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NM4PDEs  -  Exercises ODEs 

a) initial position 𝑡 = 0 with Runge-Kutta with 2 and 4 steps 

Using Heun’s method 

𝒚𝑖+1 = 𝒚𝑖 +
ℎ

2
(𝑘1 + 𝑘2) 

𝒌𝟏 = 𝑓(𝑥𝑖, 𝒚𝑖) 

𝒌𝟐 = 𝑓(𝑥𝑖 + ℎ, 𝒚𝑖 + 𝑘1ℎ) 

Applied to a system of two equations equivalent to the second order differential equation 

𝑑2𝜃

𝑑𝑡2
+

𝑔

𝐿
𝜃 = 0 

𝑦1 = 𝜃 

𝑦2 =
𝑑𝜃

𝑑𝑡
 

This change of variables yields the system 

𝑑

𝑑𝑡
[
𝑦1

𝑦2
] = [

0 1
− 𝑔 𝐿⁄ 0

] [
𝑦1

𝑦2
] 

with  
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𝒚 = [
𝑦1

𝑦2
] 

𝒇(𝑥, 𝒚) = [
0 1

− 𝑔 𝐿⁄ 0
] 𝒚𝑖 

Applying Heun’s method with two steps ℎ = −0.5s 

 Step 1 

𝒌𝟏 = [
0 1

−9.8 0
] 𝒚𝑖  

𝒚𝑡=1 = [
0.4
0

] 

𝒌𝟏 = [
0 1

−9.8 0
] [

0.4
0

] = [
0

−3.92
] 

𝒌𝟐 = [
0 1

−9.8 0
] ([

0.4
0

] − 0.5 [
0

−3.92
]) = [

1.96
−3.92

] 

𝒚𝑡=0.5  =  𝒚𝑡=1 −
ℎ

2
(𝒌𝟏 + 𝒌𝟐)  =  [

−0.09
1.96

] 

 Step 2 

𝒚𝑡=0.5 = [
−0.09
1.96

] 

𝒌𝟏 = [
0 1

−9.8 0
] [

−0.09
1.96

] = [
1.96

0.882
] 

𝒌𝟐 = [
0 1

−9.8 0
] ([

−0.09
1.96

] − 0.5 [
0

−3.92
]) = [

1.519
10.486

] 

𝒚𝑡=0  =  𝒚𝑡=0.5 −
ℎ

2
(𝒌𝟏 + 𝒌𝟐)  =  [

−0.9598
−0.8820

] 

Applying Heun’s method with four steps ℎ = −0.25s 

Step 𝒚𝑖 𝒌𝟏 𝒌𝟐 𝒚𝑖+1 
1 [

0.4
0

] [
0

−3.92
] [

0.98
−3.92

] [
0.2775

0.98
] 

2 [
0.2775

0.98
] [

0.98
−2.7195

] [
1.6599

−0.3185
] [

−0.0525
1.3598

] 

3 [
−0.0525
1.3598

] [
1.3598
0.5143

] [
1.2312
3.8457

] [
−0.3763
0.8147

] 

4 [
−0.3763
0.8147

] [
0.8147
3.6882

] [
−0.1073
5.6843

] [
−0.4648
−0.3568

] 

 

b) Relative error 

𝑦1
𝑎(𝑡) = 𝐴 sin(𝜔𝑡 + ∅) 
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𝑑𝑡𝑦1
𝑎(𝑡) = 𝑦2

𝑎(𝑡) = 𝐴𝜔 cos(𝜔𝑡 + ∅) 

𝑑𝑡𝑡𝑦1
𝑎(𝑡) = −𝐴𝜔2 sin(𝜔𝑡 + ∅) 

𝜔2 = 𝑔/𝐿 

𝑦2
𝑎(𝑡 = 1) = 𝐴𝜔 cos(√𝑔/𝐿 + ∅) = 0 

∅ = (𝑛 +
1

2
) 𝜋 − √𝑔 𝐿⁄         𝑛 = 0,1,2, … 

𝑦1
𝑎(𝑡 = 1) = 𝐴 sin(√𝑔/𝐿 + ∅) = 0.4 

𝐴 = 0.4 

𝑦1
𝑎(𝑡 = 0) = 0.4 sin ((𝑛 +

1

2
) 𝜋 − √𝑔 𝐿⁄ ) = −0.399975 

𝜖 = |
𝑦1 − 𝑦1

𝑎

𝑦1
𝑎 | = |

−0.9598 + 0.399975

−0.399975
| ≈ 140% 

 

c) Time step h for error three orders of magnitude smaller 

Number of steps Error 𝜖, % 
2 140% 
4 16% 
8 2.2% 

10 1.1% 
 


