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Homework 1: Basics of FE 

Consider the following differential equation: 

       in [   ] 

with the boundary conditions  ( )    and  ( )   . 

The Finite Element discretization is a 2-noded linear mesh given by the 

nodes       for           and      .  

1. Find the weak form of the problem. Describe the FE approximation   . 

2. Describe the linear system of equations to be solved. 

3. Compute the FE approximation    for    ,  ( )       and    . 

Compare it with the exact solution  ( )       (      ) . 

----------------------------------------------------------------------------------------------------------------------------------- 

1)  

The strong form of the problem is: 

 ( )  { 
   

   
  ( ) 

 ( )  {
   ̅            
 ̅( )     ̅( )   

  

u can be approximated as: 

     ∑  ( )  

 

   

 

Where    are linear piecewise shape functions: 

  ( )  

{
 
 

 
 
      

 
          [       ]

      

 
          [       ]

                    

 

The derivatives of the shape functions are: 

   ( )

  
 

{
  
 

  
 

 

 
          [       ]

  

 
          [       ]
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Applying the weighted residual method: 

∫  [ 
    

  
]   

 

 

 ∫     
 

 

 

Integrating by parts: 

∫
  

  

   

  
   

 

 

 [ 
   

  
]
 

 

 ∫     
 

 

 

Substituting    ∑   ( )  
 
   : 

∫
  

  
[∑

   ( )

  
   

 

   

]    
 

 

 [ [∑
   ( )

  
   

 

   

]]

 

 

 ∫     
 

 

 

Using the Galerkin method (W=N): 

∑∫
   ( )

  
[∑

   ( )

  
   

 

   

]    
 

 

 [  ( ) [∑
   ( )

  
   

 

   

]]

 

 

 ∫   ( )   
 

 

 

   

 

The first term in the right hand side of the equation is a “reaction” in the boundary nodes 

with a Dirichlet boundary condition. This term does not contribute to the solution ( ( ) 

and  ( ) are known) and can be computed after solving the system. 

2)  

For an arbitrary element “e”: 

∑∫
   

 ( )

  
[
   

 ( )

  
   ]    

  
 

  
 

 ∫   
 ( )   

  
 

  
 

 

   

 

This system of equations can be expressed as: 

[
   

    
 

   
    

 ] [
  

 

  
 ]  [

  
 

  
 ] 

Where: 

   
  ∫

   
 ( )

  

   
 ( )

  
   

  
 

  
 

 ∫
 

  
   

  
 

  
 

 
 

 
 

   
     

  ∫
   

 ( )

  

   
 ( )

  
   

  
 

  
 

 ∫  
 

  
   

  
 

  
 

  
 

 
 

 

   
  ∫

   
 ( )

  

   
 ( )

  
   

  
 

  
 

 ∫
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  ∫   

 ( )      ( )   
  

 

  
 

 ∫
  

   

 
   ( )   

  
 

  
 

 

  
  ∫   

 ( )      ( )   
  

 

  
 

 ∫
    

 

 
   ( )   

  
 

  
 

 

 

The general system of equations is: 

[
 
 
 
 
 
 
 
 
 
   

    
          

   
    

     
    

         

    
    

     
         

         

       
       

      
    

       
      

       
    

 

        
    

 ]
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      ]

 
 
 
 
 
 
 
 
 

 

Where    and    are the “reactions”. Since     and    are already known, the linear 

system of equations that must be solved is: 

  

[
 
 
 
 
 
 
   

     
    

       

   
    

     
       

      

      
       

      
   

      
      

       
 ]
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3)  

The mesh is composed by 3 linear 2-noded elements and 4 nodes.  

The shape functions are: 
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For an arbitrary element: 

{
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The system of equations is: 

[
   

     
    

 

   
    

     
 
] [

  

  
]  [

 
 
   

 
     

   

 
 
   

 
     

  
] 

So: 

[
   

   
] [

  
 

  
 ]  [

             

                 
] 

The results are: 

[
  

  
]  [

     
     

] 
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Since the exact solution of “u” is a line, we could have solved this problem just using 3 

nodes and 2 elements: 

 

The same result is obtained when using more elements: 

 

 

 


