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Homework 4: Navier-Stokes equations and Boundary Lavyer

Problem 1)
Part a)

The stream functions can be expressed in Cartesian coordinates:

2
¥ = Ur%sin(20) = U(x? + y?)sin <2arcsin< Y >> = U(X Ty )y,/x2 +y2—y2=2U0xy (1)

Jx2 +y? X2 +y?
The velocity field is:
d
u= _a;l; = 2Ux (2)
oy
= —_— = — 3
\% I 2Uy (3)

This velocity field satisfies the boundary conditions for the velocity:

e Wall: At y=0 there is no normal velocity to the wall = v(x,y = 0) =0
ux=0y=0)=0

e Stagnation point: At x=0,y=0 the velocity is 0 — {V (x=0,y=0)=0

Moreover:
v<O0
. ForY>0_){Asy—>0,v—>O
u>0
¢ ForX>0_){Asx—>0,u—>0
u<o

° Forx<0_){Asx—>0,u—>O

e At x=0 there is a symmetry axis.

The pressure field can be obtained using Bernoulli’s equation. Since the fluid is assumed to be
inviscid and incompressible, and the velocity field obtained is irrotational, Bernoulli’s
equation is valid along any line.

For pressure distribution, Bernoulli equation is applied between stagnation point and an
arbitrary point in the flow field:

LP&Y) _p
(Ju(x Y7 vk y?) + = (4)
Substituting the expressions for the velocity:
p(xy) = po — 2pU%(x* +y?) (5)
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Part b)
The Navier-Stokes equations are satisfied:

e Continuity equation:

du Odv
&+6_y:2U_2UZO (6)
e X-momentum:
Ju Jdu ap )
P(“&+Va—y>=‘&+“‘7“ (7

0
—a—i + pv?u = 4pU=?x

e y-momentum:

( 6v+ 6v>_ 6p+ -
P\"ax " Vay) T wev (3

( 6V+ 6V) — 4002
P\%ax Vay LA
dp
— — 4 uV?v = 4pU?
5y + RV = 4pU%y
In the Navier-Stokes equations, the boundary condition at the wall is a non-slip condition:

{u(x,yz 0)=0
vix,y=0)=0

Using the velocity-field obtained in a), the non-slip boundary condition is only satisfied at the
stagnation point:

{u(x,y =0) =2Ux
vix,y=0)=0
Part ¢)

Horizontal velocity for the viscous problem is as follow

u = 2Uxf'(y) (9)
Using continuity:
MY urm) + Y =02 = aur(y)
PR _— _— _ — = —
0x dy Y dy dy y
Integrating:

v =—-2Uf(y) + C
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When x =0,C =0, hence without any loss of generality we can write as follow,

v = —2Uf(y) (10)
The function f(y) must be chosen so that the non-slip boundary condition at the wall is
satisfied and the irrotational flow obtained in a) is recovered for y — oo:

o Aty=0:
{u(x,y =0) =20xf'(0) =0 N {f’(O) =0
v(x,y =0) = -2Uf(0) =0 f(0)=0
o Aty — oo:
{u(x,y — o0) = 2Uxf'(y - o0 ) = 2Ux R {f’(y —»w)=1
v(x,y = ) = —2Uf(y - ) = =20y (f(y > 0) =y
Part d)

Momentum equation along y axis ( 8) can be used to obtain an expression for the pressure:

ov v
J— — ) = 2 ’
p(ugetvgy) = 4UHWIY) (1)
viv = o[22V 9 o) 12
VIV =i ggz Toyz ) = ~2WUE (12)
Using ( 8), ( 11) and ( 12):
ap " :
3y —2U(uf" (y) + 2pUfF' () (13)
Integrating ( 13):
, 2
p(x,y) = po + p(x) — 2Upf'(y) — 2pU?(f(y)) (14)
For y — oo, the pressure distribution obtained for the inviscid problem ( 5) must be recovered:
Py — 2pU2(x? +y?) = pg + p(x) — 2Upf'(y — ) — 2pU2(f(y - @)’ (15)
f(y) =y
Fory — 00,{ ,
TP lm =1
So:
p(x) = 2Up — 2pU?x? (16)

Adding ( 16) in ( 14):

P(x,y) = po + 2Un(1 — £'(y)) — 2pU2 [x? + (1))’ (17)
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Part e)

Differentiating equation ( 17) with respect to x, we get:

dp
— = —_4pU? 18
0x prx (18)

Substituting ( 18) and the expressions of u and v in the x-momentum equation ( 7) we get the
following,

/ 2 1 nr
40%xp ((F/0))” = FONF" ) = 4pU%x + 2Uxuf "' (v) (19)
Thus:
! 2 14 M nr
F»M) =fOf'om=1 +ﬁf ) (20)
The boundary conditions for f were stated in c¢). In order to be able to solve the ODE:
o Aty=0:
{f’(O) =0
f(0) =0
e Aty — oo:
f'ly > o) =1

Equation ( 20) is a nonlinear third order ordinary differential equation and can be
conveniently solved numerically to obtain the expression for f{y) using the boundary
conditions stated before. In post processing, f{y) can be used to estimate the velocity field and
other parameters of interest such as shear strain 7, drag force £ etc.



2)
The Karman momentum integral equation is:

d dUu t,
—(U? [ — = =
dx(U 0)+46 de )

Where 0 is the momentum thickness:
“u u
6 = —(1—=)d
fo U( U) Y

du

dx

In a uniform flow over a flat:

Using ( 21), (22) and ( 23):

To

d (00
aj; u(U—u)dy—;

We assume a parabolic profile:

%=a+b%+c(§)2

The boundary conditions that must be satisfied are:

I. Aty=0->u=0
2. Aty=6->u=U

Ju
3. Aty—6—>£—0

From condition 1:

a=0
Using condition 2:
Ly =8) =atbo+ (6)2
gV T TATOE TG
From condition 3:
bU 2cU

b+c=1
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(21)

(22)

(23)

(24)

(25)



Thus:

Now we can compute:

e Shear stress 7,
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¢ Boundary layer thickness &:

Using ( 24), ( 27) and

Integrating ( 28):

Definning the Reynolds number as:

e Momentum thickness 6:

Using ( 22) and ( 26):

a=0
{ b=
c=-1
u AN
el =22 _(Z 26
s =25-(5) (26)
ou 2U (27)
To = H—— =
dy =0 o)
solving the integral in the left hand side of ( 24):
U
6dé =15-—4d
Up X (28)
30ux
5= |2K (29)
Up
Uxp
Re = — 30
p (30)
6 1 5.477
—=V30—~= 31
x = VTR T VRe (31
6 0.730 (32)
x VRe

Comparing the results obtained with the ones obtained for both the Blasius “exact” solution
and with the ones obtained assuming a cubic velocity profile:

Cuadratic function Cubic function Blasius
2 3 1 3
s | 2 | 30
S 5.477 4.64 5
x VRe VRe VRe
2 0.730 0.646 0.664
x VRe VRe VRe
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Lx. If we consider

the Blasius approximation as the “exact” solution, the error made in both the cubic and
cuadratic approximations can be obtained when comparing with Blasius solution (Fig. 2). As
can be seen in both figures, the cubic approximation is better than the cuadratic
approximation.

In order to compare the different solutions, in Fig. 1 % is plotted vs n =

Cubic approximation results to be a better approximation than the cuadratic as it incorporates
2

Y~ 0 for y=0. Hence if this condition is applied along with no slip

the boundary condition —;

boundary condition in x direction momentum equation at y = 0, we retrive our original

assumption 1i.e. Z:—p =0. On the other hand, using quadratic approximation, x direction
X
momentum equation at y = 0 gives the following:
dp _-2U
dc 5’

This result goes contrary to our assumption that the pressure is uniform within the domain.
Therefore, cubic velocity profile is a better approximation of the ‘exact’ Blasius solution.
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