Coupled Problems:
Homework

CORBELLA COLL, Xavier
xcorbellacoll@gmail.com

May 31, 2016

1 Transmision conditions

1.1

The deflection of an Euler-Bernouilli beam is governed by the differential

equation
Bl d*v 7
dzt
where E is a mechanical property of the beam section and the beam material
and f is the distributed load. Assuming for example that the beam is clamped

at x =0 and z = L, the principle of virtual work states that the solution v(x)
satisfies
L d?2§v d*v L
pr [ S~ s
0 dx? dx? 0
=0

for all jv such that §v(0) = dv(L), L2(0) = %2 (L) =

 dx

a)

Postulate the space of functions where both v and év must belong.
From the PVW, it is evident that :

Ve {v(x) Q= R |0(0) = v(1) = 0,0,0(0) = dy0(1) = o,/ (%)2 < oo}

sv {(n(g;) .0 = R | 50(0) = 6v(1) = / (d;i“f < oo}

b)

If [0, L] = [0, P]U(P, L], obtain transmision conditions at P implied by regularity
requirements.
In order to achieve regularity, there cannot be no jumps for v and g—; across interface
P:
[v]p =0 — v1(P) = ve(P)

[0,0]p = 0 = D,01(P) = B,05(P)
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c)

Obtain the transmission conditions at P that follow by imposing in the PVW
that the integral is additive.
The integral in the PVW is additive and can be expressed as:

P 250 d?v L d?26v d*v P L
EI — 4+ FI — = 0 ) 1
/0 dedx2+ /P dz? dz? /0 vf—l—/P of (1)
If we obtain the variational form at subdomain 1:
P o 2 r 2., r 3,7 P
d?ov d*v dév d*v d°v
EI — — |EF][—— Elbv—| = )
/0 dz? dz?> | dv da?], * I Ud:z:3_ P /0 of
and subdomain 2:
Ea?bvd?v [ _dévd*v] I d®v]] L
EI — — |EF[—— Elov—| =
/P de? dz? | dv d2?], * I 5de3_ P /p ovf

Adding the two integrals and comparing with equation [I} we have:

2 2
[Eldévldvl] B [Eldévgd U2:| _0
P P

dr dx? dr da?
3 3

o ol BN oy G- B
da3 | dz3 | p

1.2
The Maxwell problem consists in finding a vector field u : © — R2 such that
vV XV Xu=f wnl
V.u=0 inQ
nXu=0 ond

where v > 0, f is a divergence free force field and n the unit external
normal. Equation V : 4 = 0 is in fact redundant.

a)

Write a variational statement of the problem. Postulate the space of functions
where u must blong. Justify the answer.

The variational statement of the problem is obtained premultiplying by a test function
w and integrating:

[V (V¢ (V) = [w- £

Operating:

_V/Q(vXu;) : (qu)—/Qw-f—y/aQN(w-(nx(qu)

Since n X u = 0, the Neumann term vanishes:

v [(Vxw) (Vxw= [w-f

Thus, the space in which w must belong is:

uE{u:Q—>R3-nXu=Oon89,/(VXu)2<oo}
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b)

If T is a surface that intersects (2, obtain the transmission conditions across
this surface implied by regularity requirements.
From regularity requirements, the following must hold across I':

[[nXU]]FZO—)Ul(P):UQ(P)

c)

Obtain the transmission conditions across I' that follow by imposing in the
variational form of the problem that the integral is additive.
The additivity of the integral provides:

—V/QI(Vxw)'(qu)—u/Qz(wa)-(Vxu): w-ft | w-f

Ql QQ

However, if we analize both subdomains separately:

—V/Ql(wa)-(qu)—y[22(wa)-(qu) = Qlw . f+/92w - f-v Fl(w-(n><(V><u)—y/F

Thus:
y/(w-(nx(qu1)+n><(V><uQ)):O
r
Thus:
nx(Vxu)+nx(Vxu)=0
1.3

The Navier equations for an elastic material can be written in three different
ways:

—2uV - (e(u)) — AV(V - u) = pb
—pAu — (A + p)V(V - u) = pb
pV X (VXu)—(A4+2u)V(V -u) = pb

Let us assume that u = 0 on 912

a)

Write down the variational form of the previous equations in the appropiate
functional spaces.
Integrating a premultiplying by a test function w:

2 [ Vo) w= A [ V(7w = [ b

[ du= [T = [

3
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M/QVX(qu)—/g()\—FQ,u)V(V-u):/Qpb

Operating:
1.

QM/QVw : (Ve(u))+/\/QV(w) : (Vu):/QprrZ,u/mN cnwih [ Vunow

NN

()\+2u)/QV(w) : (Vu):/ﬂpb—i-()\%—Z,u) aQNVun-w

/(wa) (V xu)+ ()\—I—QM)/V(w) . (Vu) =

Q

/pb u/ X (Vxu) w4+ (A4 2u) Vun - w
oaN HON

Since we have Dirichlet boundary conditions at the whole boundary, we can get rid
of the Neumann terms:

- o [ Vw s (Ve(w) £ [ Viw) : (Vu)= [ b

’ Ot [ V) (v = [ o

’ i (9% w)- (V% w)+ (A2 [ V) s (Vu) = [ b
b)

If T" is a surface that intersects {2, obtain the transmission conditions across
I' that follow by imposing in the variational form of the problem that the

integral is additive.
The variational forms obtained are additivie. Thus:

1.

2u [ Vw : (Ve(u ))—|—2,u V'w : (Ve(u ))+)\/ V(w) : (Vu)+

Q
+A V( (Vu) /,Ob—l—/ pb
o Qs

()\+2u)/Q V(w) : (Vu)+ (A +2p) g V(w) : (Vu):/Q pb—l—/Q pb
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—/L/Q(wa)-(qu)—,u/Q(wa)-(qu)+(/\+2u) V(w) : (Vu)+

951

+(A +2p) i V(w) : (V'u,)—/Q pb—i—/Q pb

However, if we compare with the variational forms that would arise from obtaining
the variational form at every subdomain, we get that the Neumann terms must be equal
at I':

1.
2ue(ur)n + AVuin = 2us(uz)n + AVuan
2.
V'u,ln = V’Ulz’n,
3.

—pn X (VX u1) + (A +2p)Vuin = —un x (V X uz) + (A + 2u)Vuan

2 Domain decomposition methods

2.1
Consider Problem 1 of Section 1. Let [0, L] = [0, L] U [Lo, L] with Ly < L.

a)
Write down an iteration-by-subdomain based on a Schwarz additive domain

decomposition methods.
Given u, 9,u°, repeat for k = 0, 1... until convergence:

1.
d*v ,
Elw = f Zn[(), Ll]
o = vb1 in[Ly, L)
O = 0,051 in[Ly, Ly]
ub =0 inz =0
2. i
v .
EI@ = f ZTL[LQ,L]
vy = ot in[Ly, L]

8501)5 = &cvf_l in[L27 Ll]

ub =0 inr=1L



b)

Obtain the matrix version of the previous scheme once space has been dis-
cretized using finite elements.
The global problem can be written as:

Au=f

Problems in [0, Ly] and [Lo, L] depend on matrices A;; and Ag. We define the re-
striction operator R : Vj, — Vji, where V}, and V}' are the spaces of the global and local
functions:

A = RiAR] A = Ri2AR] Ay = RiARL, Asr = ReAR[,
At every iteration we are solving two systems of equations in parallel:
AnRyul = Ry fi — AirRrquf ™!

A22R2U]§ = Ryfs — AZFRFZZL]QCil

2.1

Consider Problem 2 of Section 1. Let I' be a surface that intersects .

a)
Write down an iteration-by-subdomain based on the Dirichlet-Neumann cou-

pling.
Given u° such that V - ug = 0, repeat for k = 0, 1... until convergence:

1.
W xVxul=f in Q
nxut=0 on 00
nxuf=nxul™' on OO\I
2.

VW xVxub=f in Q
nxusi=0 on 00

nxVxub=nxVxul on 0\

b)

Obtain the matrix version of the previous scheme once space has been dis-
cretized using finite elements.

The global system of equations to be solved can be expressed in terms of inner nodes
on €27, 25 and nodes in I

Ayn 0 Apr| |Uh F
0 Ay Aor| |Ua| = | >
Ar1 Are Arr| |Ur Fr
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Where U includes the unknowns of the problem n x w and Arr = Arri + Arre. If we
performe a Dirichlet correction in €2y, followed by a Neumann correction in {25, at every
iteration we must solve:

1.
ApUF = Fy — AUtk — 1)
2.
{Aaz Azr} {Uf] ::{ Fy
Ary  Arre| |UE, Fr — Arr UE — Ap UF
2.3

Consider the problem of finding « : {2 — R such that

—kAu=f in Q
u=0 on 9N

a)

Write down an iteration-by-subdomain based on the Dirichlet-Robin coupling.
Given 1, repeat for i = 0, 1... until convergence:

1.
u, =uy ' OO\T
ui =0 on 0N
2. .
. Oub . oud
yus + ka—nQ =yuy +k anl on OO\’
uy =0 on 0N
b)

Obtain the matrix version of the previous scheme once space has been dis-
cretized using finite elements.

Following the same approach as in section 2 b), we obtain that, at every iteration, we
must solve the following systems of equations:

1.
AU = Fy — AjpUi — 1)
2, |
Az AQF:| {Ué] _ [ Fy '
(1+7)Ars Arre| |Uty Fr — ArmUS — yAp US



4 Monolithic and partitioned schemes in time

Consider the one-dimensional, transient, heat transfer equation:

%—/@%:f in [0,1]
u(zr =0,t) =0
u(x=1,t) =0
u(z,t=0)=0

4.1

Discretize it using the finite element method (linear elements, element size h)
for the discretization in space, and a BDF1 scheme for the discretization in
time. Write down the weak form of the problem and the resulting matrix form
of the problem, including the corresponding boundary integrals if necessary.
Consider k, f=1, dt=1.

If we use the finite element method for spatial discretization:

(v, 0uu)q + K (00, 0pu) = (v, f)g + K (U, Optt)

Since no Neumann boundary conditions are imposed, we can remove Neumann’s term.
The algebraic version of the problem is:

dUu
M g +kU=F
If we use a BDF1 scheme for the discretization in time, we evaluate U at time step n+ 1
using:
v gttt —ur
dar At
Thus:

MU + At KU = AtF + MU"

If we use three linear elements with size h:

R S Sl



4.2

Consider a domain decomposition approach for the previous problem. The
left subdomain is composed of 2 elements (h=0.2), while the right subdomain
is composed of 3 elements(h=0.2). Show that, if a monolithic approach is
adopted, no boundary integrals are required at the interface. From now on,
we denote the values at the nodes of the meshes as wug, w1, us, uz, g, us. The
interface is at uy. If we adopt a monolithic approach, we are solving for the following
problems: At left subdomain:

(Uh aﬂh)g + K (axvla 8:5“1)9 = (01, fl)Q + K <U17 8xu1>f‘
At right subdomain:
(V2, Opua) g + K (Dyv2, 0yin) = (Va, f2)q + K (U2, Dplin)pw

Since both grids match and we are using the same interpolation space for both v; and
Vg, the system will become:

(v2, Opua) g + K (Oyv2, Opua)q + (v1, Oputr) g + K (Ox01, Opttr ) = (V2, f2)g + (V1, f1)q

Thus, we do not have to integrate boundary terms.

4.3

Obtain the algebraic form of the Dirichlet-to-Neumann operator for the left

subdomain, departing from given values of v at time step n, and an interface

value ujyt.

At the left subdomain we are solving a Dirichlet problem. We define A = M + AtK,
b:F+AHWJﬂ:[BﬂamHk:ug
1

An A [UMY by — AppURT!
Apy App| (U br

We can get U; from first equation:
Uptt = Al
Substituting in second equation:
Arp = br — Ar1A'by

Thus, S = Apr = 2 =12.5

4.4

Obtain the algebraic form of the Neumann-to-Dirichlet operator for the right
subdomain, departing from given values of u] at time step n, and an interface
value for the fluxes xd,u"™' at coordinate node 2. At the right subdomain we are
imposing the flux. Algebraically it can be expressed as:

[AQQ Azr} {UQ"H} _ { by
Ars Arro UFH br — AFFlUfLH - WAHU{LH
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From first equation we have:
Uy = Aysby — Ay AgpUr
Thus, the second equation will be:
(AFF - AFQAQ_QIAQF)UFH = bpr — Aprur — Ar1urf+1 — ApoAgoby

Thus:
S = Arr — Ao A5y Aor

4.5

Write down an iterative algorithm for a staggered approach applying Dirichlet
boundary conditions at the interface to the left subdomain and Neumann
boundary conditions at the interface for the right subdomain. Given the values
at previous time step u" solve:

Ay Air U{LH . bl_AlFU{“lil
A1 Arr UfJ’H N br

i 128 IR ]
Ars  Arro UFH br — ArrlUFH - VArlUfH

4.6

Do the same for an iteration-by-subdomain scheme: Given the values at previous
time step u", iterate for i=1,2..., and solve:

1. n : n
An Air Ui“ v - AirUr
App Arp| [UFFVH bp

Ap Ao | [U] _ [ b -
Ara Arro UFH b%_AFFlUll“—H AR U

6 Fractional step methods

Consider the fractional step approach for the incompressible Navier-Stokes
equations (Yosida scheme):

1

M
ot

(O™ = U™ + KU = f—GP!
1

6tDﬁn+1 . DM_IGPn+1

DM'GP"! =

1

M
ot

(Un—l—l _ f]n) + O{K(Un+1 _ Un—l—l) + G(Pn+1 _ pn—i—l -0
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6.1

Which is the optimal parameter for the o parameter? The optimal parameter for
a seems to be 1. This way, we recover the slightly compressible Navier-Stokes equations
when adding first and third equations and we reduce the error obtained for a given
coupling of spatial and temporal discretizations.

6.2

What is the source of error of the scheme? The sources of error for this scheme
may be:

1. Incompressibility is not enforced, it is a slightly compressible problem. Thus, the
solutions obtained may be compressible and produce error when compared with
solutions for incompressible Navier-Stokes equations.

2. The spatial and temporal discretizations (values of §t and mesh size, and order of
the interpolations used for p and u.

3. The treatment of the non-linear term K.
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