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1. Proof of Vector Identities

(a) V- (Vx F)=0
Solution :

V- (VxF)=(VxF),
= (€ijkFrj).i
= €kl ji
=0

(b) Vx (Vx F)=V(V.F)—-V2F
Solution :

[V x (V x F); = €u(V X F)g
= €ijk(€kpgFyp)j
= €ijk€kpgLypj
= (5ip5jq - 5iq5jp)Fq,pj
= Fjij — Figj
= (Fjj)i — (F5) 5
= [V(V-F) - V2F;

Hence, proved.

—

() V- (FxG)=G-(VxF)—F-(VxGQ)
Solution :
V- (FxG)=(Fx G
= (€ijkFjGr) i
= €ijiF}iGr + €ijuGr i Fj
= €kl iGr — €k Gri L

2. 2% Law of Thermodynamics for Newtonian Fluids

The Gibbs equation, obtained by combining the first and second laws of thermodynamics, is :

Tds = de + pdv

Gibbs equation can be written for a moving fluid as :



Ds De Dv De p Dp

Dt Dt PDi T Dt 2Dt
Now, the rate of change of energy, De/Dt, can be expressed in terms of viscous dissipation and heat flux

using the following equation.

De
- g5V —-V-d+
th pVv v q+

where, ® = \(V - 7)2 + 2uV° 7 : Vi

Eliminating De/Dt using the above two equations, we have

Ds 1 N . p Dp

T— =—(—pV-v—-V- ¢) — = —
Ds P Dp

— ) I—=—=(V-v+—)—-V- g+

Ty (V v+Dt) V-q+

Using the mass conservation equation, the expression within paranthesis is 0. Hence,the equation reduces
to,

Ds q q i)
P (1) e

Using the constitutive equation for heat flux, §= —kVT, we get

D 7 1\> @
== pD‘;:—V-<;>+kVT-VT<T> +T

Ds 7 vT|\? @

For a positive k, the second term of the RHS is positive, which is always (otherwise heat would flow up
the temperature gradients and that would be a violation of the 2nd law of thermodynamics). The third
term of RHS can be proven to be positive as follows:



rearranging the terms

Consider the parts A and B of the above expression seperately. A is always positive for K > 0 and p > 0.

Reducing B further:

dvi \?| 2 dv; |
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Using 2(a® + b* + ¢* — ab — bc — ca)
=(a—b)?+(b—c)*+ (c—a)?

i#]
1 dv;  dvj
- >0
3 Z <d:ci d:rj> -

Since, both expressions A and B are proven to be positive, it is safe to say & > 0

Hence, the thermodynamic equation reduces to the following inequation :

Ds q
"> _Vv.(L
=>th_ V()
—d > — -(=)d
== P i V WV(T)V



Using the Gausss divergence theorem on the RHS of the inequation, we get

Ds q-n
— —dV > — —d
V}th = /S't T 5

Using Reynold’s Lemma,

D 7
= — dV > — —d
Dt thSV_ /St T 5

Hence, proved.



