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HOMEWORK 2
SOLUTION

1. Strong form.
The problem considers deformation of the triangle under its self weight. To describe the problem, it is
necessary to use governing equations and, particularly, linear momentum balance equation which takes
the form:

V-og+ pb=0,
where @ — stress tensor, p — density of the material, b — vector of body forces.
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Furthermore, it is important to define boundary conditions. The displacement vector is defined as
ux,y)
u(xy) = |
Y v(x,y)
As there are no displacements in nodes 1, 2 and 3, components of the vector in these equal to O:
U =V = Uy =vy; = uz = v3 = 0. Also, there is no displacement in the nodes 5 and 6 along the x-

axes and displacement in the node 6 along y-axes equals to -6: us = ug = 0,v5 = —4.
Assuming, the strong form takes the view:
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_ (0 _ (0 _ (0 _ (Ug (0 (0
wy = {2 = {gous = {goue = {5 = {vs'u6 =15
2. Let us describe mesh topology, selecting the local numbering of the nodes such that, in every

element, the node in the right angle vertex has local number equal to 1:




Element Nodal connection
1 2 3
1 2 4 1
2 4 2 5
3 3 5 2
4 5 6 4
(1.5 1.5 07
0 15 0
2 4 1 1.5 15 3
Connectivity matrix takes the form T= g g g ; arrays of nodal coordinates X= 1:'))5 g 1? .
5 6 4 0 15 0
3 3 15
1.5 3 1.5

3. The system of equations to be solved has

the form Ka=f, where K — stiffness matrix, a — vector

of displacements, f — vector of nodal forces. To obtain the global stiffness matrix, let us define

the local ones for every element, using connectivity matrix T:
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The global stiffness matrix takes the form:
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dary conditions, vectors of displacements and forces became the following ones:

®
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wherer; = x(l.) - reaction in the i-th node, and

Ty

. A global nodal force in a particular node is equal to sum of local nodal forces in this node.



As uq = u; = u3z = 0 and there are 3 unknowns which should be found, the system can be reduced:
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In order the system has to be solved, it must have 3 degrees of freedom as we have 3 unknowns where
we do not know imposing displacement. Finally, we will receive the system, consisting of 3 equations.
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4. Compute the FE approximation u". Use E = 10GPa,v=0.2,6 =10"“m, pg=10 —

A typical element stiffness submatrix for the 3-noded triangular element can take the form:
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where i,j = {1, 2, 3}, tis the thickness, A®©) js the area of the element, B] is the strain matrix of node j
and D is the constitutive matrix such as 6=De where € is the strain tensor. Developing the equation:
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we obtain the following: Kig.e) =(
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In case of isotropic elasticity and plane stress, elements of the constitutive matrix take a view:
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Elements of the matrix B can be defined as b; = y; —y, ¢; = x; — x; where i, j, k = {1, 2, 3}. For every

local element we will receive:

by b, b3 c1 Cy c3
1 1.5 0 -1.5 -1.5 1.5 0
2 -1.5 0 1.5 1.5 -1.5 0
3 1.5 0 -1.5 -1.5 1.5 0
4 1.5 0 -1.5 -1.5 1.5 0

Thus, every local stiffness matrix will be the same for every element. Therefore, we need to calculate
only one. Using described above formulas, receive following components:
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As body forces are uniformly distributed over the elements, the forces will take the form:
_(An® [b]




And all local forces will be the same. As deformation of the triangle happens under its self weight, we
have only one force which is gravity acting in the y-direction. And there are no forces acting in the x-

direction. In this case b, = 0,b,, = —pg. Alocal force for every node of every element takes the view:
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Applying received data to system of equations (*), we receive the following:
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Reducing the system, we receive:
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Solving the system of equations, we receive the FEM approximation:
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