
where the right-hand-side of the previous equation is known.

Next, the Steklov-Poincaré operator S and the known value G are defined as:

S:[HPAM]Y —  [HVAD)

¢ — 1 (Vxuaxn)—uv (VXU xn)

G=—1 (Vxulxn)+1rn (Vxulxn) ¢ [Hfl/z(f‘)]d

Finally, the expression of the Steklov-Poincaré operator of the problem is: Find ¢ €

{Hl/Q(F)]d such that
Sp=¢

Recalling the weak form of the problem given earlier by equation (13):
/(Vxéu)-(quu)—/éu-f
Q Q

The variable u is approximated using polynomial interpolation as:

1

W) (W) (TR . (U

u:;z;:.:ZNil

u u > ViU ' Uf

7

>

S

where N;(x;) = J;; is the shape function associated to the node i, and Uij is the 7-th nodal
value of the component j of the variable u;. It is important to note that the bold N; = N;I
where I is the identity matrix of dimension d.
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the test function du is approximated in similar manner:

dul duj > 5 N;oU; U}

bu=<{ : S~{ : y= : =Y N;jq : p=> NoU; =) N;oU,
du? Suld Z? NjéUJd J 6U]‘.1 J j

Dropping the coefficients 6U ; of the test function and substituting the approximations for
u and du into the weak form yield the discrete equation for node j as:

/Q(VXNJ»)(VVXNZ-) Ul-:/QNjf

That is denoted by

Considering the weak forms of the problem in the two subdomain €2; and )y that were
given earlier by equations (15) and (16), and applying the homogeneous Dirchlet boundary
conditions strongly on the I'; and I'y, the following weak forms are obtained:

Domain 1:
/(Vxéu)-(mqul)—/ 5u-(1/1V><u1><n1):/5u-f
Q1 BQlﬂF Ql
Domain 2:

/(VX(SU)'(VQVX’U;Q)_/ 5’u,-(1/2V><u2><n2):/5u-f
Q2 0Nl

Qo

Now, the boundary conditions on the interface I" are applied for each subdomain (Neumann
conditions imposed weakly on 0€2; N T", Dirchlet conditions imposed strongly on 9€2s N T)
yielding the following equations:

Domain 1:

/Ql(chSu)-(Vlqul)—/mmpéu-(ygqugxn):/ ou- f

1951

Domain 2:

/(Vxéu)~(V2V><u2): ou- f
Qo

Qo

The discrete form can be written by separating the degrees of freedom of the two subdo-
mains €21, )5 and the interface I' as:

Ay, Ar 0 U, F,
Ari Arr Apy| (Urp =4 Fr
0 Ay Ay U, F,

where the sub-indices 1 and 2 are denoting the set of nodes in the subdomains €2; and s,
respectively. Moreover, the sub-index I' denotes the set of nodes on the interface I'.
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Manipulating the equations and recalling that App = A(FIF)—i—A(FQF)7 the iteration-by-subdomain
scheme based on the Dirchlet-Neumann coupling is written in matrix form as:

An Anr ng) B Fy
Ari A(rlr) U(Fk) | Fr —Aszékfl) — A?IEU%F?U <— Neumann conditions

AU ék) =F, | —AyU (Fl) <— Dirchlet conditions

Again, | = k — 1 yields a Jacobi scheme which allows for parallel solve, while [ = k yields
a Gauss-Seidel scheme with sequential solve.
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2.3 Question 3: Laplace equation

Considering the problem of finding u : £ — R such that

—kAu=f in Q
u=0 ondf2

where £ > 0. Let I' be a surface crossing the domain (2.

Furthermore, the arbitrary domain 2 is divided into two non-overlapping subdomains §2; and
Qs with boundaries 9€); and 0f),, respectively. The interface I' and the boundaries I'; and I'y
are defined as:

I':.= an N 392
Pl = 8(2 N an
FQ =00 N 892

The Laplace operator £ applied to a scalar variable u is defined as:

Lu=—kAu

if u; := u|q,, then the Laplace problem is written for each subdomain 2; for i = 1, 2:

UZ:O Ol’lFi

[u] =0 onI' — 1st transmission condition - strong continuity

ou
[[ka—]] =0 on ' — 2nd transmission condition - weak continuity
n

(a) Next, the iteration-by-subdomain scheme based on the Dirchlet-Robin coupling is written

as:
Lul® = f in O, Lol =f  inQ
ugk) =0 on I'y ugk) =0 on I'y
(k) (k—1) (k) _ (D)
k1 o, + ’yugk) = k2—8u2 + vu;k_l) onI' wp =w onl
on on

with v > 0. Taking [ = k — 1 yields a Jacobi scheme which allows for parallel solve,
while [ = k yields a Gauss-Seidel scheme with sequential solve. It has been used that
n="mny = —Nsy.

(b) To obtain the weak form of the problem, the strong form is multiplied by a test function
du € H'(Q) such that du = 0 on the the boundary 992, and integrated over the whole

domain:
/5u(—kAu) :/(5uf
0 Q

ou
/QV&L'(k:Vu) -/, 6u(k;%) = /Qéu f

Integrating by parts yields:
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and since du = 0 on 0f2, therefore the weak form is reduced to:

/QV(Su-(kVu):/Q(Suf

The variable u is approximated using polynomial interpolation as:
U R up = Z N;U;

where N;(x;) = 0;; is the shape function associated to the node 7, U; is the nodal value of
the variable u; at node 1.

The test function is approximated in a similar manner:
n
dur duy, =Y _ N;6U;
J

Dropping the coefficients 0U; of the test function and substituting the approximations for
u and du into the weak form yield the discrete equation for node j as:

/QVNj-(k:VNZ-) Ui:/QNj S

That is denoted by

Considering the weak forms of the problem in the two subdomain 2; and €2, and applying
the homogeneous Dirchlet boundary conditions strongly on the I'y and I's, the following
weak forms are obtained:

Domain 1:
Véu- (k1Vuy) — / 5u(k1%) = ou f
[oN) o0 NI ony [oN)
Domain 2:
Vou - (V) — / su(ks 22y = [ u f
Qs QML Ong Qo

Now, the boundary conditions on the interface I" are applied for each subdomain (Robin
conditions imposed weakly on 0€2; NI instead of the Neumann condition appearing in the
previous equation, Dirchlet conditions imposed strongly on 92, NT") yielding the following
equations:

Domain 1:

Vou - (k1Vuy) —/ 5u(k2% + yug) = / ou f
Q1

(951 oQ1NI 8n

Domain 2:

Viou - (ko Vuy) :/ ou f

QQ Q2
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The discrete form can be written by separating the degrees of freedom of the two subdo-
mains 2y, )5 and the interface I' as:

A, Ar O U, F,
AFI AFF AFQ UF = FF (34)
0 AQF AQQ U2 FZ

where the sub-indices 1 and 2 are denoting the set of nodes in the subdomains €2; and 2o,
respectively. Moreover, the sub-index I" denotes the set of nodes on the interface I'.

Manipulating the equations and recalling that Arr = Aglz—i—Agl, the iteration-by-subdomain
scheme based on the Dirchlet-Robin coupling is written in matrix form as:

Ay A ng) - F,
Ary A(rlr) U(Fk) | Fr |-ArU ék_l) - AQUI@_I) +— Robin conditions

AzQUék) =F, —AQFU(FZ) <— Dirchlet conditions

(35)
Again, | = k — 1 yields a Jacobi scheme which allows for parallel solve, while [ = £ yields
a Gauss-Seidel scheme with sequential solve.

To obtain the Steklov-Poincaré operator S, the problem at hand is reduced to finding a
variable ¢ that satisfies the Robin condition at the interface I'. After some manipulation
similar to what was done in the previous question, the Steklov-Poincaré operator S and
the known value G are defined as:

S:HYHD) —  HYAD)

o1 . ot N
¢ ki i — ky—— — U2
on on
ouf Y ou o _
G = kot —qui+ ko2 +quy €MD)

The expression of the Steklov-Poincaré operator of the problem is: Find ¢ € H'/?(T) such
that

Sop=6

The discrete version of the Steklov-Poincaré operator is the Schur complement which is
obtained by considering the matrix form of the problem given by equation (34), where the
first equation gives:

U, = A} (F,—AUy) (36)
the third equation gives:
U, = A, (Fy — AyrUr) (37)
and the second equations gives:
ArU, + ArrUr + AU, = Fr (38)
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Eventually, after substituting (36) and (37) into (38), the following equation is obtained:
(Arr — Ar A Aiyp — A Agy Agr) Ur = Fr — A A Fy — AR AL F (39)

which is written as:

SUr =G

where S is the Schur complement and is given as:

S=Arr — AF1A1_11A1F — AF2A2_21A2F

and
G=Fr— A A'F, — A AL F,

To identify the preconditioner for the Schur complement equation arising from the Dirchlet-
Robin iteration-by-subdomain scheme, we first define the following:

S=5+5;

where

S =AY — AL AT A
S, =A% — ALA Ay

Considering a Gauss-Seidel-type iteration-by-subdomain given by (35), we obtain the fol-
lowing equations:

Ul = AN F, - ApUWY) (40)
U™ = A (Fy — AgpUFY) (41)
AnUW + AQU = Fr — ARUS Y - ARpEY (42)

Substituting (40) and (41) into (42) yields:
An AN F — ApUP) + AQUW = Fr— A A (Fy — AU D) — ARQU Y (43)
Re-arranging yields:

(AY — AN AT ANUY = Fr — A AT F) — AR AG Fy — (AD) — AR AZ Ay U

(44)
That is equivalent to:
S, P =G - s,ul
(k—1) (k—1) (45)
=G-SU;, "+85U;
Inverting the matrix S, yields:
v =yt siia-sultly (46)

which is a Richardson iteration for the Schur complement equation with preconditioner

P=5,
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3 Coupling in space of heterogeneous problems

3.1 Question 1: Elasticity and beam-theory

(a) Taking into account the following definition:

- 5 -
— 0
Ox P
— o =
Vs %y
0
|0y O]
Considering also the definitions of the displacement vector
u = [u,v]",
the strain vector
Oou Ov Ou Ov

T T
€ = [Ex:E;Eyy;’y:py] - [%7@,@"’%] - Vsu7
the stress tensor
[Om Txy:|
T = ,
Toy  Oyy

]T

and the stress vector
g = [Uxxy Oyys Txy

In addition, the constitutive law for the plane stress is & = De where the matrix D is
given by:

1 v 0
E
D:1 v 1 0
Yo o0 1-v)/2

where E and v are the Young’s modulus of elasticity and Poisson’s ration, respectively.

The equilibrium equations or the momentum equations for elasticity are given by:

Vie+f=0

where f = [f., f,]* is the body force vector.

For the problem of interest where the square wall [0, L] x [—L, 0] is clamped at all its sides
except the top side, the boundary conditions are:

Homogeneous Dirchlet on the bottom, left and right sides, i.e.
u=0on (z,-L),(0,9),(L,y)
and Neumann on the top side, that is the normal traction coming from the beam:
™n =T on (z,0)

where m is the outward unit normal to the top side and T' = [T}, T»]" is the normal traction
on the top side due to the beam load.
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(b)

Before adding the elastic wall as a support to the beam, the strong form of the beam field
equation was:

d*v B

A=

By adding the elastic wall underneath the beam, the beam field equation is modified to:

ET

d*v

where the supporting wall is represented by a force R(v) opposite to the beam distributed
load f (in y—direction).
L dv dv
The boundary conditions of the beam are v(0) = d—(O) =uv(L) = .
x x
At the interface between the beam and the wall (at y = 0), the transmission conditions
are:

(L)=0

Continuity of the vertical displacements, i.e.

vp(x) = vy(x,0)| —  strong continuity

Continuity of the normal traction, i.e.
0, R)" = (tn), — weak continuity

and since n = [0,1]7 on the top side of the wall (at y = 0), this yields the following
transmission condition for the normal traction:

Ry = (0yy)w

and it is assumed that 7., = 0 so that the normal traction is in the vertical direction.

For the Euler-Bernoulli beam theory to be valid, it must be satisfied that the horizontal
displacement is zero, i.e.

up() = uy(z,0) =0

and the tangential component of the traction on the wall at y = 0 should be also zero, i.e.

0= (Txy)w

If the horizontal components of the displacement and the traction were not assumed to
be zero, Euler-Bernoulli beam theory would not be valid and another theory for the beam
would be required.
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3.2 Question 2: Stoke’s and Darcy problems

s

Ib

Figure 3: Stoke’s and Darcy’s domains with boundaries and interface identified

(a) Stoke’s and Darcy’s problems are written in their respective subdomains Qg and Qp, re-
spectively.

—l/A'U,S + Vpg = f in QS k:_l'u,D + V¢ =0 in QD
V’USIO inQS V'UDIO iHQD
usg =ug onlyg n-up=1u,p onlp

where the interface conditions on I' are:
"Strongly" — mn-us=mn-up
"Weakly" — ps—(n-vVug) -n=2¢
"Weakly" — ug-t= —ﬂ(n -vVug) - t
apJ
where t is a unit tangential vector on I'.

First, the weak forms of the Stoke’s problem are derived by multiplying the 1st equation
(the momentum equation) by an arbitrary vector test function dugs € [H!'(€2s)]? and the 2nd
equation (the mass conservation equation) by an arbitrary scalar test function gg € L£2(Qg)

—/ dug - vAug + / dug - Vpg = / oug - f (47&)
Qg Qs Qs

/ qs(V -ug) =0 (47D)
Qg
Integrating by parts and setting dug = 0 on ['g yields

ps(V - dus) — /

dug - [ng (—psI + IJV'U,S)} = / oug - f
r

" 4sa)

/Q WV us) =0 (48h)

V(S'U,S : l/V’U,S - /

Qg Qg
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Second, the weak forms of the Darcy’s problem are derived by multiplying the 1st equation
(the momentum equation) by an arbitrary vector test function dup € H4(Qp) and the 2nd
equation (the mass conservation equation) by an arbitrary scalar test function gp € Lo(2p)

/ 5uD-k:_1uD+/ dup -V =0 (49a)
QD QD
/ (V- up) = 0 (49b)
Qp

Integrating by parts and setting dup = 0 on I'p yields

Sup -k tup — &(V - dup) + / dup - ¢np =0 (50a)
Qp Qp I

/Q qp(V -up) =0 (50b)

Employing the following Galerkin finite element approximations for Stoke’s problem:

ug ~ ug = Zug,iei = Z Z Na Us; 4 e, (51a)
=1 i=1 A
Sug ~ dul = Z (5u}§,iei = Z ZNB 0Us,i B €, (51b)
i=1 =1 B
ps~ph=Y NPz (51c)
A
as~qs =Y NiQgx (51d)
A

and the following approximations for Darcy’s problem:

Uup ~ u}f) = Zu%viei e Z Z Ny Up;a e, (52a)
i=1 i=1 A
5'LLD ~ 6u% = Z&L%Jei = Z Z NB 5UD,1',B €;, (52b)
i=1 i=1 B
o~ " =) Ni @ (52c)
A
wrqh=> N;iQpz (52d)
A

This will give rise to the matrix form of the Stokes’s problem as [2]:

o SR

and the matrix form of the Darcy’s problem as:

4 )t
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By separating the degrees of freedom of the velocity into interior and interface, i.e U =
intT . .
[U™ AT]T the matrix forms of the Stoke’s (left) and Darcy’s (right) problems are written

as:

Ass Asr Bss] (UY" Fss App Apr Bppl (U™ fob
AFS Al("i‘) BSF A - fSF AFD Ai—\?) BDF A = fDF
B?;S BFS 0 PS hS B%D BFD 0 (PD hD

By combining the two problems together in one matrix form, i.e. monolithic scheme, it
yields:

Ags Bgs Agr 0 0 Ut fss

Bl o0 Brg 0 0 Py hs

Ars Bgr A(psp) + A(p?) Arp Bpr A (= JFsr+ For (53)
0 0 Apr App Bpp Up fop
0 0 Brp BL, o ®p hp

By combiniTng all the degrees of 'frgedom of velocity and pressure in each subdomain as
Us = U  PLT and Up = [UB" , ®1]", the matrix form is further simplified to:

Ass Asr 0 Us Fs
Ars Arr Arp A =< Fr
0 Apr App| \(Up Fp
the first equation gives:
Us = Ag5(Fs — Agr) (54)
the third equation gives:
Up = App(Fp — Apr) (55)

and the second equations gives:
ArsUs + ArrA + ArpUp = Fr (56)
Eventually, after substituting (54) and (55) into (56), the following equation is obtained:
(Arr — ArsAgeAsr — Arp A Apr) A = Fr — Arg Ao Fy — Arp AL Fy  (57)

which is written as:

(Ss—Sp)A =G

where

Sg = Ag«) — ArsAgéAsr
Sp = AFDAz)lDADF — A(p?)
G = Fr — Ars Ay F — Arp AL Fo

and for the problem at hand, G is given to be 0 in the question.
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(b) The Dirchlet-Neumann iteration-by-subdomain scheme is written as:

—VAu(Sk) + Vpgk) =f in Qg
_ k .
V-ul =0 in Qg| [F b + Vol =0 in Qp
u® — 7 on T's V-oul =0 in Qp
k) —

n- Ufgk) =n- u(}f‘l) on I n: U(D) = Un,D onI'p

k) — O (@)
L oW =p—(m-vVug)-mn onl

gk) 1= —i(nw/Vugg))-t on I & >

apJg

Again, | = k — 1 yields a Jacobi scheme which allows for parallel solve, while [ = k yields
a Gauss-Seidel scheme with sequential solve.

Looking into equation (53), the matrix form of the scheme is:

Ags Bgs Agr Ufg"t(k) fss

B:IS:S 0 BFS ng) hS

Ars Bgr A(FS’F) Ak Fr — A(F?)A(k—l) . AFDUgt(k—l)
App Bpp Uigt(k) _ S Ffop—AprA?
Bpp O % ho

(c) The Richardson iteration scheme takes the form:

Uisnt(k) Uisnt(kfl) ASS BSS ASF Ugltwfl)
Py =49 PV b+ |Gs—|Bss 0 Brs|q pEY
AP A= Ars Bgr A(FSQ A=

Uzgt(k) _ Ug‘t(kil) N {fDD _ADF)\(Z)} _ [A?D BDD:| Uigt(kil)
3 %Y hp Bpp 0 o
where
fss
Gs = hg
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4 Coupling in time: Monolithic and partitioned schemes

4.1 Question 1: Discretization of transient heat transfer equation

Considering the one-dimensional, transient, heat transfer equation:

2
‘?;; g“ f i [0,1]
u(zr =0,t) =0
ux=1,t) =0
u(z,t =0)=0

The weak form is obtained after pre-multiplying by a test function v € H!(Q2) and integrating
over the whole domain :

ou 0*u

(U7 a)g - (U’K@)Q - (U’f)ﬂ

Integrating by parts the 2nd term on the LHS yields:

(0, 5+ (3 w9 = (v = (02

Since we only have Dirchlet boundary conditions on 0f2, therefore, the boundary term is elim-
inated, which yields the final weak form as:

ou ov  Ou
(v, 5+ (5 r5)a = (0 )g

Using Galerkin finite elements, the solution u and the test function v are approximated as:
u(z,t) Z Uy (t NU
v(z,t) Z Vit = VINT

where U is a column-vector containing the nodal values of u, V' is a column-vector containing
the nodal values of v, and N is a row-vector of the nodal shape functions. By using the FE
approximations into the weak form we obtain:

dU 1 aNT ON
dt (‘3x Ox

/NTNdQ dQ U = /NdeQ

which results in the following algebric problem:

Mdd—U—l—KU F

where M is called mass matrix, K is the stiffness matrix and F' is the right hand side forcing
vector.

The time discretization using BDF1 yields the following system of equations:

n+l __ grn
MU U

KUn+1 — Fn—‘,—l
TR
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Considering a time step of 0t = 1 and a source term f = 1 (not time-dependent), the system
of equations is written as:

(M + K)U"™ = F + MU"
Let A=M + K and B = F + MU", the nodal solution at time step n + 1 is obtained as:
U'=A"'B (58)

4.2 Question 2: Domain decomposition approach using Monolithic
scheme

By splitting the domain into two sub-domains ©; = [0,0.4] and €, = [0.4,1], we define an
interface I' at x = 0.4 (corresponding to the nodal value us). Furthermore, the weak form of
the problem is written for the two subdomains as follows:

Sub-domain 1:

ou ov  Ou ou
(v, E)Ql + (8_95’ K(‘)_x)ﬂl - <U7“%”1>r = (v, f)m

Sub-domain 2:
ou ov @

ou
(0. 28 04 (2262, 0Py = (0.1),,

with the transmission conditions:

[ulr = 0| — 1st transmission condition - strong continuity

ou . L -
[[Ha—n]] r = 0| — 2nd transmission condition - weak continuity
x

In order to solve the problem in a monolithic way, the two equations for the two subdomains
are summed which yields:

ou ov Ou ou du
(v Ge)et Garigg)a = [ iggmue & (kgpna)e| = (v )q

-~

=0

where the boundary integrals at the interface I' are equal to zero due to the 2nd transmission
condition. (n; = —ny has been used)

4.3 Question 3: Algebraic form of the Dirchlet-to-Neumann operator
for the left sub-domain

Considering the mesh with 6 nodes described in the question, the system of equations given
earlier by (58) is written as:

[Agy A 0 0 0 07 (U3t ( By
Apw Ay A 0 0 0 Uptt B
0 Ay Ay Az 0 0 uytt ) By
0 0 Az Az Ay 0 ugtt () By
0 0 0 Ay Ay Ap| |UM B}
0 0 0 0 Ay As] UMY | BY )
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The nodal values of Uy and Us are prescribed by Dirchlet boundary conditions and both are
equal to zero. Imposing them strongly yields the following reduced system of equations:

Ay A 00 Uptt B}
Ay Ay Ay 0 uptt\ ) By
0 Az Az A (U () B
0 0 Ay Ayl (Urt By

The system of equations for the left sub-domain (€2;) is:

All A12 U1n+1 . qu
A21 A22 U2n+1 o Bg
Departing from given values U and an interface value U5, the Dirchlet-to-Neumann operator

for the left sub-domain (§2;) is:

ApUM = BY | =AU «— Dirchlet condition

4.4 Question 4: Algebraic form of the Neumann-to-Dirchlet operator
for the right sub-domain

Departing from given values of u? and an interface value for the fluxes ¢"*! = k9, u"! at the
coordinate of node 2, the system of equations for the right sub-domain (€2s) is:

Aé;b) Ass 0 Uﬁ”i By | — Ay UM — Agl)UZ”+1 +— Neumann flux from
Ay Asz Asy Uyt b = Br
> 3
0 A Au Ut B

4.5 Question 5: Iterative algorithm for a staggered approach

For a staggered approach, we define a prediction U™t to replace all the unknowns on the RHS
of the equations. This allows for parallel computing which is faster but less accurate. The
prediction is defined as:

U=U" <+— 1st order approximation

U=20"—U"" <+— 2nd order approximation

The iterative scheme is written as follows: For each time step n + 1, we iterate k& until conver-
gence:

Sub-domain 2:

n+1)(k ~(n _ ~(n _
AS;Q) Ay 0 U2( +1)(k) By — A21U1( +1)(k—1) Aggl)Uz( +1)(k—1)
Ay Az Asy U:)EnJr k)5 = By
0 Ay Al (UltH® By

sub-domain 1: B

If we reach convergence, we recover the solution of the monolithic problem. However, conver-
gence or stability of this scheme is not guaranteed.
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4.6 Question 6: A Substitution and an iteration-by-subdomains scheme

Substitution scheme:
The idea is based on only predicting the unknowns in one subdomain. This yields a serial scheme
(no parallelization) which is slower than the staggered approach but with higher accuracy.

The iterative scheme is written as follows: For each time step n + 1, we iterate k& until conver-
gence:

Sub-domain 2:

(n+1)(k) n r7(n - rr(n -
Ag;b) Ay 0 U, o B} —A21U1( +1)(k—1) _A;SI)UQ( +1)(k—1)
Ay Asg Ass U:)EM W5 = B?
0 Ay Al (UltH® By

sub-domain 1:

If we reach convergence, we recover the solution of the monolithic problem. However, conver-
gence or stability of this scheme is not guaranteed.

Iteration-by-subdomains scheme:

Here, the problem is solved iteratively without predictions. The iteration-by-subdomains
scheme is written as follows: For each time step n + 1, the following equations are solved
by iterating k until convergence:

Sub-domain 2:

n+1)(k n _ n _
AR Ay 0] U0 By = AU ARt
Agy  Aszs Am U;)EM W5 = B:?
0 Ay Al (UltH® By

sub-domain 1:
A11U1(n+1)(k) _Br— A12U2(n+1)(l)

where [ = k — 1 yields a Jacobi scheme which allows for parallel solve, while [ = k yields a
Gauss-Seidel scheme with sequential solve.

4.7 Question 7: Imposing Dirchlet boundary condition on the left
sub-domain using Nitche’s method

The weak form of the problem in sub-domain §2; was derived earlier as:

ou v Ou ou
(05 )0, T (5o h5-)a, = (vikgm)ag, = (0. f)g,

After adding the terms associated to Nitche’s method to impose the Dirchlet boundary condi-
tions weakly in a symmetric way, we obtain the following weak form'

ou v Ou ou
(v,a)ﬂl + (£7“%)91 (v, ™ n1>391 Tag <U g, ~ H< n17“>89 = (U e,

+ O‘E@? U>a§z H< nl? “>a§z
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where « is a penalty parameter tuned to ensure stability, h is the element size, and u is the
prescribed Dirchlet function.

Considering the problem of interest in the left sub-domain €; = [0,0.4], and evaluating the
boundary terms yields:

ou v  Ou ou ou K
(v, E)Ql + <8_ K/%)Ql — m[(van )|$:0_4 (v%nl)u 0} + a [(vu)|$:0,4 - (vu)|m:0}
v ov K[, _ _
— [ (Gomt)lemoa — (Gomu)lems] = (0. £)g, + % [(40)lemos — (v7)loco
0 0
—H[(G—anu)|x 04 — (ému)b 0}
Recalling the fact that ny = 1 at x = 0.4 and n;y = —1 at x = 0, the previous weak form is

simplified to:

(v, %)91 + (% m%) [U%(O 4) + gz (O)} + Oé% |:Uu(0.4) - Uu(O)i|
— k| 2=u(0.4) + =—u(0)| = (v, f),, + a7 |vu(0.4) — vu(0)
0+ 5 :
—K [%u(O 4) + gz (O)]

Using the FE approximation presented earlier in Section 4.1, where the vector of shape functions
N = [Ny, Ny, Ny] and the vector of nodal values U = [Uy, Uy, Us]T is used for the polynomial
approximation of the solution in £2;. We obtain the following discrete problem in sub-domain
Ql = [O, 04]

0-4 dU 0.4 8NT ON ON. ON, K
T et gIV. B T01V2 7 9No KTasTrr.  wNT
/0 NN @ ©5 Sy U [N U+ NT UO] h[N U, NUO]
oNT  ONT 04 @) o
—m[ Uy Uo} =/ N fdQJrozh[N U N (0)]
ONT ) ONT
_FL[ ox U™+ ox <0)]

where U2(92) is Dirchlet value imposed at the interface and the superscript (£22) indicates that
this value is computed by solving the problem in sub-domain QQ, M is the mass matrix, K is
the stiffness matrix, the vector C = N7 while the vector D = . It has also been used the
fact that 6]\; 2 = aé\;o = ﬁ since we are using linear elements of equal size. The previous equation
is re-written as:

d h
Md_lt] KU — K/§C(U2 + U()) + OC%C(UQ — Uo) — HD(UQ + Uo) =F + OZ%CUQ(QQ) — KDUQ(QQ)
Further simplification yields:
d h h
MY kU - r(5C - 2+ DU, — K(>C + > + D)Uy = F + (a—C — kD)U™
dt h 2 h h
Using BDF1 time discretization, the system of equations is written as:
n+l _ rrn h h
M%H(UW—K(EC—%+D)U§“—m(§c+%+p)zfg+l - F+(a%C—nD)U2("H)(QQ)
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Condition number:

Nitche’s method is better conditioned than the standard penalty method. For the heat transfer
problem, it is sufficient to take the penalty parameter a > 2¢; to ensure stability where ¢;
depends on the shape of the elements, so for non-stretched elements ¢; = C’)(l). It is also
known that increasing the value of « leads to a higher condition number, i.e. ill-conditioned
system. The advantage of Nitche’s method when compared to penalty method is that it allows
for lower values of o and thus, better conditioned systems.
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5 Coupling in time: Operator splitting techniques

Consider the 1D, transient, convection-diffusion equation:

E—m@—i-aa—z:f in [0,1]
u(z =0,t) =0
u(lz=1,t) =0
u(z,t=0)=0

withk=1,a=1, f=1.

1. Discretize it in space using finite elements (3 elements) and in time (finite dif-
ferences, BDF1). Solve the first step of the problem, writing the solution as a
function of the time step size dt.

e First, the weak form of the problem is obtain by pre-multiplying by a test function
v € HY(Q) and integrating over the whole domain 2, then the term involving the
2nd-order spatial derivative is integrated by parts to give the boundary term which is
eliminated due to the absence of Neumann boundary conditions:

ou Jv Ou ou
(v 5p)a + 555 g0 T alv: 500 = (v g

e Using Galerkin finite elements, the solution u and the test function v are approximated

as:
u(z,t) = u Z Ui(t =NU
v(z,t) Z Vit = VINT

where U is a column-vector containing the nodal values of u, V is a column-vector
containing the nodal values of v, and IN is a row-vector of the nodal shape functions.
By using the FE approximations into the weak form we obtain:

1 T
/NTNde—U aN aNdQU / —dQU /NdeQ
0 dt "or ox

which results in the following algebric problem:
aUu
M i + KU +CU =F

where M is called mass matrix, K is the stiffness matrix, C' is the convection matrix
and F' is the right hand side forcing vector.

The time discretization using BDF1 yields the following system of equations:

Un+1 o Un

MT + KUTH—l + CUTH-I — Fn-‘rl
Considering a source term f = 1 (not time-dependent), the system of equations is
written as: ] ]
(&M + K+ CWU" =F + EMU"
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Let A = %M +K+Cand B=F + éitMU", the nodal solution at time step n + 1
is obtained as:
U't'=A"'B

e Using a uniform mesh of 3 elements (4 nodes), and imposing the Dirchlet conditions
strongly on both ends of the domain (U; = Uy = 0) yields a system of size 2 x 2 where:

U
n+1 o 2
Ureduced - {U3}

ONy ONy  ON, ON3 N % N %

A /1 1 [N2N2 N2N3} N Jr Or Or Ox N > Ox > Ox
duced — o

reduce o | ot | N3Ny N3Ns ON3 ONy  ON3 ON; N % N %

Jr Or Ox Ox 5 O > o

1 1
B N2 1 N2N2 N2N3 n
Bioduced = /0 {Ng} dil + ﬁ/o [N;:,Nz N3 N3 @y

where the shape functions (Ny(x), N3(z)) and their derivatives were computed as:

3z 0<z<1/3 3 0<x<1/3

ONs

Np=1{ 2-3r 1/3<w<2/3, —=={ -3 1/3<2<2/3
0 2/3<z<1 "” 2/3<z<1
0 0<x<1/3 ON 0<z<1/3
Ny={ 3zr—1 1/3<x<2/3 , a—?’: 3 1/3<x<2/3
3-3z 2/3<z<1 * -3 2/3<z<1

e Solving the system of equations for the 1st time step using Symbolic Matlab (see ap-
pendix A.1) yields:

( 0 )
6 6t (51 6t + 1)
U 2943 §t2 + 324 6t + 5
Ul _ U2 _
YU ( 6 6t (57 6t + 1)
U, 2943 §t2 + 324 6t + 5
\ 0 )

2. Solve the same time step by using a first order operator splitting technique.

e The operator splitting technique consists of defining:

L=L,+L,
ou
L,u= aa—x
9%u
£,,u = —H@
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and therefore, the transient convection-diffusion equation is written as:

ou

—+Lu+Lou=f

ot

We introduce the splitting by defining intermediate variables u, and wu,,.

advance in time is done as follows:

First, we solve for u,:

Ua(tn) = u

Ou,
ot

+ Loug, =0

Second, we solve for u,, but the initial condition is uy(t,41):

Uy (tn) = Uq (thrl)

ou,
ot

Finally:
n+1

+ Lyu, =

f

u" = uy (the)

The discrete form of this technique is written as:

First, we solve for U,:

Ur=ur

1
ot

1
ot

(=M +O)UM = —MU?”

Second, we solve for U,,, but the initial condition is U

n __ n+1
UV - Ua

ot
Finally:

1
(=M + K) U™ =F +

1
ot

n+1 __ n+1
Ut =u?

Particularize to the problem at hand:

First, solve: U} = (éM +C)7! éMUg -0 =

Second, solve: U}, = (+M + K)™' F —

(use UY

MU™

(because U" = 0)

~Ul-0)

The solution obtained using Symbolic Matlab (see appendix A.2) is:

U'=U, =

(

41

0
6 ot

54 ot +5

6 ot

54 ot +5

0

\

Next, the



3. Evaluate the error of the splitting approach with respect to the monolithic ap-

proach. Plot the splitting error vs. the time step size for 6t = 1, 6t = 0.5, 6t = 0.25.
Comment on the results.

e The solution obtained by the monolithic scheme is:

6 0t (51 6t + 1)
2043 612 + 324 6t + 5

U! {0t =
reduced,monolithic = ) ;[ — 6 0t (57 6t + 1)

2943 612 4+ 324 6t + 5
e The solution obtained by the operator-splitting scheme is:

6 ot
54 0t +5

Ul o UQ o
reduced,split = \ U5 [ 6 5t

54 6t +5

e The absolute error of the operator-splitting technique is:

€1
€= {62} - Ureduced,monolithic -U

1

Using ot = [1,0.5,0.25], the absolute errors are:

ot 1 0.5 0.25
ler| | 6.3e-3 | 5.7e-3 | 4.7e-3
lea| | 4.7e-3 | 4.3e-3 | 3.7e-3

1
reduced,split

e Figure 4 shows the splitting error as a function of dt, where the £, -norm of the error
(le]o = max |e;]) is used.
i
Splitting error vs. &t

-3
[y

621 -

5.8 et

56

€] s

541

521

4871

46 L L L L
0.z 0.3 0.4 0.5 0.6 0.7 0.8 09 1

it
Figure 4: Splitting error as a function of dt

e The splitting error at different values of 6t indicates that this technique converges to
the solution of the monolithic scheme by reducing dt. It is actually expected because
the operator-splitting technique introduces a splitting error of (9(575).
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6 Coupling in time: Fractional step methods

Consider the fractional step approach for the incompressible Navier-Stokes equations (Yosida
scheme):

1 ~. N ~ T ~.Nn
M (U T U”) v KU = f—gp""! (59a)
I .
DM 'GP"" = = DU ' _pmMm-gP™ (59b)
1 n+l ~ n+1 n+l ~ n+1 n+1_~”+1 .
M&(U ") ok (U 0" e (PP ) =0 (5%)

1. Which is the optimal value for the o parameter?

e First, we recall the discrete form of the incompressible Navier-Stokes equations using
BDF'1 time-integration without decoupling of pressure and velocity:
1

M
ot

(Un+1 o Un) + KUn+1 — f _ GPn+1 (60&)
DU =0 (60b)

e Summing the two equations (59a) and (59¢) yields:

1
ot

~ n+ ~ n+1

Mo (U —U") + K (0" 4 aU™ = ol = f - GP™

e By comparing the previous equation with equation (60a), it is observed that we obtain
the original scheme of the problem by setting o = 1. Therefore, the optimal value is
a=1.

2. What is the source of error of the scheme?

e By setting o = 1, the sources of error are the approximations U and P for the velocity
and pressure which lead to the relaxation of the incompressibility constraint as given
by equation (59b), where the consistent incompressibility constraint should be:

1
DM 'GP""' =DM 'f - DM 'KU"" + aDU”

e For values of a different from 1, the sources of error are the approximations U and P
for the velocity and pressure as well as the value of the parameter a.
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7 ALE formulations

7.1 Question 1: Obtaining ALE description from spatial description
Given the spatial description of a property
Yz,y, 2,t) = 22, ye', 2]

the equations of movement:

x= Xeé'
y=Y +e -1
z2=7

and the equations of the movement of the mesh:

Tm =X +at
Zm = 2

(a) To obtain the description of the property 7 in terms of the ALE coordinates (X,), Z) we
substitute the equations of the movement of the mesh into the spatial description of the

property:

YALE(X. Y. Z,1) = [2(X +at), (Y — Bt)e’, Z]

(b) The velocity of the particles is:

ox(X,t)
o= "2 — [xet, et 0]
The velocity of the mesh is:
Ox(X, 1)
vmesh = ot = [a> _67 0]

(c) The material temporal derivative of y51 g(X,t) is computed as:

TYALE(X, 1) = AL+ FVIE L) (0= Yesh)

20 2 0 0] (Xe' —a

=V -BA+t)e p+ {0 e 0[S e+ 5
0 00 1 0
20 2Xe! — 2

=0V =B(1+1)e p 4+ e+ et
0 0
2X et

= (YV—pt+e)e
0
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Recalling that © = Xe' = X + at, therefore, we get X = (X + at) e™'. This yields the final
expression for the material derivative of v p(&,1) as:

d 2(X + at)
E’YALE(X, t)=< (Y —=pt+e)e
0

7.2 Question 2: ALE form of the incompressible Navier-Stokes equa-
tions

By defining the velocity vector ¢ = v — v the momentum conservation equation in ALE

form is written as:

8uALE(X, t)
ot

mesh>

+c-Vu(x,t) — V-o(x,t) = p(z,t)b(x, )

For incompressible flow, the Cauchy stress tensor o (x,t) is defined as:

o(z,t) = —p(x, )1 + 24V u(w, t)

Using this definition in the momentum equation yields:

8uALE(X, t)

5t +c-Vu(z,t) + Vp(x,t) — puVu(xz,t) = p(x, t)b(x, t)

On the other hand, the mass conservation equation in ALE form is written as:

OpALE(X, 1)

5 +c-Vp(x,t)+ p(z,t)V-u(z,t) =0

where for incompressible flow, it is simplified to:

Vu(zx,t) =0

Therefore, the ALE form of the incompressible Navier-Stokes equations is written as:

8uALE(X, t)

9t +c-Vu(z,t) + Vp(x,t) — uV>u(z,t) = p(x, t)b(x, t)
0

V.u(z,t)
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7.3

First

Question 3: Methods for defining mesh movement in ALE formu-
lations

of all, we state the requirements that mesh movement methods must satisfy:

In some boundaries of the domain, it must follow the movement of the particles in the
boundaries (Lagrangian boundary). This means that the mesh displacement is equal to
the boundary displacement, i.e. d ., =dr on PLagrangian‘

In some boundaries of the domain, it must remain static (Eulerian boundary). This means
that the mesh displacement is equal to zero, i.e. d o, =0  on I'gylerian-

In the interior of the domain, the mesh movement must not lead to excessively distorted
elements to avoid the increase in the numerical approximation error.

There are several possibilities for computing the mesh displacement in the interior of the domain
such as:

Solving Poisson problem: —V-Vd =0 in ). This approach has the advantage of solving
independently for the displacement components which makes it computationally efficient.
However, it might give folded elements if the displacements of the mesh are large which
will ruin the simulation (due to the appearance of negative Jacobian).

Solving elasticity problem: Kd = 0 in 2. This approach yields less distorted elements
when compared to the approach of solving Poisson problem. However, it has higher com-
putational cost because of the coupling between the components of the mesh displacement.

However, it is not always possible to avoid mesh distortion. If displacements are too large, it
is necessary to re-mesh after a number of time steps. After re-meshing, all the results need to
be projected onto the new mesh.

Further methods for mesh movement exist in the literature, for instance, in [3]. The authors
identified two basic mesh movement strategies. The first strategy is mesh reqularization which
aims at keeping the computational mesh as regular as possible and avoiding mesh entanglement
during the calculation. While the second strategy is mesh-adaptation which aims at concen-
trating elements in zones of steep solution gradient and again a suitable indication of the error
is required as a basic input to the re-mesh algorithm. The authors listed three methods for
mesh regulation which are:

Transfinite Mapping Method: This method was originally designed for creating a mesh on
a geometric region with specified boundaries. The general transfinite method describes an
approximate surface or volume at a huge number of points. In the 2-D case, the transfinite
mapping can be made to exactly model all domain boundaries, and, thus, no geometric
error is introduced by the mapping. It induces a very low-cost procedure, since new nodal
coordinates can be obtained explicitly once the boundaries of the computational domain
have been discretized. The main disadvantage of this methodology is that it imposes
restrictions on the mesh topology, as two opposite curves have to be discretized with the
same number of elements.
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e Laplacian Smoothing and Variational Methods: Which is the same as the approach of
solving Poisson problem to obtain mesh displacements discussed earlier. This technique
has an important drawback: in a non-convex domain, nodes may run outside it. Tech-
niques to fix this issue either increase the computational cost enormously or introduce
new terms in the formulation, which are particular to each geometry.

o Mesh-Smoothing and Simple Interpolations: In fact, in ALE, it is possible to use any mesh-
smoothing algorithm designed to improve the shape of the elements once the topology
is fixed. Simple iterative averaging procedures can be implemented where possible. The
goal of this method is to minimize both the squeeze and distortion of each element in the
mesh. The main advantage of these mesh-regularization methods is that they are both
simple and rather general. They can in fact be applied to unstructured meshes consisting
of triangular and quadrilateral elements in 2-D, and to tetrahedral, hexahedral, prism,
and pyramidal elements in 3-D.

The second strategy of mesh-adaptation is concerned with using the ALE description as an
adaptive technique even if the physical domain does not evolve in time. It allows to concentrate
more elements in areas where the error is larger which is called r-adaptivity. This technique
requires an error estimator to control the mesh movement.
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Fluid-Structure Interaction

8.1 Question 1: Added mass effect

e The issue of added mass effect appear in Fluid-Structure Interaction when the densities of
an incompressible fluid and solid object are similar or close to each other. This issue is of
particular interest when using partitioned schemes because it does not always converge.

e The added mass effect is particularly challenging in problems such as in biomechanics or
modelling of the interaction between body tissues and water where the fluid and solid
densities are very similar.

e In order to fix the issue of non-convergence of partitioned schemes due to the added mass
effect, relaxation methods are used which aim at weighing the Dirchlet condition applied
at the interface of one of the sub-domains to control the instability. This helps to alleviate
the added mass effect.

e A widely used relaxation method is the Aitken relaxation scheme which uses the last two
iterates in order to approximate the next one.

e Other possibilities to solve the issue include Steepest Descent Methods and Robin-Robin
Boundary Conditions.

8.2 Question 2: Aitken relaxation applied on an iteration-by-subdomains
scheme

Considering the 1D, transient, heat transfer equation:

2,,

?Z g —f in[0,]
u(rx =0,t) =

u(zx =1,t) =ug

u(z,t=0) =ug

The iteration-by-subdomain scheme based on the Dirchlet-Neumann coupling is written as:

augn—i—l)(k) 82 (n+1)(k) B Q) au(n+1)(k) 82 (n+1)(k)
ot — k1 81'2 - f m 34y 2 — Ko = f in Q9
(n+1)(k) _ — o ax?
b — on I'; u§n+1)(k) — Up on I'y
o (n+1)(k) o (n+1)(k—1) n n
ﬁl_UIﬁn = 1y 2 5, ool uy ) = 0 on
Taking | = k — 1 yields a Jacobi scheme which allows for parallel solve, while [ = k yields a

Gauss-Seidel scheme with sequential solve.
It is important not to mix between the time step n and the iteration k in each time step.

For each time step n + 1, the initial guess for the iterations is set to be equal to the solution

from the previous time step n. i.e. u"*DO) =7
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The Aitken relaxation method uses the last two iterates in order to approximate the next one.

The first iteration is bit tricky in order to obtain two previous iterates. For simplicity, we will
write 2 iterations starting from iteration 2.

Using Gauss-Seidel scheme and Aitken relaxation, the 2nd iteration at time step n+1 is written
as:

n+1)(2 n+1)(2)
9@ 92, D@ 8u58t " — Ko 8%(% 5 ( =f in
! — hy —f in® B v
ot 0x? u(2n+1)(2) = UR on FQ
u™M? =7, on Iy (n+1)(2) _ . (n+1)(1) (n+1)(2) . (m+1)(1)
(n+1)(2) (n+1)(1) 2 0 T (ul — ) on I
. _ 2 2
on on with w =
g — ugn+1)(1) n ugn+1)(2) _ ugn+1)(1)
where it has been used that ugnﬂ)(o) = uy.
The 3rd iteration at time step n + 1 is written as:
(n+1)(3) 2, (n+1)(3)
PR 52D auQT — HQ% =f in Qy
la— B ’“# =f m (n+1)(3) _ — ’
lt x Us =Up on I'y
W — g, on I'y (+1)(3) _ (n+1)(2) (41)(3)  (n+1)(2) r
(i 1)(3) 5 (n1)(2) Us, = Uy +w <u1 — Uy > on
a n n
oy 24 — on T _ LD (04 1)(2)
on on with w = =5 . (2 : D3 D2
WO e E) | @) | D)

8.3 Question 3: Monolithic solver with Dirchlet boundary conditions
applied using Lagrange multipliers

Considering the 1D, transient, heat transfer equation:
ou 0?u

ot "ox?
u(z =0,t) =1y,

=f inl0]]

u(zr =1,t) =ug
u(z,t =0) = ug

Following the same procedure done in section 4.1 and using BDF'1 time discretization, it yields
the following system of equations:

1 1
—M + KU = Frt' + —MU”
(5:M + K) 5

Let A = éM +K and B=F""' + éMU", the nodal solution at time step n -+ 1 is obtained
by solving the system:

AU =B (61)
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Using a uniform mesh of 4 elements (5 nodes), the global matrix A and vector B are written
as:

1 e e
A:AE<EM +K)

1
B=A. (F”“’e - EM@UW)

The shape functions of the reference element [-1,1] and their derivatives are recalled:

1 oONy -1
N©=50-0. =7

1 ONs 1
Ni©=30+8.  GF =3

The elemental matrices are computed as (It is assumed that k = f = 1):

M ' [NeNe NeNg l_edgzl_e 2 1] _11]2 1
L |NsNg NgNs| 2 61 2] 241 2
ONEONE  ONEONS

v a2, 7]
-1 |ONgONe  ONSoNg | ! -
o6 09¢ 05 O

1
LN 11
F‘/l{Ns}Edg‘é{l}

Since all the elements are exactly the same (¢ = i), we compute the elemental matrices and

vectors once and then assemble into the global system. A time step of size 0t = 1 is used. After
assembling the elemental contributions, the global system 61 is written as:

98 —-95 0 0 0 Ut 1 2 100 0] (Up B
L |95 196 -95 0 0 Uyptt |2 L (141 oo |u By
57| 0 9 196 =95 0 Ut =392t |0 L 4 1 O QU e =By
0 0 -95 196 -95| [Up™ 2 0014 1| |Up By
o 0 0 -95 98] (st 1 0001 2| |Ur Bs

By imposing Dirchlet boundary conditions at * = 0 and x = 1 using Lagrange multipliers, the
system of equations is written as:

(98 —95 0 0 0 24 0] (Ur) (B;)
-95 196 -95 0 0 0 oOf |Uut! By
L0 -9 196 95 0 0 0|05 Bs
— |10 0 -95 196 -95 0 O0|Ut s ={DB,
200 0 0 —95 98 0 24| |upH B
24 0 0 0 0 0 0 A1 0
0 0 0 0 24 0 0] A J TR

The condition number of the matrix A is computed using Matlab and it is equal to | 38.3156 |.
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8.4 Question 4: Monolithic solver for a domain with regions of dif-
ferent thermal conductivity

Considering the 1D, transient, heat transfer equation given in the previous question with a
variation in the diffusion coefficient x within the domain [0,1]. The schematic in Figure 5

explains the problem of interest.

Kk = 100 5 Kk, =1

x=0 x =025 Cx =05 x =075 x=1

Figure 5: The 1D domain [0,1| with varying diffusion coefficient x

Relating this problem to the previous problem, we note that the elemental mass matrices and
forcing vectors remains unchanged for all the elements. The elemental stiffness matrices for
elements 3 and 4 also remain unchanged as x doesn’t change while the elemental stiffness matrix
for elements 1 is multiplied by 100 as x is changed from 1 to 100.

112 1
I Ag2 _ Af3 _ Ag4 _
M =M"=M _M_24L 2}

Fl:1?2:1?3:19"4:1 !
81

3 g4 1 -1
koxall ]

. 1 -1
K _400{_1 1}

The stiffness matrix for element 2 needs to be computed taking into account the variation of
x within the element. This is done by dividing element 2 into two regions x €[0.25,0.4] and
z €[0.4,0.5] which are equivalent to the two regions ¢ €[-1,0.2] and ¢ €[0.2,1] in the reference
element. Next the stiffness matrix of element 2 is computed as follows:

ONEONE  ONE ONS
Lo | og o ag oe |
K? = / K 2 de
-1 |ONON: ONgONg | !
35 o 0§ ¢

= 2/‘331 |:

1 -1
P

a€ + 2%, [_11 ﬂ dé

i
.
a1 ]
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Assembling all the elemental contributions K¢ yields the global stiffness matrix as:

400 —400 0 0 0
—400 6416 —2416 0 O

K = 0 —241.6 2456 -4 0
0 0 —4 8 —4
0 0 0 -4 4

Using a time step of size 0t = 1, the global system 61 is written as:

4801/12  —9599/24 0 0 0 Uptt B,
—9599/24  19253/30  —28987/120 0 0 Uyttt By
0 —28987/120  7373/30  —95/24 0 Uttt 3 = { By
0 0 —95/24 49/6  —95/24| | Ut B,
0 0 0 —95/24  49/12 Uptt Bs
B, 1 2 100 0] (Up
By |2 L L4100 |0g
where ¢ By p =-<23+— |0 1 4 1 0| QU
Bl Sl2| loo1a1]]|or
Bs 1 00012 (Ur

By imposing Dirchlet boundary conditions at z = 0 and x = 1 using Lagrange multipliers, the

system of equations is written as:

By

[ 4801/12  —9599/24 0 0 0 1 o] (Ut (B,
—9599/24  19253/30  —28987/120 0 0 0 of |Uytt

0 —28987/120  7373/30  —95/24 0 0 of |Uytt

0 0 —95/24 49/6  —95/24 0 0| QUM 3 =

0 0 0 —95/24 49/12 0 1| |UM!

1 0 0 0 0 0 0 A
0 0 0 0 1 0 0] | X | \

UpR )

The condition number of the matrix A is computed using Matlab and it is equal to [4696.8 |.
This leads to an ill-conditioned system of equations as the condition number of matrix A is too

large.
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A Developed codes

A.1 Script for section 5 - question 1

Operator splitting techniques

o° oo

o\

Question 1:
syms x dt N2 N3;

% Initial U
U_0 = [0; O01;

% from x=0 to x=1/3

N2 = 3%*x;

N3 = 0;

N = [N2 N3];
dN = [3 0];
M = N'.*N;

K = dN.'«dN;

C = N'.*dN;

Al = int(1/dt*M + K + C, x, 0, 1/3);

int(N', x, 0, 1/3) + int(1/dtxM, x, 0, 1/3)*U_0;

w
e
Il

% from x=1/3 to x=2/3
N2 = 2-3xx;

N3 = 3%x-1;
N = [N2 N37J;
dN = [-3 31;
M = N'.*N;

K = dN.'=xdN;
C = N'.xdN;
A2 = int(1/dt+«M + K + C, x, 1/3, 2/3);

B2 = int(N', x, 1/3, 2/3) + int(1/dt+M, x, 1/3, 2/3)xU_0;
% from x=2/3 to x=1

N2 = 0;

N3 = 3-3%x;

N = [N2 N3];

dN = [0 -31;

M = N'.«*N;

K = dN.'*dN;

C = N'.xdN;

A3 = int (1/dt*M + K + C, x, 2/3, 1);

B3 = int(N', x, 2/3, 1) + int(1/dt=*M, x, 2/3, 1)=*U_0O;

o\

Global system
= Al + A2 + A3;
= Bl + B2 + B3;

W o

o\

System solve
_1 = A\B;

(e
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A.2 Script for section 5 - question 2

Operator splitting techniques

o oo oo

Question 2:
syms x dt N2 N3;

% Initial U
0 = [0; 0];

(e

% from x=0 to x=1/3

N2 = 3%*x;

N3 = 0;

N = [N2 N3];
dNn = [3 0];

M = N'.*N;

K = dN. 'xdN;

C = N'.xdN;

Al = int(1/dt«M + K, x, 0, 1/3);
int (N', x, 0, 1/3);

w
o
Il

$ from x=1/3 to x=2/3
N2 = 2-3%x%;

N3 = 3%x-1;
N = [N2 N3];
dN = [-3 31;

M = N'.*N;

K = dN.'«dN;

C = N'.xdN;

= int (1/dt+«M + K, x, 1/3, 2/3);
B2 = int(N', x, 1/3, 2/3);

b
N
I

$ from x=2/3 to x=1

N2 = 0;
N3 = 3-3xx;
N = [N2 N3];

dN = [0 -31;

M = N'.*N;

K = dN.'xdN;

C = N'.xdN;

A3 = int(1/dt*M + K, x, 2/3, 1);
int(N', x, 2/3, 1);

w
w
Il

o\

Global system
= Al + A2 + A3;
= Bl + B2 + B3;

W >

o\

System solve
_1 = A\B;

(@)

o4
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