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1. Describe the strong form of the problem in the

reduced domain (left half). Indicate accurately

the Boundary Conditions in every edge.

Equilibrium equation

div σ + b = 0;

( ∂
∂x

0 ∂
∂y

0 ∂
∂y

∂
∂x

)  σx
σy
σxy

+

(
bx
by

)
=

(
0
0

)

Constitutive equation

σ = Dε;

 σx
σy
σxy

 =

 E
1−ν2 ν E

1−ν2 0

ν E
1−ν2

E
1−ν2 0

0 0 E
2(1−ν)

  εx
εy
γxy


Compatibility equation

 εx
εy
γxy

  ∂
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0
0 ∂
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∂
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∂
∂x

 (
ux
uy

)

Strong form
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∂y
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∂y

∂
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)  E
1−ν2 ν E

1−ν2 0

ν E
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  ∂
∂x

0
0 ∂

∂y
∂
∂y

∂
∂x

 (
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uy

)
+

(
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by

)
=

(
0
0

)

Boundary conditions

u1 = v1 = u2 = v2 = u3 = v3 = u5 = u6 = 0

v6 = −δ
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2. Describe the mesh shown in figure 2 by giving

the arrays of nodal coordinates and the con-

nectiviy matrix T.

Following the element numbering shown in figure 2, we can write the connectivity
matrix as follows, being the columns the number of the nodes of each element:

T=


2 4 1
4 2 5
3 5 2
5 6 4



We describe below the arrays of nodal coordinates X and Y:

X=


1.5 1.5 0
1.5 1.5 3
3 3 1.5
3 3 1.5

 Y=


0 1.5 0

1.5 0 1.5
0 1.5 0

1.5 3 1.5



3. Set up the linear system of equations corre-

sponding to the discretization in figure 2. How

many degrees of freedom has the system to be

solved?.

The global system of equations has the following form:

Ka=f

K =



K
(1)
33 K

(1)
13 0 K

(1)
23 0 0

K
(1)
11 +K

(2)
22 +K

(3)
33 K

(3)
31 K

(1)
12 +K

(2)
21 K

(2)
23 +K

(3)
32 0

K
(3)
11 0 K

(3)
12 0

K
(1)
22 +K

(2)
11 +K

(4)
33 K

(2)
13 +K

(4)
31 K

(4)
32

Symm. K
(2)
33 +K

(3)
22 +K

(4)
11 K

(4)
12

K
(4)
22


aT = [u1 v1 u2 v2 u3 v3 u4 v4 u5 v5 u6 v6]
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f=



f
(1)
3x + r1x
f
(1)
3y + r1y

f
(1)
1x + f

(2)
2x + f

(3)
3x + r2x

f
(1)
1y + f

(2)
2y + f

(3)
3y + r2y

f
(3)
1x + r3x
f
(3)
1y + r3y

f
(1)
2x + f

(2)
1x + f

(4)
3x

f
(1)
2y + f

(2)
1y + f

(4)
3y

f
(2)
3x + f

(3)
2x + f

(4)
1x + r5x

f
(2)
3y + f

(3)
2y + f

(4)
1y

f
(4)
2x + r6x
f
(4)
2y + r6y


u1 = v1 = u2 = v2 = u3 = v3 = u5 = u6 = 0

v6 = −δ

The system has two degrees of freedom, u and v.

4. Compute the FE approximation uh. Use E=10

GPa, ν = 0.2, δ = 10−2m and ρg = 103N/m2.

The analysis domain is discretized into a mesh of four 3-noded triangular elements
as shown

K
(e)
ij = ( t

4A
)(e)

[
bibjd11 + cicjd33 bicjd12 + bjcid33
cibjd21 + bicjd33 bibjd33 + cicjd22

]
with:

bi = y
(e)
j − y

(e)
k ; b =


b
(1)
1 b

(1)
2 b

(1)
3

b
(2)
1 b

(2)
2 b

(2)
3

b
(3)
1 b

(3)
2 b

(3)
3

b
(4)
1 b

(4)
2 b

(4)
3

 =


1.5 0 −1.5
−1.5 0 1.5
1.5 0 −1.5
1.5 0 −1.5



ci = x
(e)
k − x

(e)
j ; c =


c
(1)
1 c

(1)
2 c

(1)
3

c
(2)
1 c

(2)
2 c

(2)
3

c
(3)
1 c

(3)
2 c

(3)
3

c
(4)
1 c

(4)
2 c

(4)
3

 =


−1.5 1.5 0
1.5 −1.5 0
−1.5 1.5 0
−1.5 1.5 0



d=

 E
1−ν2 ν E

1−ν2 0

ν E
1−ν2

E
1−ν2 0

0 0 E
2(1−ν) = G

 =

1.0417 × 1010 2.0833 × 109 0
2.0833 × 109 1.0417 × 1010 0

0 0 4.1667 × 109


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Substituting the previous values of b, c and d for each element, we obtain the
local stifness and force matrix of each element:

K(1) = K(2) = K(3) = K(4) =

K
(e)
11 K

(e)
12 K

(e)
13

K
(e)
21 K

(e)
22 K

(e)
23

K
(e)
31 K

(e)
32 K

(e)
33



K(e) = 109


7.2917 −3.1250 −2.0833 1.0417 −5.2083 2.0833
−3.1250 7.2917 2.0833 −5.2083 1.0417 −2.0833
−2.0833 2.0833 2.0833 0 0 −2.0833
1.0417 −5.2083 0 5.2083 −1.0417 0
−5.2083 1.0417 0 −1.0417 5.2083 0
2.0833 −2.0833 −2.0833 0 0 2.0833



fbi = At)
3

(e)
{
bx
by

}
; fb = (At)

3


f
(1)
1 f

(1)
2 f

(1)
3

f
(2)
1 f

(2)
2 f

(2)
3

f
(3)
1 f

(3)
2 f

(3)
3

f
(4)
1 f

(4)
2 f

(4)
3

 =



0 0 0
−375 −375 −375

0 0 0
−375 −375 −375

0 0 0
−375 −375 −375

0 0 0
−375 −375 −375


Global stifness matrix:

K = 1010



0.5208 0 −0.5208 0.1042 0 0 0 −1.042 0 0 0 0
0 0.2083 0.2083 −0.2083 0 0 −0.2083 0 0 0 0 0

−0.5208 0.2083 1.4583 −0.3125 −0.5208 0.1042 −0.4167 0.3125 0 −0.3125 0 0
0.1042 −0.2083 −0.3125 1.4583 0.2083 −0.2083 0.3125 −1.0417 −0.3125 0 0 0

0 0 −0.5208 0.2083 0.7292 −0.3125 0 0 −0.2083 0.1042 0 0
0 0 0.1042 −0.2083 −0.3125 0.7292 0 0 0.2083 −0.5208 0 0
0 −0.2083 −0.4167 0.3125 0 0 1.4583 −0.3125 −1.0417 0.3125 0 −0.1042

−0.1042 0 0.3125 −1.0417 0 0 −0.3125 1.4583 0.3125 −0.4167 −0.2083 0
0 0 0 −0.3125 −0.2083 0.2083 −1.0417 0.3125 1.4583 −0.3125 −0.2083 0.1042
0 0 −0.3125 0 0.1042 −0.5208 0.3125 −0.4167 −0.3125 1.4583 0.2083 −0.5208
0 0 0 0 0 0 0 −0.2083 −0.2083 0.2083 0.2083 0
0 0 0 0 0 0 −0.1042 0 0.1042 −0.5208 0 0.5208



The above system can be solved in the usual way by eliminating the rows and
columns corresponding to the prescribed displacements u1, v1, u2, v2, u3, v3, u5, u6 and
v6:

1010

 1.4583 −0.3125 0.3125
−0.3125 1.4583 −0.4167
0.3125 −0.4167 1.4583

 
u4
v4
v5

 =


0

−1125
−1125

 −(−δ)1010


−0.1042

0
−0.5208


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
u4
v4
v5

 =


−0.00013
−0.0011
−0.0039

m

Once the nodal displacements have been obtained the corresponding reactions
r1x, r1y, r2x, r2y, r3x, r3y, r5x, r6x and r6y can be computed.

r =



r1x
r1y
r2x
r2y
r3x
r3y
r4x
r4y
r5x
r5y
r6x
r6y



= 107



0.118
0.267
0.908
1.1398
−0.403
2.0144

0
0

−0.0534
0

−0.5698
−3.1806



N/m2
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