FIXED MESH METHODS IN
COMPUTATIONAL MECHANICS




INTRODUCTION

We have seen that ALE formulations are a possibility for dealing with domain
movement.

However, after a certain degree of mesh deformation, remeshing is required.

If the mesh generation is carried out by an external program, remeshing every
few time steps can be cumbersome.
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INTRODUCTION

A possibility to deal with this issue is the use of
Fixed-Mesh methods

Fixed-Mesh methods are a family of methods
where the boundary of the Computational Domain
does not coincide with the boundary of the mesh.

This allows to completely decouple the movement
of the physical domain from the movement of the
mesh (which is fixed in space).

There is no mesh distortion, but the issue of the
imposition of Dirichlet boundary conditions
appears.

In this section we are going to deal with the
Poisson problem in the immersed domain:
—kAu = f in Qjp U Qr,
U = Ur inl
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IMPOSITION OF BOUNDARY CONDITIONS
Introduction

One of the key issues is the imposition of boundary
conditions. Several families of methods, amongst
them:

e Straightforward approach

e Locally remeshing

* Penalty method

e Nitsche’s method

e Lagrange multipliers

e Using external degrees of freedom
e Discontinuous Galerkin method

We are going to discuss these methods, their
advantages and drawbacks.

Figure 2.1: Setting
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IMPOSITION OF BOUNDARY CONDITIONS

Straight-forward approach

The first approach would be to impose the boundary
conditions in those nodes which are closest to the
boundary.

For instance, if we are solving the Poisson problem,
we solve:

—kAu = f in ‘Q‘il’l U Qrin U 'Q'Fout
u = al" in L—l

In this case Dirichlet boundary conditions would be
applied as usual, that is by eliminating the rows and
columns associated to nodes in L_;.

Figure 2.1: Setting

This approach introduces an error of O (h)/
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IMPOSITION OF BOUNDARY CONDITIONS

Imposition of Boundary conditions through local remeshing.

Another possibility is to locally modify the mesh in order to make it boundary
fitting.

e The main drawback related to this approach is that new nodes and elements
need to be built at each time step.

e The local remeshing can be algorithmically complicated to implement in 3D

e The graph and sparsticity of the matrix has to be modified at each time step
(memcopy, can be slow).
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IMPOSITION OF BOUNDARY CONDITIONS

Penalty method

In the penalty method we work with a penalty term
which is added to the variational formulation.

Let V, € HY(Q). Let us consider the finite element
variational problem: find u;, € V;, such that:

By, vy) = k(vp,up) —k <vpn-Vu>p=<uwv,, f >
‘v’vh € Vh
Remark: Test functions v;, do no longer vanish on I'/

The penalty method adds a term which penalizes the
difference between the unknown and the prescribed
boundary condition at the interface:

Figure 2.1: Setting

By, vp) +a < vy up >p=< v, f > +a < vy, lr >r
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IMPOSITION OF BOUNDARY CONDITIONS
Penalty method

Stability. In order to ensure the stability of the numerical method, the bilinear form
needs to be stable.

Let us define the norm:
2 , k
[lunll]”™ = kllZupll® + 2 lunllFzgry

This norm gives us control over [[u]|,. thanks to Poincaré inequality:

k 2 koo
o= lunllz < C | kNTupllz® + 4 sl e

Stability will be guaranteed if we can assure that:

2
Bpenalty(uh; up) = Cl“”h”l
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IMPOSITION OF BOUNDARY CONDITIONS

Penalty method
2
Bpenalty(uh; uh) = kllvuh”LZ —k <up,n-Vu, >r +a”uh”iz(p)

= k|||7uh||L22 - k”uh”LZ(p)Hvuh”LZ(r) + “lluhlliZ(p)

Applying Young's inequality with €/h:

€
Bpenalty(uh; Up) = k||\7uh||L22 — Eklluhllsz(F) — 2_6 ”Vuh”LZ(F) + a“uh”lz;(r)
2 C € 5
2 kllVupll 2"\ 1= o= ) + (@ = - )llunll” 2
Stability is assured if:
1 ¢ >0
2€
— k>0
“ " 2n
Then we need:
C
a>—k

h
C depends on the geometry of the mesh. It can be large. Different expression for

different problems.
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IMPOSITION OF BOUNDARY CONDITIONS

Nitsche’s method
The penalty method is not symmetric. Nitsche’s method is a variant of the penalty
method which yields a symmetric bilinear form for symmetric problems.

Plus, it takes into account the scaling of the penalty parameter with the mesh size
so that the stabilization parameter is mesh size (but not shape) independent.

The associated bilinear form is:

B(vhrvh) + aﬁ < Up,Up >r —k<n- Vvh,uh >r=

k
<Uh,f>+aﬁ<vh,l_£[' >p —k<n-\7vh,ﬁp >1" VUhEVh

The green terms are enforcing the Dirichlet boundary conditions, tested against
n - Vv,. The term in the LHS is the symmetric counterpart of the fluxes in the
Galerkin form of the problem.

In order for the method to be stable we require: a > C.

It is an improvement, but we still need to estimate the value for € (geometry
dependent). Plus, stability estimate is different for each problem of interest.
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IMPOSITION OF BOUNDARY CONDITIONS

Lagrange multipliers
Another possibility for enforcing the Dirichlet boundary conditions is the use of

Lagrange multipliers.

Let V, € H1(Q), W, c H‘l/Z(F). The Lagrange multipliers bilinear form is: find
uy €V, and A;, € W' such that:

k(Vvh, Vuh) —<< Vn, /lh >1":< Uh,f > Vvh € Vh
<Ynup—ur>r=0 Vyn € Wy

By ([vn, vl [un, An]) = k(Vop, Vuy) —< vp, Ay >p+<up,vp >r

If we test the coercivity of the method we find:
Biy ([un, An], [un, Ap]) = k([Vuy||?

We don’t have any control over IIuhIILz(F) or |[Anllw,,- We need an inf-sup condition:

< up, Ay >
inf sup PRTL S>>0

AREW), upevy ||uh||L2(r)||/1h||W,; B
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IMPOSITION OF BOUNDARY CONDITIONS
Lagrange multipliers

e Lagrange multipliers can be used effectively to impose Dirichlet boundary conditions
with optimal convergence order.
 There is no penalty parameter, no problem dependent parameter.

On the other hand:

* Additional degrees of freedom need to be introduced to the system of equations.

 The resulting problem is a saddle point problem, which is known to have ill-conditioning
issues for its solution with iterative solvers.

It is also possible to devise a stabilization mechanism for the Lagrange multipliers, which
allows us to get rid from the inf-sup condition (Barbosa-Hughes 1990):

Bims([vn, Vil [un, A]) = Biy([vn, Yrl, [un, 4D + Bs([vn, val, [un, An])
BS([vh,]/h], [uh,)lh]) = —5h2 <n-Vu+ Ah,n . Vvh + )42 >1" +62h2 < Vp,Up — u >1"

These stabilization terms are similar to Nitsche’s method.
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IMPOSITION OF BOUNDARY CONDITIONS

A method for strongly enforcing Dirichlet boundary
conditions in immersed boundary methods.

The idea is similar to what is done in boundary fitting
methods (equation elimination). We start by re-writting Q.
Nitsche’s method: L,
Consider the splitting Vj, =V o@Vyr with V},, the
subspace of functions vanishing at the nodes outside

Qin , including its boundary, and Vj, 1 the complement

B(un0,vh,0) — k{Onun,o0,vh0)r + B(unr, vho) — k(Onunr, vho)r = (f,vho)a,| 45

B(uno,vnr) — E(Onuno,vnr)r + Blupr,var) — k{Onunr, vnr)r = (f,vnr). \4

— k{(Onvn,0,uno0)r — k(Onvn,0,unr)r = —k{(Onvn0,u)T,
— k{(Onvn.ryuno)r — k{(Onvnr,unr)r = —k{Onvnr,u)r,
ak*! , afk*; \ ak* . .

7 \Un,0, Up0)T T 7 \Uh,T Vh0)T = —— (U Up0/T,
ak*! , ak*® , , ak*® \

A \Uh,0, Vh,T'/)T T 3 \Uph, T UVh,T)T = (W, U, T)T-

We are using the degrees of freedom associated to

external nodes in order to minimize ||uh - ﬂllLZ(r)‘
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IMPOSITION OF BOUNDARY CONDITIONS

A method for strongly enforcing Dirichlet boundary
conditions in immersed boundary methods.
Find upo € Vho and upr € Vjr such that

B(Uno, Vho) + B(Unr. Vho) — K(OnUno. Vho)r — K(OnUnr, Vho)r = (f. Vho)q i

Qk*(u Vi) QIk*(U Vi) = ak* (B, v ) ! L.
forall vhg € Vho and vy € Vir.
2

Properties: T N
 When I' coincides with d{};, the boundary conditions

is imposed exactly (provided u is a finite element 4

function

€3

e There are no parameters to be tuned (aT can be 5

dropped).
e The method is non-symmetric even if B is symmetric.
e There are no additional degrees of freedom
e The method can be shown to be stable. Figure 2.1: Setting
e Optimal order of accuracy is obtained (quadratic

convergence for linear elements).
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IMPOSITION OF BOUNDARY CONDITIONS
Discontinuous-Galerkin based imposition of boundary conditions (Lew-Buscaglia 2007)

Discontinuous-Galerkin interpolation spaces are not continuous across the element
interfaces.

This results in a richer interpolation space, but it also requires the modeling of the
interelement fluxes.

/NN

A

From Lew and Buscaglia 2007
We use continuous Galerkin everywhere except for those elements which are cut by the
exterior boundary I'.

B(vhr vh) + [[vh,n ) Vuh]] + a[[vhr uh]] =< vhif >

We use the equations associated to exterior nodes to enforce that the interpolated
values at the interface are exactly u.
However, additional degrees of freedom are required.
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FAMILIES OF FIXED-MESH METHODS IN COMPUTATIONAL
MECHANICS

Introduction.

The definition of the families is many times related to the method used for the
imposition of boundary conditions.

Several families of methods exist:

e Immersed boundary method.
e Fictitious domain method.
e Physical Domain methods:
e Extrapolation method.
* Fixed-Mesh ALE.
* Chimera type strategies.

Again, all of them have advantages and drawbacks.
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FAMILIES OF FIXED-MESH METHODS IN COMPUTATIONAL
MECHANICS
The immersed boundary method

In the immersed boundary method, we solve the equations of interest over the domain
covered by the mesh (not the physical domain).
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The effect of the immersed solid body on the fluid is taken into account through a
penalty force.

f = Zuu_uﬁum_:. i),

6 represents the Dirac-delta functlon Summation is over all the nodes at the interface.

0 is smoothed to a more or less sharp function over the whole computational domain.

Fixed Mesh Methods




FAMILIES OF FIXED-MESH METHODS IN COMPUTATIONAL
MECHANICS
The immersed boundary method

e The part of the domain occupied by the solid body is also solved when computing
for the fluid.

e This is inaccurate, because we are taking into account the effect of a volume of fluid
which is not there.

* On the other hand, this can help with the added mass effect if a partitioned fluid-
structure interaction approach is taken.

Fixed Mesh Methods




FAMILIES OF FIXED-MESH METHODS IN COMPUTATIONAL

MECHANICS
The issue of newly created nodes
[
/
]
®
] j A

In the immersed boundary method, newly created nodes are treated by using the
velocity in the solid body at the previous time step.

Fixed Mesh Methods




FAMILIES OF FIXED-MESH METHODS IN COMPUTATIONAL
MECHANICS
The Fictitious Domain method

The fictitious domain method is very similar to the immersed boundary method.
It also solves the fluid equations over the whole computational domain.

The main differences are the following:

* Boundary conditions are applied by using a Lagrange multiplier technique.

e Velocity values in the newly created nodes are taken from the fluid solution in the
fictitious solid domain.
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FAMILIES OF FIXED-MESH METHODS IN COMPUTATIONAL

MECHANICS
Physical domain methods

In this family of Fixed-Mesh methods, the domain over which we integrate the finite
element equations exactly coincides with the physical domain:

Figure 4.3: Splitting of elements

This introduces the need of subintegration: we introduce new Gauss Points, but we
keep the unknowns of the problem.

The velocity unknown is not defined outside the physical domain. What to do with
newly created nodes?
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FAMILIES OF FIXED-MESH METHODS IN COMPUTATIONAL
MECHANICS

First approach: extrapolation method.

In the extrapolation method, the value of the velocity at the previous time step in
newly created nodes is extrapolated.

If the time step is small the introduced error is also small. But for large time steps, it can
lead to the apparition of spurious solutions. (Large gradients at the boundary layer)
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FAMILIES OF FIXED-MESH METHODS IN COMPUTATIONAL
MECHANICS
Second approach: The Fixed-Mesh ALE method

The Fixed-Mesh ALE method is a hybrid between fixed-mesh and ALE strategies.
Its motivation is due to the issue of newly created nodes.

Suppose Q° is meshed with a finite element mesh M° and that
at time t" the domain Q" is meshed with a finite element mesh
M". Let u” be the velocity already computed on Q".

@ Define "1 by updating a boundary function.

free

@ Deform virtually the mesh M" to M"" using the classical
ALE concepts and compute the mesh velocity u?".

© Write down the ALE Navier-Stokes equations on M" "

virt *
Q Split the elements of MO cut by I+ to define a mesh on
Qn+1 ’ Mn+1 _

@ Project the ALE Navier-Stokes equations from M7 to
M

@ Solve the equations on M1 to compute u"+' and p"*'.
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FAMILIES OF FIXED-MESH METHODS IN COMPUTATIONAL
MECHANICS
Second approach: The Fixed-Mesh ALE method

Top left: M. Top right: M". Bot. left: M"*". Bot. right: M+
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FAMILIES OF FIXED-MESH METHODS IN COMPUTATIONAL
MECHANICS
Second approach: The Fixed-Mesh ALE method

Sketch of the method:

@ Red nodes at " are moved to green nodes at "+’
@ Values at red nodes at t"*! (possibly of functions at t") are
interpolated from values at green nodes.

n+1

n
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FAMILIES OF FIXED-MESH METHODS IN COMPUTATIONAL
MECHANICS

Second approach: The Fixed-Mesh ALE method
Step 1: Mesh velocity

@ Updating the boundary
defines the deformation of the
domain from Q" to Q1.

@ The mesh velocity on the
R boundary points can be

= Meshvelodts o computed from their position
x"1 and x:
AN Um = (x"1 — x™ /st
@ On the rest of the nodes, u,,
AW can be computed solving
Aup, = 0. ltis also possible to

. restrict u,, +# 0 to the nodes

e Mesh to compute at " next to rg;; .

—— Deformed mesh
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FAMILIES OF FIXED-MESH METHODS IN COMPUTATIONAL
MECHANICS

Second approach: The Fixed-Mesh ALE method
Step 2: Element splitting and approximate boundary conditions

Elements on the background mesh M° cut by I''*" are split to
define a mesh on M.

Both M"+1 and M"*1 are meshes of the domain Q1. M1 is

virt

a minor modification of the background mesh MP°.

Boundary conditions need to be enforced at the interface: Nitsche, Strong imposition...
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FAMILIES OF FIXED-MESH METHODS IN COMPUTATIONAL

MECHANICS
Second approach: The Fixed-Mesh ALE method
Step 3: Unknown values projection

The velocity u” in M is known because its nodal values
correspond to those of mesh M".

Let P"*1 be the projection from finite element functions from
M1 to M1, Denoting again u"*! = P (u"1), the flow
equations on M"1 are

1
0 E( n—H PH—H( )) + (un—H o Pn—1(um)) . VU!’?—H

LV VSt 4 V! = f
\V uﬂ—l—'l -0

in Q"1 with boundary conditions on ]

free *

The only difficulty is to compute P"*'(u"), wich can be done by

identifying nodes from M"*" on M"*1 and using interpolation.

Fixed Mesh Methods
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FAMILIES OF FIXED-MESH METHODS IN COMPUTATIONAL
MECHANICS

Chimera type methods

The main features of Chimera methods are the following:

* Independent subdomains are defined around each subdomain 1
object and for the fixed domain in which the objects are

moving.

A domain decomposition technique is used to couple at \
each time step the solution obtained on the \
subdomains.

e The new positions and subdomain linear and angular
accelerations and velocities are computed by
integrating the equations of motion for the solids

subdomain 2
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FAMILIES OF FIXED-MESH METHODS IN COMPUTATIONAL
MECHANICS

Chimera type methods
Some terminology:

® Mesh used to discretize the fixed domain £2: background mesh
o Mesh used to discretize the moving domain £24 around the body: patch mesh.

e Setof the two oversetgrids : composite grid.

#® Remove some elements of the background located inside the patch in order to
define an apparent interface; this task is called hole cutting.

® Modes forming the apparent interface: fringe nodes.
e Nodes interior to the hole: hole nodes.
® Set of hole nodes and fringe nodes: interpolation nodes.

& Modes between the apparent interface and the outer boundary of the patch
mesh: overlapping nodes.

Fixed Mesh Methods




FAMILIES OF FIXED-MESH METHODS IN COMPUTATIONAL

MECHANICS
Chimera type methods
Some terminology:

e overlapping node
fringe node
= hole node

apparent interface

Fixed Mesh Methods




FAMILIES OF FIXED-MESH METHODS IN COMPUTATIONAL
MECHANICS

Chimera type methods
Transmission conditions

® 711 will be smoath. Meumann ar Robin conditions can be prescribed.
® The apparent interface, in practice part of @52, will not be smooth. Only Dirichlet

conditions can be prescribed.

1u+ﬁ (on-b{un)u)

Figure 4. Chimera method. Hole and variables transmitted. (Left) Chimera/Dirichlet. (Right)
ChimeraMNeumann { = 0) or Chimera/Rabin {~ % 0)
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FAMILIES OF FIXED-MESH METHODS IN COMPUTATIONAL
MECHANICS

Chimera type methods
Since there is overlapping, several transmission conditions
can be applied:
- Dirichlet — Dirichlet conditions in the boundaries.
- Convergence of the iteration-by-subdomain
dependent on the overlapping region.
- Dirichlet = Neumann conditions with overlapping :
- Better convergence of the iteration by subdomain. :

But also:
- Dirichlet — Robin
- Robin — Robin

subdomain 2

It is obviously possible to solve both meshes using a monolithic scheme.
The inconvenient is that at each time step the connectivities of the mesh change (also
the graph of the global matrix).

The main advantage of the method is that it allows to refine in the boundary layer.

Fixed Mesh Methods




	FIXED MESH METHODS IN COMPUTATIONAL MECHANICS
	Número de diapositiva 2
	Número de diapositiva 3
	Número de diapositiva 4
	Número de diapositiva 5
	Número de diapositiva 6
	Número de diapositiva 7
	Número de diapositiva 8
	Número de diapositiva 9
	Número de diapositiva 10
	Número de diapositiva 11
	Número de diapositiva 12
	Número de diapositiva 13
	Número de diapositiva 14
	Número de diapositiva 15
	Número de diapositiva 16
	Número de diapositiva 17
	Número de diapositiva 18
	Número de diapositiva 19
	Número de diapositiva 20
	Número de diapositiva 21
	Número de diapositiva 22
	Número de diapositiva 23
	Número de diapositiva 24
	Número de diapositiva 25
	Número de diapositiva 26
	Número de diapositiva 27
	Número de diapositiva 28
	Número de diapositiva 29
	Número de diapositiva 30
	Número de diapositiva 31
	Número de diapositiva 32
	Número de diapositiva 33

