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Consider the following differential equation: 

− =   ]0,1[ 

Find the weak form of the problem. Describe the FE approximation  
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We can express the approximation  as the linear combination of function  
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The integral form is: 
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The interpolation function  is going to be =  using Galerkin method. 
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This is the linear system that we need to solve to obtain the approximation of  
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As | = 0 and | = 1 

= + = −  

The finite element discretization is a 2-noded linear mesh given by the nodes = ℎ for 
= 0,1, … ,  and ℎ =  we have to compute the approximation  for = 3, ( ) = sin  

and = 3 

So we get an element divided in three equal parts where: 
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Where ℎ( ) =  for all the elements. And the derivatives are the following: 
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We have to solve the system =  for = 3: 
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We need to compute all the  for the three elements that we have. 
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We also need to compute    for the three elements: 

2 1 3     
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( ) =
/

· sin =
( ) −
ℎ( )

/
· sin

= −
( )

ℎ( ) · cos
/

−
1

ℎ( ) · (sin − x · cos )
/

= −1 − 3 · (1/3)

= 0.0184 

( ) =
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· sin =
− ( )

ℎ( )

/
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=
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ℎ( ) · (sin − x · cos )
/

+
( )

ℎ( ) · cos
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= 3 · sin(1/3) − cos(1/3)

= 0.0366 

( ) = ∫ ( ) · sin = ∫
( )

( ) · sin = −
( )

( ) · cos − ( ) · (sin − x · cos ) =

cos − 3 · sin + sin =0.0714 
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2
3

+ 3 · sin
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1
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= 0.0876 
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/
· sin

= −
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/

−
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ℎ( ) · (sin − x · cos )
/

= cos
2
3

− 3 · sin 1 − sin
2
3

= 0.1163 
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· sin

=
( )

ℎ( ) · cos
/

+
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ℎ( ) · (sin − x · cos )
/

= −cos 1 + 3 · sin 1 − sin
2
3

= 0.129 
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I know for the boundary conditions that = (0) = 0 and = (1) = = 3 
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= 1.0467 

= 2.057 

To compare it with the exact solution ( ) = sin + (3 − sin 1)  we have to compute 
   

1
3

= sin
1
3

+
(3 − sin 1)1

3
= 1.0467 

2
3

= sin
2
3

+
(3 − sin 1)2

3
= 2.0573 

As we can see the approximate solution is equal to the exact solution. 

 


