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e Problem 1 (a)
Left Hand Side = V - (V x F)
=V - (€ijuF;)
= (€ijn L)
= Eiijk,ji
= €123F3 01 + €130F2.31 + €213F5 10 + €231 F71 32 + €312F5 13 + €301 F7 23
(Rest all terms are zero because € will be zero if i=j or i=k or j=k)
= F391 — F319 — Fhg1 + Fo13 — Fige + Fio3
= 0 = Right Hand Side

e Problem 1 (b)
Left Hand Side =V x (V X F) =V X €;;,Fy
= €pgi(€ijk L) .q = €pai€ijh P jq
= €pqi€ikiFhjq = (0pjOqk — Opkdqs) Fljq
= Op;OqiFrjg — OpkOqiFjq = OpiFajq — OpiFl,jj
= Fopg = Fpji = Fogp — Fpjj
=V(V-F)— V2F = Right Hand Side
e Problem 1 (c)
Left Hand Side = V - (F' x G)
= V- (e 15G;)
= (Ez‘ijsz),k
= € li kG + € FiG g
= €kili kG — €in; Gk Fi
=(VxF)-G—(VxG)-F
= Right Hand Side



e Problem 2
Using Maxwell’s equation of Energy,
de —Tds + pdV =0
1 1
But specific volume V' = — making dV = ——dp
P P
Hence, the equation becomes,
p
de—Tds—?dp:O
Taking Material Derivatives,
De TDS p Dp
Dt Dt p? Dt

Multiplying every side by p

De Ds pDp

— —Tp— —=—=0.c........ 1
Dt ~ Pt T, Dt (1)
From energy conservation equation which states,

De
Dt
Given a Newtonian fluid, 0 = —pl + A(V - v)I + 2uV5v
Taking a double dot product with Vv
o:Vv=—pl:Vo+ ANV -v)I:Vo+2uV: Vo
o:Vv=—p(V-v)+ ANV -0)?+2u(Vv): Vv

2 2
UsingK:/\—i—gu,/\:K—gu
o:Vo=—p(V-v)+ ANV -0)*+2u(V): Vv
2

o:Vo=—p(V-v)+K(V-v)?- g,u(v )2+ 2u(VE) - Vo

Substituting this result in (2) and in (1),

2 Ds pDp
— . . 2 — = . 2 S . — . — _ =
p(V-v)+ K(V-v) 3u(V v)* 4+ 2u(Vev) : Vo=V - q Tth > D
p (Dp ) s 2 2 s Ds
— _ . K . R . 2 : J— . J— T _— =
p(Dt+p(v v) | + K(V-v) 3u(V v)* +2u(Vv) : Vo -V - ¢ P oo 0
D
Using continuity equation,ﬁf +p(V-v)=0
2 D
K(V-v)? - gu(V-v)Q—i—Q,u(VSv) ; Vv—V-q—Tij =0
Dividing throughout by T,
K 2 24 2, oM sy . Vg Ds _
T(V v) 3T(V v) +2T(V v): Vo T th—O ......... (3)

Integrating over Material Volume V;,

/};(v 0)2dV = ¢,

Vi

/—gg(v 0)2dV = by

Vi
/+2%(st)  VodV = oy

Vi



.

/ eV =

Such that ¢1+¢2+¢3+¢4+¢5 =0
¢1 Calculation:

Since K > 0 is given, T is always positive and (V - v)* > 0, ¢; > 0

¢s Calculation:

using Reynold’s Transport Theorem,

Dt/deV /D pS dV+/ psv) - (n)dS

éi/pwvzi/p dv+/"LfM/+/ﬁsv )V

DL/MM/ /p dv+/"<+mv m>M/

usmg contmulty equation,

Di /pst /p—dV

D
Th [ psd
us, @5 = Dtv psdV
¢4 Calculation:

q; i a1 V-q ¢q-VT
T - 2 J _
VT = (T)i T T T 72
Given, g = —kVT,

VT VT
TmmHM:i/—V-<;>dV%}/2de

Vi
o + ¢35 Calculation:

P2 + @3 Z‘Z; (—;(V )2+ 2(V) Vv) dv

Working on the term inside the integral,
2
(—3(V )2+ 2(Vo) Vv)

After expanding the terms component wise and combining terms,

4
2 2 2
(3(?11,1 + V30 U35 — V11022 — V22033 — v17103,3> +
2 2 2 2 2 2
(ULQ + U173 + U2’1 + 'U2,3 + U3’1 + U372) + 2 (U172U2,1 + V1,3V3,1 + U2,3v3,2)

which can be converted into sum of squares like this,

2
3 {(U1 1— U2 2)2 + (v22 — v3 3)2 + (v33 — ’01,1)2} + [(Ul,Q + 02,1)2 + (v13 + 03,1)2 + (va3 + ’03,2)2}

Thus, ¢s + ¢5 = /“mwwmmA>o

Since, p is given to be positive and T is always positive, ¢o + ¢3 > 0



Main Equation:

Moving back to the main equation involving ¢ and substituting the relation for ¢y,

b1+ (62 + 00) —¢5+/v (%) av
61+ (62 + ¢3) Dt/pst—i—/V ( )dV
Using divergence theorem
VT q-n
b1+ (62 + 63) t/,ost+/(T) ds
Vi St
Since ¢, > 0, ¢2+¢3 >0
L . (VT)? .
and k is given to be positive and T2 will be always >= 0,

All terms on the left hand side are >= 0

Dt/pst+/< >dS>0
Dt /dev S/<an> a5

ThlS proves the inequality.



