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1) The weak form of the problem: 

We have: 
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In the interval [0,1] 

      
 

  
 
  

  
          

And the boundary conditions  (BC) are: 

 

     

        

        

 



The unknown  u is approximated by  
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Polynomial approximation of the unknown 

                   

 

   

   

                
  

Shape functions N1 
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1. The weak form of the problem is: 

  
   

   
          

 

 

 

 

 

And integrating by parts we have: 

 

 

And the weak form of the problem reads: 

 

 



And the weighted residual formulation 

 
   

  

   

  
                    

 

 

 

 
 

 

                                                                                                  in x =0    in x = 1 

2. 

 

 

 

 So the global equation for this problem is: 

 

For I =1 

 

For I= 2 

 

For I = 3 

 

For I = 4 

 

All this can be written and copmpute as: 

K·a = f 



And we have: 

 

 

 

 

General expressions: 

      
   

  

   

  
  

 

 

 

2-noded linear element: 

   

  
  

  

    
 

   

  
  

 

    
 

  
   

 
  
   

  

    
 

  
   

 
    

   

    
 

 

In our problem we have n=3 and  h = 1/n =1/3 

   
   

    
   

  
   

  

   

  
    

   

  
 
  

 

 
 
  

 

        
   

 
 

                                                                                           For 0 to 1/3 

   
   

    
   

  
   

  

   

  
    

   

  
 
  

 

 
 
 

 

          
   

 
 

                                                                                            For 0 to 1/3 

The value of k is the same for all the elements that I have because h is the same for the 3 

elements. 

3. The function given: 

 

 

             

    



  
   

    
   

          
  
   

  

                
  
   

               
  

              
   

 

   

 

   

 

   

 

 
   

   

             
 

                         = -1-3·sin(1/3) = 0.0184 

      For 0 to 1/3                      For 0 to 1/3 

 

  
   

    
   

          
    

   

               
   

 

   

 
3(sin(1/3)-(1/3)·cos(1/3))= 3·sin(1/3) – cos(1/3) = 

0.0366 

 

  
   

    
   

          
    

 
            

  

 
        

 

 
                  

   

   

   

   
= 2 cos 

(1/3) -3 sin(2/3) + 3 sin(1/3) – cos (1/3) = 0.0714 

 

  
   

    
   

          
   

 
             

 

 
          

   

   
   

  

 
        

 

 
         

   

   

   

   

 ·cos )= cos(2/3) + 3·sin(2/3) – 3·sin(1/3) = 0.0877 

 

  
   

  
  

 
             

  

 
          

 

   
   

  

 
        

 

 
                  

 

   
  cos (2/3) 

-3sin(1) +3sin(2/3) = 0.1163 

 

  
   

  
   

 
             

 

 
          

 

   
  

  

 
        

 

 
                  

 

   
= -cos(1) + 

3sin(1) -3sin(2/3) = 0.1291 

Then the matrix reads: 

 

Where 

 R0 = c ; R1 = d ;  u = a2 ; v = a3  

We solve this and we obtaine: 

9a3 = 18.5164 

a3 = 2.0573 

6a2 = 0.108 + 3a3 



a2 = 1.0466 

For the exact solution we have: 

                        

And with this : 

u(0) = 1.0467 

u(1/3) = 1.0467 

u(2/3) = 2.0573 

u(1) = 3 

so the FEM solution is equal to the exact solution. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


