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Question 1 
 

1) Consider the following differential equation: 

−𝑢" = 𝑓 𝑖𝑛  ]0.1[  

with the boundary conditions u(0)=0 and u(1)=α. 

The finite element discretization is a 2-noded linear mesh given by the nodes xi=ih for 

i=0,1,…,n and h=1/n.  

1) Find the weak form of the problem. Describe the FE approximation uh. 

2) Describe the linear system of equations to be solved. 

3) Compute the FE approximation uh for n=3, f(x) = six x and α=3. Compare it with the exact 

solution, u(x)=sin x + (3-sin 1)x.  

 

Solution 
 

𝑑2𝑢

𝑑𝑥2
+ 𝑓 = 0  

∫ 𝜔𝑖
1

0

𝑑2𝑢

𝑑𝑥2
𝑑𝑥 + ∫ 𝜔𝑖𝑓 𝑑𝑥 = 0

1

0
  

Doing integration by parts 

−∫
𝑑𝜔𝑖

𝑑𝑥

𝑑𝑢

𝑑𝑥
𝑑𝑥 + [𝜔𝑖

𝑑𝑢

𝑑𝑥
]
0

1
+

1

0
∫ 𝜔𝑖𝑓 𝑑𝑥 = 0
1

0
  

∫
𝑑𝜔𝑖

𝑑𝑥

𝑑𝑢

𝑑𝑥
𝑑𝑥 = ∫ 𝜔𝑖𝑓 𝑑𝑥

1

0
+ [𝜔𝑖

𝑑𝑢

𝑑𝑥
]
0

1
        }  𝑊𝑒𝑎𝑘 𝑓𝑜𝑟𝑚 

1

0
  

Let us approximate 𝑢 ≃ 𝑢ℎ = 𝑁1𝑢1 + 𝑁2𝑢2 +⋅⋅⋅⋅  𝑁𝑛𝑢𝑛 = ∑ 𝑁𝑗𝑢𝑗
𝑛
𝑗=1  

∫
𝑑𝜔𝑖

𝑑𝑥
∑

𝑑𝑁𝑗

𝑑𝑥
𝑢𝑗𝑑𝑥

𝑛
𝑗=1 = ∫ 𝜔𝑖𝑓 𝑑𝑥

1

0
+ [𝜔𝑖𝑅]1 + [𝜔𝑖𝑅]0

1

0
  

Now using Galerkin method  𝜔𝑖 = 𝑁𝑖 , 𝑤𝑒 𝑔𝑒𝑡  

∫
𝑑𝑁𝑖

𝑑𝑥
(∑

𝑑𝑁𝑗

𝑑𝑥
𝑢𝑗)𝑑𝑥

𝑛
𝑗=1 = ∫ 𝑁𝑖𝑓 𝑑𝑥

1

0
+ [𝑁𝑖𝑅 ]1 + [𝑁𝑖𝑅]0

1

0
  

According to the problem, we have to take four nodes 

∫
𝑑𝑁𝑖

𝑑𝑥

1

0
(
𝑑𝑁1

𝑑𝑥
𝑢1 +

𝑑𝑁2

𝑑𝑥
𝑢2 +

𝑑𝑁3

𝑑𝑥
𝑢3 +

𝑑𝑁4

𝑑𝑥
𝑢4) 𝑑𝑥 = ∫ 𝑁𝑖𝑓 𝑑𝑥

1

0
+ [𝑁𝑖𝑅]1 + [𝑁𝑖𝑅]0   

 

Shape functions in element local domain  
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X 

0≤x≤1/3 

1/3<x≤2/3 

2/3<x≤1 

Local 

N1 

0 

0 

 

 

X 

0≤x≤1/3 

1/3<x≤2/3 

2/3<x≤1 

Local 

N2
(1) 

N1
(2) 

0 

 

 

X 

0≤x≤1/3 

1/3<x≤2/3 

2/3<x≤1 

Local 

0 

N2
(2) 

N1
(3) 

 

 

X 

0≤x≤1/3 

1/3<x≤2/3 

2/3<x≤1 

Local 

0 

0 

N2
(3) 

 

For i=1,   

∫
𝑑𝑁1

(1)

𝑑𝑥

1/3

0
(
𝑑𝑁1

(1)

𝑑𝑥
𝑢1 +

𝑑𝑁2
(1)

𝑑𝑥
𝑢2) 𝑑𝑥 = ∫ 𝑁1

(1)
𝑓 𝑑𝑥

1/3

0
+ 𝑅0  

For i=2, 

∫
𝑑𝑁2

(1)

𝑑𝑥

1/3

0
(
𝑑𝑁1

(1)

𝑑𝑥
𝑢1 +

𝑑𝑁2
(1)

𝑑𝑥
𝑢2) 𝑑𝑥 + ∫

𝑑𝑁1
(2)

𝑑𝑥

2/3

1/3
(
𝑑𝑁1

(2)

𝑑𝑥
𝑢1 +

𝑑𝑁2
(2)

𝑑𝑥
𝑢2) 𝑑𝑥 = ∫ 𝑁2

(1)
𝑓 𝑑𝑥

1/3

0
+

∫ 𝑁1
(2)
𝑓 𝑑𝑥

2/3

1/3
  

For i=3,  

∫
𝑑𝑁2

(2)

𝑑𝑥

2/3

1/3
(
𝑑𝑁1

(2)

𝑑𝑥
𝑢1 +

𝑑𝑁2
(2)

𝑑𝑥
𝑢2) 𝑑𝑥 + ∫

𝑑𝑁1
(3)

𝑑𝑥

1

2/3
(
𝑑𝑁1

(3)

𝑑𝑥
𝑢1 +

𝑑𝑁2
(3)

𝑑𝑥
𝑢2) 𝑑𝑥 = ∫ 𝑁2

(2)
𝑓 𝑑𝑥

2/3

1/3
+

∫ 𝑁1
(3)
𝑓 𝑑𝑥

1

2/3
   

For i=4,  

∫
𝑑𝑁2

(3)

𝑑𝑥

1

2/3
(
𝑑𝑁1

(3)

𝑑𝑥
𝑢1 +

𝑑𝑁2
(3)

𝑑𝑥
𝑢2) 𝑑𝑥 = ∫ 𝑁2

(3)
𝑓 𝑑𝑥

1

2/3
+ 𝑅̅  
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The above equation can be written in matrix form as follows 

[
 
 
 
 
 𝑘11
(1)

𝑘12
(1)

0 0

𝑘21
(1)

𝑘22
(1)
+ 𝑘11

(2)
𝑘12
(2)

0

0 𝑘21
(2)

𝑘22
(2)
+ 𝑘11

(3)
𝑘12
(3)

0 0 𝑘21
(3)

𝑘22
(3)

 

]
 
 
 
 
 

{

𝑢1
𝑢2
𝑢3
𝑢4

} =  

{
 
 

 
 𝑓1

(1)
+ 𝑅𝑜

𝑓2
(1)
+ 𝑓1

(2)

𝑓2
(2)
+ 𝑓1

(3)

𝑓2
(3)
+ 𝑅̅ }

 
 

 
 

   

𝑁1
𝑒 =

𝑥2−𝑥

𝑙𝑒
  ,
𝑑𝑁1

𝑒

𝑑𝑥
= −

1

𝑙𝑒
  

𝑁2
𝑒 =

𝑥−𝑥1

𝑙𝑒
 ,
𝑑𝑁2

𝑒

𝑑𝑥
=

1

𝑙𝑒
  

𝑘𝑖𝑗 = ∫
𝑑𝑁𝑖

𝑑𝑥
 

 

𝑙𝑒
⋅  
𝑑𝑁𝑗

𝑑𝑥
 𝑑𝑥  

𝑘11 = ∫
𝑑𝑁1

𝑑𝑥
 ⋅  

𝑑𝑁1

𝑑𝑥
𝑑𝑥

 

𝑙𝑒
= ∫ −

1

𝑙𝑒
⋅ −

1

𝑙𝑒
𝑑𝑥 = −

1

𝑙𝑒
= −

1
1

3

= 3 = 𝑘22 
 

𝑙𝑒
  

𝑘21 = 𝑘12 = ∫
𝑑𝑁1

𝑑𝑥
 ⋅  

𝑑𝑁1

𝑑𝑥
𝑑𝑥

 

𝑙𝑒
= −3  

𝑘11
(1)
= 𝑘11

(2)
= 𝑘11

(3)
= 𝑘11   

𝑘12
(1)
= 𝑘21

(1)
= 𝑘12

(2)
= 𝑘21

(2)
= 𝑘12

(3)
= 𝑘21

(3)
= 𝑘12    

𝑘22
(1)
= 𝑘22

(2)
= 𝑘22

(3)
= 𝑘22   

𝑁1
(1)
=

𝑥2
(1)
−𝑥

𝑙𝑒
=

1

3
−𝑥

1

3

= 1 − 3𝑥  

𝑓1
(1)
= ∫ 𝑁1

(1)
𝑠𝑖𝑛𝑥𝑑𝑥

1/3

0
= ∫ 𝑠𝑖𝑛𝑥𝑑𝑥

1

3
0

− 3∫ 𝑥𝑠𝑖𝑛𝑥𝑑𝑥
1/3

0
  

𝑓1
(1)
= [−𝑐𝑜𝑠𝑥]0

1/3
− 3[𝑥 ∫ 𝑠𝑖𝑛𝑥𝑑𝑥]0

1

3 + 3∫ [∫ 𝑠𝑖𝑛𝑥𝑑𝑥]𝑑𝑥
1/3

0
  

𝑓1
(1)
= [−𝑐𝑜𝑠𝑥]0

1/3
+ 3[𝑥 𝑐𝑜𝑠𝑥]0

1

3 − 3∫ 𝑐𝑜𝑠𝑥𝑑𝑥
1/3

0
  

𝑓1
(1)
= [−𝑐𝑜𝑠𝑥]0

1/3
+ 3[𝑥 𝑐𝑜𝑠𝑥]0

1

3 − 3[𝑠𝑖𝑛𝑥]0

1

3   

𝑓1
(1)
= 1 − cos

1

3
+
3

3
cos

1

3
− 3𝑠𝑖𝑛

1

3
  

𝒇𝟏
(𝟏)
= 𝟎. 𝟎𝟏𝟖𝟒  

𝑁2
(1)
=

𝑥−𝑥1
(1)

𝑙𝑒
=

𝑥−0
1

3

= 3𝑥  

𝑓2
(1)
= ∫ 𝑁2

(1)
𝑠𝑖𝑛𝑥𝑑𝑥

1/3

0
= 3∫ 𝑥𝑠𝑖𝑛𝑥𝑑𝑥

1/3

0
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𝑓2
(1)
= 3[𝑥(−𝑐𝑜𝑠𝑥)]0

1/3
− 3∫ [

𝑑𝑥

𝑑𝑥
∫ 𝑠𝑖𝑛𝑥𝑑𝑥] 𝑑𝑥

1/3

0
  

𝑓2
(1)
= −

3

3
cos

1

3
+ 3∫ cos 𝑥 𝑑𝑥 = −cos

1

3
+ 3[sin 𝑥]0

1/31/3

0
  

𝒇𝟐
(𝟏)
= 𝟎. 𝟎𝟑𝟔𝟔  

𝑁1
(2)
=

𝑥2
(2)
−𝑥

𝑙𝑒
=

2

3
−𝑥

1

3

= 2 − 3𝑥  

𝑓1
(2)
= ∫ 𝑁1

(2)2/3

1/3
sin 𝑥 𝑑𝑥 = ∫ (2 − 3𝑥)

2/3

1/3
sin 𝑥 𝑑𝑥 = 2∫ sin 𝑥 𝑑𝑥

2/3

1/3
− 3∫ 𝑥 sin 𝑥 𝑑𝑥

2/3

1/3
  

𝑓1
(2)
= −2[cos 𝑥]1

3

2

3 + 3[𝑥𝑐𝑜𝑠 𝑥]1
3

2

3 − 3[sin 𝑥]1
3

2

3  

𝒇𝟏
(𝟐)
= 𝟎. 𝟎𝟕𝟏𝟒  

𝑁2
(2)
=

𝑥−𝑥1
(2)

1

3

=
𝑥−

1

3
1

3

= 3𝑥 − 1  

𝑓2
(2)
= ∫ 𝑁2

(2)2/3

1/3
sin 𝑥 𝑑𝑥 = ∫ 3𝑥

2/3

1/3
sin 𝑥 𝑑𝑥 − ∫ sin 𝑥 𝑑𝑥 

2/3

1/3
  

𝑓2
(2)
= 3[sin 𝑥]1

3

2

3 − 3[𝑥𝑐𝑜𝑠 𝑥]1
3

2

3 + [cos 𝑥]1
3

2

3  

𝒇𝟐
(𝟐)
= 𝟎. 𝟎𝟖𝟕𝟕   

𝑁1
(3)
=

𝑥2
(3)
−𝑥
1

3

= 3 − 3𝑥  

𝑓1
(3)
= ∫ 𝑁1

(3)
sin 𝑥 𝑑𝑥

1

2/3
= 3∫ sin 𝑥 𝑑𝑥

1

2/3
− 3∫ 𝑥 sin 𝑥 𝑑𝑥

1

2/3
  

𝑓1
(3)
= 3[−cos 𝑥]2

3

1 + 3[xcos 𝑥]2
3

1 − 3[sin 𝑥]2
3

1  

𝒇𝟏
(𝟑)
= 𝟎. 𝟏𝟏𝟔𝟓  

𝑁2
(3)
=

𝑥−𝑥1
(3)

1

3

=
𝑥−

2

3
1

3

= 3𝑥 − 2  

𝑓2
(3)
= ∫ 𝑁2

(3)1

2/3
𝑠𝑖𝑛𝑥𝑑𝑥 = ∫ 3𝑥

1

2/3
𝑠𝑖𝑛𝑥𝑑𝑥 − ∫ 2

1

2/3
𝑠𝑖𝑛𝑥𝑑𝑥  

𝑓2
(3)
= 2[cos 𝑥]2

3

1 − 3[𝑥𝑐𝑜𝑠𝑥]2
3

1 + 3[sin 𝑥]2
3

1 = −0.4911 − 0.0491 + 0.6693  

𝒇𝟐
(𝟑)
= 𝟎. 𝟏𝟐𝟗𝟏  

The matrix now reads as follows: 
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[

1 −1 0 0
−1 2 −1 0
0 −1 2 −1
0 0 −1 1

 ] {

0
𝑢2
𝑢3
3

} =  {

0.0184 + 𝑅𝑜
0.108
0.2042

0.1291 + 𝑅̅ 

}   

Solving above linear equation in MATLAB we get following result. 

𝑢2 =  1.046704368526853  

𝑢3 = 2.057389146531140  

Discussion  
 

In this assignment finite element method has been used to solve the given problem. And 

values of  𝒖 obtained as a result is approximated answer and should be verified against 

analytical solution to establish accuracy of this result.  

𝑢(𝑥) = sin 𝑥 + (3 − sin 1)𝑥  

For x = 0  

𝑢(0) = sin 0 + 0(3 − sin1) = 0  

For 𝑥 =
1

3
 

𝑢 (
1

3
) = sin

1

3
+
1

3
(3 − sin1) = 1.046704368526853  

For 𝑥 =
2

3
 

𝑢 (
2

3
) = sin

2

3
+
2

3
(3 − sin1) = 2.057389146531139  

For 𝑥 = 1 

𝑢(1) = 3  
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Table 1 Comparison of FEM  and Analytical Results 

FEM solution  Exact solution Relative percentage error (%) 

u(0)=0 u(0)=0 Boundary condition  

u(1/3)= 1.046704368526853 u(1/3)=  

1.046704368526853 

≈ 0 % 

u(2/3)= 2.057389146531140 u(2/3)=   

2.057389146531139 

≈ 0 % 

u(1)=3 u(1)=3.0 Boundary condition  

Furthermore, a MATLAB code is formulated to solve the given problem using arbitrary 

number of elements. For four elements, result obtained is presented in Table 2.  

 

Table 2 Comparison of FEM  and Analytical Results for four elements 

FEM solution from 

MATLAB 

Exact solution Relative percentage error 

(%) 

u(0)= 0 u(0)=0 Boundary condition 

u(0.25)= 0.787036213052549 u(0.25)= 0.787036213052549 ≈ 0 % 

u(0.50)= 1.558690046200255 u(0.50)= 1.558690046200255 ≈ 0 % 

u(0.75)= 2.300535521417412 u(0.75)= 2.300535521417412 ≈ 0 % 

u(1)=3 u(1)=3 Boundary condition 
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