Homework 2 Finite Element Method Sonia Garrido Ballart
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Figure 1: Geometry of the structure and pre- Figure 2: Mesh description. Node numbers
scribed displacement & are in squared boxes and element numbers in

circles.

1. Strong form of the problem in the reduced domain. Indicate the Boundary Conditions in
every edge

The strong form of this problem consists on the governing differential equations, the
constitutive equation and the boundary conditions.

Differential equation:
Vo+pb=0
Constitutive equations, define the relationship between strain and stresses.
o = D¢

The boundary conditions for this problem are restrictions or impositions of the
displacements:

u=0fornode1,2,3,5and 6
v =0 for node 1,2 and 3

v = § for node 6,we have an imposed displacement

2. Arrays of the nodal coordinates X and the connectivitiy matrix T.
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3. Set up the linear system of equations corresponding to the discretitzation. How many
degrees of freedom has the system to be solved?
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This problem consist on a plane model, therefore the constitutive matrix has the structure:

d.[ 1 E.}Elg 0
D = dz[ I‘_Lg-g U
0 0 dss

The components of the matrix take the following form because the fact that its a plane

stress problem and an isotropic material (same Young modulus and Poisson ratio en every
direction).

E
di1 = day = 1.2
dia = day = vdyy
E
dy3 = 57— =G
2(1 +v)

The strains can be obtained from the derivatives of the displacements as following

Ju

= o
v

sy d_y

o du dv
Yoy = ?U + o

For a FEM approximation using linear triangle elements the displacement field can be
discretized as a function of the 3 nodal displacements of the element and the shape
function:

u = Nyuq + Nous + Nyiy

v = 4'7\"1 i ."‘\'rg'i,‘g f j\":;?,—‘;g

Each node defines a linear displacement field that can be written for each element as:

U = 1 + ok + sy

U= Qg + Q5T + a3y

Solving the system we get a discretized function for the displacement for each element:

1 )
Up = m[(fil + bz + c1y)ug + (a2 + bax + coy)us + (az + byz + cs3y)ug)

A = Ll — TEY;
bi = yj — yk

Cp =T — T

Then, the shape function takes the following form
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i 1
Ni= o1 (a; + bix + ciy)
We can calculate the discretized strains
o du
Oz
o
=73,
o du N dv
ey = dy  dx

Collecting the derivative terms from the shape function into the matrix B

1 b] 0 !T)z 0 IIJ;; 0
0 (8] 0 Co 0 C3
1 b 1 [65] b 2 O3 33;1,

(e) —
DA

The stresses can be related to the strains using the constitutive matrix, therefore:
g = Dz = DBa'"

Applying the virtual work principle we can find an equation that describes the nodal
equilibrium for the elements (r=thickness, t=traction, b= body force).

(e) _ (e) . .
// BlordA — f/ NTbrdA — %x;\-“r rtds = ¢'*)
J A JA i

The nodal forces are the result of the integration of the element deformation (first
integral), the body forces (second integral) and the surface tractions (third integral).
Substituting the stress in terms of nodal displacements, and assuming no initial stresses,
strains or surface tractions (as in the problem) we can collect the terms in matrices to
form the following linear system.

K©qle) — fle) = qf«}

Kt® — // B'.D.B.r.dA
JJ ac

f‘(f'l — A-'\,-'T,b,'r‘.(j_’dl

We have to compute the stiffness matrix for every element and do the assembly to get the
global stiffness matrix. To be able to solve the linear system we also need to impose the
boundary conditions in every node. As we have a linear elastic problem every node has
two degrees of freedom one for vertical displacements and the other for horizontal
displacements.
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The global stiffness matrix looks like this:

Global 1 2 3 4 5 6
1 K33 K3 K3,
2 Kis Kb +K3+K$; K3 Ki, + K3 K33 + K3
3 K K3 K
4 K33 Ki, + Kb K3, + Kf + K3 K& + K3 K3
5 K33 + K3 K3 K3 + K Ki + K + Kby K
6 K K3 K7

As we have seen every stiffness matrix is a 2x2 matrix, so in reality we have a 12x12 global
stiffness matrix.

Global

u1—0

1 Ul—O

u2—0

2 7.72—0

u3—0

E v3—0
4 ta
Vg

5 u5=0
Vs

u6=0

E 176:—5

When applying the boundary conditions the only unknown displacements are the
horizontal displacements in node 4 and vertical displacements in nodes 4 and 5. The
system will be reduced to three equations. Knowing that the only prescribed displacement
different to 0 corresponds to the vertical displacement in node 6 the reduced system that
we have to take into account subtracting that value to the global force vector.

4. Compute the FE approximation u". Use E = 10GPa,v =0.2,6 =10"?m and
pg = 103N /m?

As we have seen the linear system reduces to a matrix 3x3 after imposing the boundary
conditions, so we don’t need to compute the stiffness matrix for all the elements. Here we
can see the matrixes that we need to solve.

1 _ 3.28-1010 —14.101971_ ,» _ 4
Kiy =022 [—1.4 1010 3281010 | = K1 =K
10 10
K2 =0_22[3.28-10 —1.4-10 ]
1 —1.4-10° 3.28-10%°
_ . 1010 . 1010
K123=0_22[ 2.34-10 9.38- 10 ]= .

4.68-10° —9.382-10°

. 10 . 9

9.38-10° —9.38-10°] ~ 731
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10
33 0 9.38-10° 33

9
22 0 2.34-10° 22

—4.68-10°
K& = 0.22[ 0 . 4.68-10 ]
—9.38-10 0

022 -1.4-109 65581019 —1.89.1010

1.4-101 —-1.89.1010 6.558-101°

6.558-1010 —1.4.10%0 1.4-101°]

The body forces for each node are:

fi= (Asf)e [—gq]

All the elements have the same area the force vector is the same for each one of them

[ 57|

0
—375

|_37s]

Doing the assembly of the global vector using the connectivity matrix we get;

fe=

0
—375
0
—1125
0

—375
f 0
—1125
0
—1125
0
L —375 -

The reduce system that we have to solve is:

6.558-1010 —1.4.10%0 1.4-1010 Jrus —1.0417
022 -1.4-10° 6.558-101° —1.89-101||vs|=107[-0.0001
1.4-1019 —-1.89-101° 6.558-101011Vs —5.2084

Solving the system we can get the unknown horizontal and vertical displacements, getting

as a solution:
Uy —0.0001
Vs =1-0.0011
Us —0.0039



