Basics of FE FINITE ELEMENTS Sonia Garrido Ballart

Consider the following differential equation:
—u" =fin]0,1]
Find the weak form of the problem. Describe the FE approximation u"

n

uh = 2 a;N; (x)

i=0
We can express the approximation u” as the linear combination of function N;

d*u  d*uh 9% [~
dx? = dx? =6x2 EaiNi(x)

i=0

The integral form is:
1 /4%y 1
—JO W<ﬁ>dx=JO w fdx
Jla—w<d—u)dx = lefdx Yw
o Ox \dx 0

1aW dN] 1
La Ea]- dx=JOWfdx Yw

The interpolation function w is going to be w; = N; using Galerkin method.

LdN; (dN; 1 du du
J —a]- dx=J ledx+Nl—‘ - N
0 0 dxly

dx \ dx Fdx

Matrix K;j-vector a; Vector f;

0

Ka=f
This is the linear system that we need to solve to obtain the approximation of u"

. _jldNided
b o dx dx x

u

—JlNd+Ndu‘ Nd
fi—O i fdx iaxl, Ny

0

AsN;|o, =0and N;|; =1

1 du 1 _
fl-=JNl-fdx+— =JNl-fdx—q
0 d 0

X1
The finite element discretization is a 2-noded linear mesh given by the nodes x; = ih for
. 1 N .

i=01,..,nand h = —we have to compute the approximation ul forn =3, f(x) =sinx

anda =3

So we get an element divided in three equal parts where:

1 2
x0=0; X1=_; x2=—

3 3;x:;=1
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Where h(®) = % for all the elements. And the derivatives are the following:

dN; 1 dN, 1

de k¢’ dx he
uh = N1a1 + Nzaz + N3a3

We have to solve the system Ka = f forn = 3:
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k(1)k(1) + k(z) 12 a, |f2 + f1 |
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We need to compute all the k;; for the three elements that we have.
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We also need to compute Vector f; for the three elements:



Basics of FE FINITE ELEMENTS

1
f(l) = 1/3N -sinxdx = 1/3x§)——x -sinx dx
! 0 ! 0 h(l)

—m COS X

1 1/3
——— (sinx —x - cosx)
XEY) o

0
= 0.0184

1/3 1/3 .. _ (1
@ . si I s
f; —JO N, smxdx—JO e

1
=——-(sinx —x-cosx)
XEY) o

-sinx dx
1/3 x(1) 1/3

+m CcoS X

0
= 0.0366

2 (2) (2)

(2) f1 N(Z) sinxdx = fl h(z) -sinx dx = —m

COSX‘ -
1

cos— -3 (sin— + sin—)=0.0714
3 3 3

2/3 2/3, _ (2)
f2(2) = J NZ(Z) -sinxdx = J
1/3 1/3

h(Z)

_m COS X

-sinx dx

2/3

+m-(sinx—x-cosx) "
1/3

= 2+3 ( 2 i 1)—00876
= —cos sinz —sinz | = 0.

1 x(3)

3) 23 3) 4 —X
fi =J1 N; -smxdx=J W
/3 2/3

1

sinx dx

3) 1

Xy

= —m COS X

——=(sinx —x - cosx)

23 h® 2/3
2 2

= cos§ -3 (sinl - sing) =0.1163

1 . _ .3

2/3 X — x
f2(3) = J N2(3) -sinx dx = J —(3)3
1/3 23 R

1

-sinx dx

%

_m COS X

1

+ﬁ-(sinx—x-cosx)

h 2/3

2/3

2
=—cosl+3- sml — sin ) =0.129

3-30 0][ax1 0.0184 — q,
—-36-30 (|2 _ 0.108
0-36 3\ l \ h l 0.2042
0 0-33 0.129 +q;

1
h@)

Sonia Garrido Ballart

—1-3-sin(1/3)

= 3-sin(1/3) — cos(1/3)

2
- (sinx —x-cosx)| =
3

I know for the boundary conditions thata; = u(0) =0anda, =u(l) =a =3
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3-30 0 0 0.0184 — q,
—36-30||ay| _ 0.108

as|

3

0-36-3 0.2042
0 0-33 0.129 + g4
a, = 1.0467
as = 2.057

To compare it with the exact solution u(x) = sinx + (3 —sin1)x we have to compute

o(£) andu ()

(1)_ ) 1+(3—sir11)1_10467
ul3) =sing 3 =1.
(2)_ ) 2+(3—sin1)2_20573
ulz) =sing 3 = 2.

As we can see the approximate solution is equal to the exact solution.



