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Exercise 1

1. a) The dimensional matrix for the variables on this case is:

‘ AP/L p Uy R Ry 1y U, 0o
M 1 1 0 0 0 1 1 1
L -2 31 1 1 -1 -1 0
T -2 0O -1 0o 0 -1 -1 -1

Taking into consideration that the rank of the matrix r is 3, and the number of variables is 8,
we know that we can obtain 5 different I1 products.

Selecting as primary variables vy, Ry and p :
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Finally we have that:
Hl = T(HZ! H3F H‘l-! HS)
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1. b) From the dimensionless numbers obtained in the previous section we can identify that
I15 and II, correspond to the Reynolds number associated to each fluid; and that Il5 is the

Weber number.

The Weber number is used to characterize the formation of droplets and bubbles (when
We>1). Understanding that in our case the formation of a droplet or bubble may occur when a
wave on the interface grows enough to fold over itself isolating part of one fluid inside the
other, we may ensure that the flow is far enough from the formation of droplets, hence:

7R
PV 1<<1

1. c¢) Analogous to Weber number, which compares inertial forces versus surface tension, we
can find the EO6tvdés number which compares body forces versus surface tension. This
dimensionless number is defined as:

Apgl?
0=
o
For the case of study the difference of density between the two fluids is close to 0, and

therefore Eo = 0. The latter results in the fact that body forces (gravity) cannot be source of
the wave formation when the densities are similar.

1. d) Taking into account that V. = 0,Vy = 0 and V, = f(r); the Navier-Stokes equations in
cylindrical coordinates remain:

dp
= - 1
0 or 1)
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Where is important to remark that the mass conservation equation is automatically verified
and that p is only a function z (due to equations (1) and (2)).

Considering dp/dz = —Ap/L and applying the Laplacian in cylindrical coordinates we proceed

from (3) to:
Ap (10 oy,
‘T—”(m (TW)) ®

As we have two fluids with different viscosities we need to solve the previous differential
equation for both regions,

Ap 10 ( 6sz> - Ap 10 ( 6V12)
r P2\Far Usr )) r M\Far Uor

and therefore we need 4 Boundary conditions:

Non-slip condition on the wall: V,,,(R) = 0

Same velocity at the interface: V;,(R;) = V5, (R;)
vy, Ay,
or lp=p, Z or r=Rq

Same shear stress at the interface: y;

Velocity at r=0 must be finite

1. e) Integrating two times the differential equations we obtain:

— 72+C1n(r)+c =V (5)
1 Zl 1 2 2z

- 12+C ln(1)+c =V (6)
1 1[ 3 4 1z

Where the integration constants can be obtained after applying the boundary conditions:

A
Cz = p
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Being the final expression for V, :
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2=\ )
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With velocity at the interface:
Ap
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Velocity profile inside the pipe
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Figure 1. Normalized Velocity profile with R; = 0.8R and p; = 7.5u;.

In Figure 1 it is plotted the normalized velocity profile inside the pipe. It may seem that the
shear stress at the interface is not the same for both fluids (different slopes), but it is
important to remember that there are two different viscosities. This can be seen in the
normalized shear stress profile in figure 2.

Shear stress profile inside the pipe
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Figure 2. Normalized shear stress profile with R; = 0.8R and u; = 7.5u,.



1. f) In order to obtain the volume flow rates for both regions, the velocity profile (7) must be

integrated within the appropriate intervals.

For the water region (R, <r < R):
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For the oil region (0 < r < R;):
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Exercise 2-
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Figure 3. xt diagram.

The xt diagram is plotted in figure 3, where the red lines represent compression waves and
blue line expansion waves. The dashed and dot-dashed lines represent the characteristic lines
among which Riemann invariants are constant.

- Inregion @ the wave has not arrived yet and thus conserves its initial state of u=0; p=p;.
In region @ the wave has not arrived yet and thus conserves its initial state of u=0; p=p,.

- Inregion ® the wave has passed and velocity and pressure are to be computed.

- Inregion @ the reflected wave has passed and velocity and pressure reach their final state
of u=0; p=p;. This is because the characteristics lines that go through a point P in this

region go back to region @.

Knowing that Riemann invariants remain constant among the characteristic lines, we can
compute the values of p and u in a point P in region ®, retrieving information from points P,

and Px.
Along characteristic line x — a,t = cte (Dashed line in figure 3):

u 1 u(P 1p(P u(P, 1p(P

w lp o u®P) 1p(P) _u(P)  1p(P)

Qo YDo Qo Y Do Qo Y Do
u(P 1p(P 0 1
()+_P():_+_ﬁ

Qo YV Po Qo Y Po
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Along characteristic line x + a,t = cte(Dot-dashed line in figure 3):

w_1p _ o u®)_1p(P) _u(P) _1p(P)

————=ct
Ay  YPo Qo Y Po Qo Y Do
u(P) 1p(P 0 1
(P) _1pP) _0 1po (12)
Qo Y Po Ay Y Po
Computing (11) - (12):
EP<P>=1(&+&)
Y Do Y \Po Do
We obtain:
pLtp
p(P) =——— (13)
And finally computing (11) + (12):
) _1(n )
Qo Y \Po Po
We obtain:
Qo (Pl )
uP)=—(—-1 14
P =5 (5 (14)
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