FINITE ELEMENTS HOMEWORK #1

Consider the following differential equation

i joa
dxz 1011
with the boundary conditions:
{u(O) =0
u(l) =a

The Finite Element discretization is a 2-noded linear mesh given by the nodes x; = ih for
i=0,1,..,nand h=1/n.

1. Find the weak form of the problem. Describe the FE approximation uh.
Describe the linear system of equation to be solved.

3. Compute the FE approximation u"forn = 3, Q(x) = sin x and a = 3. Compute it with
the exact solution u(x) = sin x + (3 —sin1)x.
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FINITE ELEMENTS HOMEWORK #1

1. Find the weak form of the problem. Describe the FE approximation uh.

So, we have:
- The governing differential equation:

d*u ,
_W:f n ]0,1[ (1)

- And the boundary conditions:

u(0) =0
{u(l) =a

in the boundary I' of Q.

To find the weak form of this problem we proceed as follows:
We multiply (1) by an arbitrary w(x) weighting function

d*u
—w(x) Ik fw(x)

Such that w(x)is0inT

and then we integrate over the domain:

1 dZu 1
—f W(x)ﬁdx=f f w(x)dx

Remembering the integration by parts formula:

| fdg + | "gaf = ifa1”

In our case a=0, b=1, g=w and

d*u
df = —

"~ dx?

And

J‘l ()dzud _[du ()]1 1dudwd
2 T e MY o T ) dx ax
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d—uw(x)](l)zo

because we have defined w(x) such that w(x)=0in T, and

fl ()dzud _ ('du dw
wa dx2 o dx dx
So substituting:
jldudwd _.[1 (0dx (2
| dx dx x = Ofwx x (2)

We have found the weak form of the problem.

HOMEWORK #1
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In order to approximate the algebraic equation by a numeric one, we express u
as a sum of n products of linear combination of products of a; (unknown) and Nj(x) (a
shape function such each of them is 1 when j=n and 0 in any j#n)

So, we would have:

n

h & . XjT[
u=u'= Z Nja; = Z a]-Sm(W
j=1

j=1

N, = sin (1)

And now we just substitute this approximation u = u” in (2):

Ld "N w (' .
| QM) G dx = | F woos
j=1

Next step is to choose a suitable weight function w. We finally choose

1wheni=n

w = Wi(x) = N;(x) {0 wheni #n

known as Galerkin method. So now:

Yd N dN(x) (!
[ a(]levja,.) S dx = | F M
1 d n d 1
foa(jzzllvja,-)aavl(x» dx = | f Mo

1 d d 1
f d—(N1a1 + Nzaz + -+ Nnan) _(Nl(x)) dx = f f Nl(x) dX
o adx dx 0

And this last equation has the following form:

Ka=f
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1d d(N(x)) 1d d(Ny(x))
fo E(Nlal) dx dx - fo E(Nnan) dx dx
K= : -, :
1d d(Np(x)) 1d d(Nn(x))
fo Ix (N1an) dx dx - fo Ix (Nnan) dx dx

l

fi = | £ wieods
0
fi fy £ Wi ()dx
<f;l> A\ [ Watoax

In our problem we have a 2-noded linear mesh with n nodes x;, such that
x;j=ihfori=0,1,..,nand h=1/n
If we are asked for this particular case: u"forn =3, f(x) =sin x and a = 3, then:

Exact solution (algebraic solution)

Xo=0 u(0)=0
1 1

X1—1§ = g U(1/3)—1
1 2

X2—2§ = g U(2/3)—2
1

X3=3§ =1 U(1)=3

With the boundary conditions:

u(0) =0
{u(l) =3

h _ n
So, u* = Y., Njq;

And we have chosen Nj:
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N; = 3x
0 <x< |, with I1=1
in order to satisfy

1wheni=n

w = W0 = Ni(x) {0 wheni #+n

1/3
fi =j 3x sin x dx ~ —0,9825
0

(Integrating by parts)

2/3
fa =j sinx (3x)dx =~ 0,5004
1/3

1
fz = .L sinx (3x)dx = 2,9475
3

1d d
K12 :L a(?)x) a(?)X) dx = 3

K —fld 3%) = (3 dx = 3
21 — de(X)dx( X) X =

K —jld 30 L (@ dx = 6
22 — de(X)dx(X) X =

ld d
K33 :fo a(?)x) a(Sx)dxz 9
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K —flds 4 3dx= -6
31 — 0 dx( X) dx( X) X =

K —f1d3 4 3xydx= 6
13_de(X)dx(X) X =
K —j1d3 4 Bxydx = 3
23 — 0 dx( X) dx( X) X =

1d d

1 1 2 a1 —0,9825
3 1 2 _1 a \ _ 0,5004
2 _1 3 as 2,9475

And we must solve this system of three equations with three unknowns:
a; = 0.4085
a, = 0.087

as ~ 0,739

U(x) = a; N;(x) + az No(x) + az N3(x)

U(x)=0.4085 (3x) + 0.087 (3x) + 0,739 (3x)

u(0)=0
U(1/3)=1,2345

U(2/3)= 2,469
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U(1) = 3,7036

These are the numeric solutions. And they should be close to those exact
solutions written in page 5.
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