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1. Find the weak form of the problem. Describe

the FE approximation u”.

Considering the following differential equation:
_u// — f(m)

The integral form of the problem is:

1 o2 1
— U%daj:/ vf(z)dz
0

o 022

Integrate by part:
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The weak form of the problem reads:
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2. Describe the linear system of equations to be
solved

Discretization of the weak form

1
—ajdx iq\é — /0 N;f(z)dz,i=0,1,2,..n

Koy Ko - Ko, Qo fo
Ky Ky - Ky, a1 . fl
KnO Knl e Knn (07% fn

2



Finite Elements Method Ana Salas Ordéiiez

Ka=f
1
ON; ON;
ki' - Z—Jd
J 0 ax al‘ e
i=0,1,2,..n,
7=0,1,2,..n

1
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3. Compute the FE approximation " for n=3,
f(z) = sin(zr) and o = 3. Compare it with the
exact solution.

We will now solve the problem using a discretization of the bar into three linear
elements. The approximation of u" over the whole bar can be written as

uh(x) = No(z)ap + Ni(x)a; + No(z)ag + N3(x)as

where N; are called global shape function. Now we are going to obtain the local
shapes function.

0<z<1/3 Ny = NV
1/3<x<2/3 ¢ Ny=0
2/3<x<1 Ny =0
0<z<1/3 Ny = NV
1/3<x<2/3 N1:N1(2)
2/3< <1 N, =0
0<zx<1/3 Ny =0
_ N
1/3<2<2/3 { Ny= N}
2/3<x<1 Ny = N®
0<z<1/3 N3 =0
1/3<x<2/3 { N3=0
2/3<z<1 N; = NP

The discretized weak form is written now:

/1 dNi[dNoa +dN1 dNs dNj
o dx = dx O dx dz dz

1
ar + as + as|dx = / N;f(z)dz + Niq\[l) ,i=0,1,2,3.
0
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The global solution system written in local shape function:

1/3 dN(l) dN(l) dN(l) 1/3
1 1 2 (1)
—_— dr = N d
/0 d [ 0 I a1)dz ; 1 f(e)dr + @
V3 angY an® - angy 23 NP AN AN
2 1 2 1 1 2
d dr =
/0 dz [ dx o+ dx @ x+/1/3 dx [ dx ot dz azlde
1/3 2/3
_ / NO e+ [ NP f(a)da
0 1/3
/2/3 dN2(2>[dN1<2) . N5 I+ /1 le(?’)[le(?’) . NS \d
a a a asldx =
3 dr - dx ! dr 93 dr =~ dx 2 dr °
_ 23 (2) ' (3)
— [ NPf@e+ [ NP @)
1/3 2/3
1 (3) ®3) 3) 1
—_— dr = N. d
/2/3 dr [ I . as)dx . 2 f(@)dr + g
The above expressions can be written in matrix form as:
1 1 1
K%) 1K£2) 2 2 o 1f1() 2
Ky K+ K K a A+
2 2 3 3 = 2 3
K2(1) Kéz) —iE3)K£1) K%; a2 fz( : _(:)fl( )
Ky Ky, 3 f2

1 — 2 — 3 _
NZ( )= :cl<1xo7 NZ( )= xl(;)?l’ NQ( )= wl(3g§2
an” 4 an® g aN®
de  — 1M dz T 12 dr T B)
dN2(1) 1. dN2(2> 1. dN2(3) 1
de — 1MW) dx T 12 dz T )

©

Substituting the above expressions into k;;”, we obtain:

(1) a7
k'(l) = /1/3 —le —le = i = 3 = k(Q) = k(S)
11 ; dr  do 372 11 11
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V3 gNgY dNgY 1
k“)—/ 2 22 —3=k =k
0

2 de dxr 312

2 3
=T = k%z) - kiz)

27 ), de dx 32

Computing £, we obtain:

(1) 1/3 (1) 1/3 T, — T
1= / NyVsin(z)de + ¢ = / ; sin(z)dr +q; = 0.018 + ¢,
0 0

(1) / N2 sin(x / —" sin(z)dx = 0.037
0

2/3 .
@ = / N® sin(x / T2 sm z)dr = 0.071
1/3 1/3

(2) / 2 sm / — sin(z)dz = 0.088
1/3 1/3

1
/ N sin(z)ds = / xg sm x)dr = 0.117
2/3 2/3

1 1
9 = NP sin(z)dz + g4 = / — sin(z)dx + g4 = 0.129 + ¢4
2/3 a3 |

The global matrix equation is therefore written as:

3 -3 a 0.018 + ¢
-3 6 -3 a| ] o0.108
3 6 -3| Ya[ ) 0.204

3 3| las 0.129 + ¢

The solution of the above system gives (ag = 0;a3 = o = 3):

¢ = —1.007; g4 = —0.820; a; = 1.059 : as = 2.051

b}



Finite Elements Method Ana Salas Ordéiiez
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Figure 1: Comparison of exact solution and FE approximation.
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