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1)
a)
Solution:

Dimensionless Analysis:

Qualitative physics of the problem can be explained with the following equation.

AP

T = f(,D, Vo, R, Rl; U1, U2, U)

Here the total no. of parameters are 8. In order to reduce the no. of parameters, they will be
grouped in the form of non-dimensional constants.

The number of primary variables is r =3. In this analysis, the primary variables are
p,V, and R.

Total no. of constants to be found isn—r =5

Now each parameter will be non-dimensionalized step by step.

AP
For —:
L

MCOLOTO = M_lL_ZT_Z.MaL_3a.LbT_b.LC

Equation exponents of the primary dimensions

0=1+a =a=-1
0=-2-3a+b+c =c=+1
0=-2-b =b=-2
Hence 774 =ATPpR—171—2
o

By following a similar procedure for the rest of parameters i.e. (i1, U5, R and o the following
constants are obtained:

_M1__M2_H_£_H_U
2 pUGRy’ ’ PUGR,’ ! Ry’ ° PU,°Ry

Now the given problem can be analyzed by the following equation, which contains less
parameters than the original equation:

AP Ry F(—*M Bz R o
L pTg PUGR1 " pUGRL " Ry’ pi,°R,
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b)
Solution:

In equation (1), there are several dimensionless numbers which are known:

e 1 Mo 1 :
« — = — and —— = —, where Re is the Reynolds number.
PUoRq Re PUoRq e
o

1 .
—— = — where We is the Webber number.
PU,“R4 We
AP R4 o
e — —= can be seen as a friction factor
L pvg

In this problem, waves could be formed at the interface depending on the effects of gravity,
surface tension and fluid inertia.Since gravity effects have been neglected, the presence of
waves will be related to surface tension and fluid inertia, which can be related by Weber

)
V,°R
number We = 2% 1

Under flowing conditions, surface tension is the force that opposes the increase in surface area
caused by deformation. In order to minimize having waves and other non-desired effects, the
surface tension must be greater than fluids inertia:

PU,°Ry

<1
o

To completly avoid having waves, surface tension must be much greater than inertia:

PU, Ry

«1
o

c)
Solution:
The formation of waves due to gravity depends on the so-called “reduced gravity”:

;P27 P1

9 =9, +p

In this case, p, = p; = g’ = 0. So, gravity effects can be neglected.

Another way to see that is to calculate the forces due to gravity. The force acting on a fluid
which is inside another fluid will be:

F=B-W=Vg(p, —p1)

So, the net force is 0 and gravity effects can be neglected.



d)
Solution:

The Navier stokes equation for incompressible, isothermal Newtonion flow with flow velocity
U = (0,0,v,(r)) are:

r-component
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z-component
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p(6t+vrar+r69+vzaz B +ng+'“ or) T 72502 T
62vz]
d0z2

The r and 8 components of momentum equation prove themselves, as well as the continuity
equation.

For z component, the Navier Stokes Equation is as follows:

9P [19 rov,|_. o< ep
0z Ml_rar(ar)_ r=M
0P [10 rov,1_ < p
0z “Z_rar(ar)‘ L=
Appropriate boundary condition for the problems are:
e Forr=R:
vZ(R) =0
e Forr=R;

v(Ry) = v(RY) = v,
av,
258 or

av,
=Uu
RT 2 or R}
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Solution:
Integrating:
10 ( avz) 1AP
ror r or) ul
av, 1APr? ny
"or T ulL 2 1
) =~ 8P AinG) + B
v,(r) = A n(r
Thus:
1) ’
v, ’(r) = A +AjIn(r)+B; 0<r<R,
1 APr?
v(r) = -

ETI + Azln(r) + BZ R1 S r S R

The constant A; must vanish to avoid computing In(0). After applying the boundary
conditions stated before the following equations are obtained:

1 AP 1 AP
1
UZ( )(T’)=4—MT(R%—T’2)+4—MZT(R2—R%) 0<r<R
1 AP
2
Z()=4—MZT(R2—T2) R1S7"SR

At the interface:

1 AP
Vo = V(R = 1P (R,) = —— (R% — R2)

Shear stress is estimated as follow:

(1) _ 6172(1) r AP

e SHe T =TT O=r=k
av(z) r AP

2

R Sah Ry<T <R

The radial distribution of velocity and shear-stress is plotted in Fig. 1
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Fig. 1- a) Velocity and b) shear stress distributions.



f)

Solution:

Volume flow rate of oil is as follow:

)
)
Il

Ry
f vz(l) 2nrdr
(o)
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2)

The shock tube is depicted in Fig. 2, and the initial values of pressure are depicted in Fig. 3.

L

Fig. 2-Shock tube before breaking the diaphragm.

P PO

Fig. 3-Initial conditions.

The diaphragm breaks at t= 0 producing a discontinuity at x=0. Since BimPo « 1, the
0

disturbance is small and the problem can be solved assuming acoustic waves.

When the diaphragm burst at t=0, pressure waves are released to equalize the pressure. This
results in an expansion wave moving from x=0 to the left, and a compression wave moving to
the right. The space outside the wave influenced regions (x < —ctand x > ct) will retain thier

initial state. However both pressure and velocity will change , in the space influenced by the
waves.

The new values of pressure and velocity can be calculated using the characteristic lines:

(u 1p
—+—— = constant along x — ct = constant
{ C YPo
u 1p
— ——— = constant along x + ct = constant
C YDbo

Using the characteristic lines for a point affected by the waves (see Fig. 4):

u 1pz _1po

cC  ¥YPo YPo



Thus:

1
P2 = E(p1 + po)

u =i(p—1—1)
"2 = 2, \p,

P
Expansion wave Compression wave
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Fig. 4

At t =f the compression wave travelling to the right collide the wall. In order to avoid

having a non-zero velocity normal to the wall, a reflected wave travels to the left
counteracting the velocity due to the compression wave (Fig. 5).
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The pressure at the wall after the reflected wave can be found analyzing the Riemann
invariants and taking into account that u,, = 0:



P; and u; can be obtained using the characteristic lines:

C  YPo YDo
u; 1p; 1py, 1p,

c ¥YPo Y DPo ¥ Po
Thus:

{Ps =DP1

U3 - 0

A summary of the distributions of pressure and velocity in the shock tube for different values
of time is depicted in Fig. 6 and Fig. 7.
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Fig. 6-Distribution of pressure at different times: a)t >% bo<t< %
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Fig. 7- Distribution of velocity at different times: a)t > f ho<t< f
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