Xavier Corbella Coll

Homework 1: Basics of FE

Consider the following differential equation:
—u" = fin[0,1]

with the boundary conditions u(0) = 0 and u(1) = a.

The Finite Element discretization is a 2-noded linear mesh given by the
nodes x; = ithfori =0,1,...,nand h = 1/n.

1. Find the weak form of the problem. Describe the FE approximation u™.

2. Describe the linear system of equations to be solved.

3. Compute the FE approximation u” forn = 3, f(x) =sinxand a = 3.

Compare it with the exact solution u(x) = sinx + (3 — sin1)x.

1)

The strong form of the problem is:

d2
Aw ={- T2 = o

u—u=0o0nx=0,1
B(“)Z{a(o)zo,a(n:a

u can be approximated as:
N
u~ult = Z N; (x)u;
i=1

Where N; are linear piecewise shape functions:

(X = Xi-1
! n l x € [xi-1, %]
N. x = X' 1 _x
(%) |HT X € [x;,Xi41]
k 0 otherwise

The derivatives of the shape functions are:

(1
7 X € [x-1, %]
dN;(x) _)-1
dx T X € [x4,Xi41]
\ 0 otherwise
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Applying the weighted residual method:
1
[w]-
0

aw dut duh1+f1Wd
dedxx__ dxoofx

Substituting u = XX | N; (x)u;:

f AW INTANC) e = lw dN(x) H J Wfdx
0 I

h 1
dx=f Wfdx
0

Integrating by parts:

dx |4 dx

Jj=1

Using the Galerkin method (W=N):

Zf dN; (x) dN (x) w| dx = |, Z N(x) ' JlNi(x)fdx
4 ~ 0

0
The first term in the right hand side of the equation is a “reaction” in the boundary nodes

with a Dirichlet boundary condition. This term does not contribute to the solution (u(0)
and u(1) are known) and can be computed after solving the system.

2)

For an arbitrary element

Z:j-xz dN§ (x) dN;x(x) ull e = J.J:Z?Nie(x)fdx

This system of equations can be expressed as:

K7 Klez] [uf] _ fle]
K31 K3l luj B fZ

ll ”,

Where:
*2 dNE(x) dNE (%) | 1
KE = dx=| —dx=-
7). Tdx dx O fxf e T h
*2 dNE(x) dN£ (%) | 1
e _ e _ — _ _
Kiz = Ko = e dx o = _[Ce Rz h
1 1
3 AN£ (x) dN£ (x) | 1
e __ — —_— = —
K22 = fx & dx X fx 2 9
1 1
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x5 x5 e
2 ) 2x5 — X
fif= f Nf(x) - sin(x) dx = f - f(x) dx
%z X5 x — x¢
fi = f N7 (x) - sin(x) dx = f - f(x) dx
x{ x$ h
The general system of equations is:
—K111 K112 0 .. .. .. Ldr U 1 T f11-|_R1 1
K3, Kz +Ki K%, . .. . | %Y f+ f2
0 K% KiL + K3 .. . . R 2+ f3
K352 + Kt K5t 0
Kﬁlfl Kznz_1 +Ki KL ||Un-1 fzn_z + fln_l
0 K74 Kpltuy, 1L f71 4R, |

Where R; and R,, are the “reactions”. Since u; and u,, are already known, the linear

system of equations that must be solved is:
LERRS K - - . TTwy [ fi+f—Khauo

K3 K3 + K .. . . Uz 7+

n—2 n—1 n-1
KZZ + Kll KlZ

n-1 n-—1 n n—-2 n-1 n
K71 K35 = + K{jltUn—1d Lf) + fi — Kiouy

3)
The mesh is composed by 3 linear 2-noded elements and 4 nodes.

The shape functions are:

N1 () N2() N3(x) N4(x)
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For an arbitrary element:

( . . 1 1
M=Ke =3 =033773
.1 1
2 =Ka=—y= "33~ 7
4 X xe — x sinx{ — sin x5
= j 2 -sin(x) dx = cos(x{) + : 2
e h h
X x — x¢ sin x§ — sin x¢
Y = f ! -sin(x) dx = — cos(x5) + 2 !
xe R h

The system of equations is:
K3 + K4 KB ] [ul] |t r-Ku-0
K3 K3, + K31 U2 fi+f] - Kha

So:

[ 6 —3] [uf] _ [ 0.0366 + 0.0714 ]
-3 6 1|ug]  10.0876 + 0.1166 + 3 * 3

The results are:

ul] B 1.047]
Uz 2.057
* FEM 3-elements //
Exact solution P
25+ // i
/'//
%
2t P .
- 1] // -
.///
1t b .
/////

05t P .

D = 1 1 1 1 1 1 1 1 1
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Since the exact solution of “u” is a line, we could have solved this problem just using 3
nodes and 2 elements:

3 T T T T T T T T T
* FEM 2-elements
Exact solution

25 -

D 1 1 1 1 1 1 1 1 1
0 0.1 n2 03 04 05 06 07 08 09 1
X

The same result is obtained when using more elements:

3 T T T T T T T T T
*  FEM 20-elements
Exact solution
25+ /”/ i
oF
A
2F /k i
+/*
s 15} /*/ :
*
o
ﬁ/
1F ¥ o
f 4
05} 7 1
-*-/*
e
D 1 1 1 1 1 1 1 1 1




